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Resum

Al llarg dels darrers quaranta anys, el processament d’imatges ha propiciat el desenvolu-
pament d’una amplia varietat de problemes orientats a modelitzar processos técnics. Dins
d’aquest ambit, es poden trobar tasques com ara l’eliminacié de soroll, ’augment de la reso-
lucio, la compressio, la reconstruccio, la deteccié de flux optic o la segmentacié d’informacié
rellevant, entre moltes altres. Matematicament, aquests problemes constitueixen un marc
conceptual en que es poden aplicar diverses estrategies per abordar-los: analisi de Fourier,
teoria dels problemes inversos, metodes estadistics, técniques de transport optim o equacions
en derivades parcials (vegeu, e.g. [26, 27, 37, 59, 141]), per citar-ne alguns exemples. Junta-
ment amb aquest interés académic, el processament d’imatges resulta essencial en nombroses
situacions del moén real, incloent-hi la medicina, ’agricultura, la vigilancia, ’entreteniment,
la robotica i les ciéncies ambientals, entre d’altres.

Tanmateix, cal aclarir el concepte d’imatge. Encara que comunament associem una imat-
ge amb una fotografia, aquesta definicié pot resultar excessivament restrictiva quan abordem
situacions en que les imatges representen tipus de dades diverses, com ara les obtingudes
mitjancant raigs X, ecografies, radar, telescopis o microscopies electroniques. En aquests
casos, les dades sovint representen estructures complexes—com el cos huma, la Terra o ma-
terials especifics—capturades en un instant determinat. Per tant, en aquest treball adoptem
el concepte d’imatge com a sinonim d’instantania, entenent-lo com qualsevol representacioé
d’un objecte o sistema en un moment concret. Aquesta perspectiva ens permet considerar
el processament d’imatges com un subgeénere dins del marc més ampli del processament de
dades. Al llarg d’aquesta tesi, ens centrem en dos models variacionals classics desenvolupats
originalment per al processament de fotografies, els quals reinterpretarem des d’una perspec-
tiva més general d’acord amb el concepte d’instantania. En concret, estudiem el model de
reducci6 de soroll de Rudin—Osher—Fatemi (ROF) [146] i el model de segmentacié Chan—Vese
(CV) [55], i els estenem a contextos més generals i complexos.

A la primera part de al tesi, analitzem i generalitzem la relaci entre els models ROF i
CV, inicialment introduida a [34]. En el cas classic isotropic, es pot construir un minimitzant
parcial del model CV a partir del minimitzant del model ROF mitjancant aquesta connexié.
La nostra analisi amplia aquest resultat a contextos més generals, identificant condicions
sota les quals la correspondencia es manté en incorporar anisotropies, perimetres fraccionals,
passeigs aleatoris o formulacions en grafs meétrics, entre altres. Aquest marc unificat aclareix
com les variacions en els termes de regularitzacié o en el domini influeixen en la interaccié
entre ambdés models. En particular, el cas anisotropic és tractat amb detall, oferint una
comprensié millorada del vincle entre els models respecte al cas isotropic. Per altra banda,
la resta de la tesi esta dedicada a la generalitzacié del model ROF, especialment a una vari-
ant vectorial restringida a varietats Riemannianes, on el domini de la imatge és representat
per una superficie. Aquesta formulacié basada en varietats introdueix nous reptes teorics
motivats per aplicacions practiques i, encara que s’han fet avangos notables en la literatura
aplicada, els desenvolupaments teorics rigorosos continuen sent escassos. En aquesta tesi
contribuim a reduir aquesta bretxa demostrant l'existéncia de minimitzants i establint-ne
certes propietats de regularitat, tot ressaltant el paper fonamental de la interaccié entre les
perspectives extrinseca i intrinseca.

Aquesta tesi aprofundeix en els resultats presentats préviament a [30, 31, 128, 129, 130].
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Abstract

Over the past forty years, image processing has led to the development of a wide variety
of problems aimed at modelling technical processes. Within this field, one can encounter
tasks such as noise removal, resolution enhancement, compression, reconstruction, optical
flow detection, or the segmentation of relevant information, among many others. Mathema-
tically, these problems constitute a framework in which a diverse range of strategies can be
applied to address them: Fourier analysis, inverse problem theory, statistical methods, opti-
mal transport techniques, or partial differential equations (e.g., see [26, 27, 37, 59, 141]), to
name a few examples. Alongside this academic interest, image processing proves essential in
numerous real-world situations, including medicine, agriculture, surveillance, entertainment,
robotics, and environmental sciences, among others.

However, it is necessary to clarify the concept of an image. Although we commonly asso-
ciate an image with a photograph, this definition may be overly restrictive when addressing
situations where images represent diverse data types, such as those obtained through X-rays,
ultrasounds, radar, telescopes, or electron microscopes. In these cases, the data often repre-
sent complex structures—such as the human body, the Earth, or specific materials—captured
at a given moment in time. Therefore, in this work, we adopt the concept of an image as
akin to a snapshot, understanding it as any representation of an object or system at a par-
ticular instant. This perspective allows us to regard image processing as a subgenre within
the broader framework of data processing. Throughout this thesis, we focus on two classi-
cal variational models originally developed for processing photographs, which we reinterpret
from a broader perspective aligned with the concept of snapshot. Specifically, we study the
Rudin-Osher-Fatemi (ROF) denoising model [146] and the Chan—Vese (CV) segmentation
model [55], and we extend them to more general and complex settings.

In the first part of the thesis, we analyze and generalize the relationship between the
ROF and CV models, initially introduced in [34]. In the classical isotropic setting, a partial
minimizer of the CV model can be constructed from the minimizer of the ROF model via
this connection. Our analysis extends this result to broader contexts, identifying conditions
under which the correspondence persists when incorporating anisotropies, fractional perime-
ters, random walks, or metric graph formulations, among others. This unified framework
clarifies how variations in the regularization terms or the domain influence the interaction
between both models. In particular, the anisotropic case is addressed in detail, offering an
enhanced understanding of the linkage between the models compared to the isotropic case.
In constrast, the rest of this work is devoted to the generalization of the ROF model, par-
ticularly to a vector-valued variant constrained to Riemannian manifolds, where the image
domain is represented by a surface. This manifold-based formulation introduces new the-
oretical challenges motivated by practical applications, and although notable progress has
been made in the applied literature, rigorous theoretical developments remain limited. In
this thesis, we contribute to bridging this gap by proving the existence of minimizers and
establishing their regularity properties, emphasizing the crucial role of the interplay between
extrinsic and intrinsic viewpoints.

This thesis elaborates on results previously presented in [30, 31, 128, 129, 130].
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CAP{TOL 0

Introduccio

En aquest capitol es presenta el marc teoric fonamental que sustenta els desenvolupaments
exposats al llarg d’aquesta tesi. Una part de la notacié i dels conceptes utilitzats en aquesta
secci6 es formalitza al Capitol 2, al qual es pot remetre per a una exposicié més detallada.

0.1. Modelitzacié d’imatges

En aquesta secci6 presentem tres perspectives per a la interpretacié d’imatges, les quals
representem mitjancant una funcié up : Q@ — X, on Q C R?, i classifiquem els diferents espais
imatge X que poden emprar-se.

En primer lloc, considerem les imatges modelitzades com a funcions de valors escalars
(per exemple, imatges en escala de grisos). En aquest cas, per a cada posici6 (z,y) € €, el
valor ug(x,y) representa la lluminositat de la imatge en eixe punt. A la Figura 0.1 illustrem
la relaci6 entre aquest tipus d’imatge i la grafica de la funcié wuyg.

075 W ol
. o bl
05

0.25

Ficura 0.1. Exemple de modelitzaci6 escalar: la imatge en escala de grisos de
lesquerra es pot interpretar com la grafica d’una funcié escalar ug: 2 — [0, 1],
tal com es mostra en la figura de la dreta.

Tal com s’ha exemplificat a la figura, la modelitzacié escalar es troba clarament restringi-
da, deixant de banda la major part dels escenaris d’aplicacié. Per aquest motiu, si considerem
u:Q — X C RM, podem modelitzar una gran varietat de tipus d’imatge: des d’imatges SAR
(M = 2), imatges RGB (M = 3), i imatges CMYK (M = 4), fins a formats hiperespectrals
amb M » 100. A més, aquesta representacié vectorial és sovint necessaria per a 'estudi de
alguns fenomens especifics, com ara els gradients de color, 'orientacié de contorns i textures,
el moviment dins de la imatge o la comparacié de canvis entre dues imatges. Com a exemple
d’aquest tipus de modelitzacid, mostrem el cas d’una imatge en color RGB (els pixels de la
qual viuen en el cub X = [0,255]?) a la Figura 0.2.

En aquest punt, és important destacar que la modelitzacié d’imatges vectorials pot estar
subjecta a restriccions, bé siga per la naturalesa de les dades a representar (per exemple,
imatges DT-MRI), o per l'aspecte especific de la imatge que es vol analitzar (com ara la
cromaticitat). En el nostre cas, ens centrem en escenaris on els valors de la funcié v es troben
en varietats diferenciables, generalment com a conseqiiencia de les propietats intrinseques de
la imatge que s’estudia (vegeu, per exemple, [67, 162]). Cal remarcar que 'estudi de senyals
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2 0.1. Modelitzacié d’imatges

i imatges restringides a varietats no és merament teoric; respon a reptes reals que han sigut
explorats en la literatura aplicada (vegeu, e.g., [19]).

U(](Z', y) = (457 677 255)

FicurA 0.2. Exemple de color RGB modelitzat mitjancant una funcié vec-
torial uyg.

Des de la perspectiva de les aplicacions, un exemple rellevant es troba en la imatge
biomedica, on els models amb restriccions es defineixen sovint sobre varietats de curvatura
no positiva (NPC). Un cas destacat és la imatge per ressonancia magnetica amb tensor de
difusi6 (DT-MRI) en neurologia, on s’utilitzen sis conjunts de dades diferents, adquirits sota
orientacions diverses d’un camp magnetic, per analitzar la difusié de molécules d’aigua en cada
pixel. Aquesta informacié sobre la difusi6 es codifica de manera natural en ’espai de matrius
simetriques definides positives de dimensié 3 x 3. En una altra direccié, ’espai hiperbolic
ha rebut una atencié creixent tant en la segmentacié d’imatges [12] com en 'aprenentatge
automatic [125]. En aquests contextos, el procés d’entrenament introdueix tipicament soroll,
i els algorismes robusts de reducci6 de soroll poden millorar el reconeixement de patrons. Una
explicacié natural rau en el fet que les estructures jerarquiques, com ara arbres o taxonomies,
presenten un creixement exponencial en el nombre de nodes, la qual cosa reflecteix I’expansié
volumetrica de les boles en espais hiperbolics. Ago fa que la geometria hiperbolica siga més
adequada que ’entorn euclidia tradicional, on el creixement del volum és només polinomic.

(0.17,0.25,0.95)

Ficura 0.3. Exemple de com els colors RGB es representen uniformement
en S? mitjancant una normalitzacié.

De manera similar, espais objectiu amb curvatura positiva s’empren en diverses aplica-
cions. Per exemple, en la cromaticitat RGB, els valors de la imatge es troben en l'octant
positiu de l'esfera unitaria S? [153], on els colors RGB es tracten de manera normalitzada,
excloent la influencia de la lluminositat, tal com s’illustra en la Figura 0.3. En ciéncia de

Universitat de Valencia Vicent Pallardé Julia



0. Introduccié 3

materials, les tecniques de difraccié d’electrons retrodispersats (EBSD) s’utilitzen per estu-
diar I’estructura microscopica de materials policristallins, amb dades que prenen valors en el
grup de rotacions SO(3) [13, 131]. Altres exemples notables inclouen els camps de flux optic,
habituals en l’estimacié de moviment i modelitzats en Pesfera S?; les representacions percep-
tuals del color, com Iespai de color LCh, definit en I’espai producte R x S'; i les rotacions
rigides d’objectes, centrals en diverses tasques de visié6 per computador, descrites pel grup
euclidia especial SE(2).

A més, la modelitzacié d’imatges no es restringeix uinicament a generalitzacions del co-
domini. Per exemple, els dominis corbats apareixen de manera natural en contextos com
ara pantalles d’ordinador no planes, aplicacions geofisiques i mediques (per exemple, la di-
recci6 del vent o les superficies corticals en imatges cerebrals), i fins i tot en la coloracié de
superficies 3D amb finalitats artistiques o de disseny [109].

En conclusid, les imatges poden modelitzar-se de diverses maneres segons la naturalesa del
problema que es vulga abordar. En les seccions segiients, discutirem els models fonamentals
considerats en aquest treball i identificarem els tipus d’imatges als quals poden aplicar-se.
Aco ens permetra exposar els punts forts i les limitacions de cada model, tot proporcionant
el context necessari per al desenvolupament d’aquesta tesi.

0.2. Model de Rudin—Osher—Fatemi

0.2.1. Motivacié. Considerem que la imatge a processar esta en escala de grisos i as-
sumim que ha sigut corrompuda per soroll gaussia additiu n amb mitjana zero i desviacié
estandard o. Es a dir, podem expressar f com

f=uo+n,

on ug és la imatge original, sense alteracions. A la Figura 0.4 illustrem aquesta composicié.

ov) -~ [0V]

F1GURA 0.4. A D'esquerra es mostra la imatge neta ug, mentre que a la dreta
es mostra la imatge amb soroll f, obtinguda afegint soroll gaussia additiu n.

En aquest context, el problema invers que es planteja consisteix a reduir el soroll present
en f, és a dir, recuperar ug. Des d’una perspectiva variacional, es tracta de trobar una funcié
u que minimitze un funcional de la forma

o(u, ) +YR(w),

on ¢ és un terme de fidelitat, R és un terme de regularitzacié, i v > 0 és un parametre de
regularitzacié. En el nostre cas, el terme ¢ ha de preservar la relacié estructural entre la
solucié u i la imatge sorollosa f, mentre que R ha de penalitzar les pertorbacions degudes al
soroll present en u (per a més detalls, vegeu, e.g., [149, Capitols 3 i 4]). Concretament, ens
interessa un problema de la forma segiient:

Universitat de Valencia Vicent Pallardé Julia



4 0.2. Model de Rudin—Osher—Fatemi

(0.1) min){Jy(u) — /Q(u—f)gdx+7/Q|Qu|2dx},

ueL2(Q

on Q : L*(Q) — L?(2) és un operador lineal que actua com a regularitzador de la soluci6 u,
iy > 0 és el parametre de regularitzacié. Calcular la primera variacié de J,(u) dona com a
resultat

6J’Y = u — var u v)ax
2 (0) =2 [ (u= fods +27 [ (@Qu)(Qo)ds,

per a tot v e HY(Q). Igualant aquesta variacié a zero, es dedueix que el minimitzador u de
J+(u) ha de satisfer I'equaci6 segiient:

(1+vQ*Q)u = f,

on 1 denota 'operador identitat, i Q* denota ’adjunt de I'operador (). La rellevancia del pro-
blema (0.1) rau en la seua connexié amb ’expressié anterior. Concretament, quan ’operador
del costat esquerre és invertible, trobar el minimitzador u es redueix a resoldre un sistema
lineal d’equacions.

0.2.2. Definicié. Suposem ara que ug és una funcié continua fora de les vores de la
imatge. Per tant, és fonamental triar un operador () capag¢ d’eliminar les pertorbacions
menudes de f (associades al soroll additiu n) i, alhora, preservar les vores. En el seu treball
[146], L. Rudin, S. Osher i E. Fatemi van posar de manifest les limitacions de considerar
Qu = Du, és a dir, 'energia de Dirichlet, en (0.1), ja que les funcions de l'espai H'(2) no
poden presentar discontinuitats al llarg de corbes rectificables, les quals representen les vores
de la imatge ug. Per tal de superar aquesta limitacié, proposaren prendre Qu = Du|Du|™},
és a dir, restringir la minimitzaci6 a ’espai BV () per tal d’assegurar la preservacié de les
vores de la imatge original ug, aixi com la continuitat (en el sentit de la teoria de la mesura;
vegeu [6]) fora d’aquestes vores. Concretament, en [146] es proposa el segiient problema amb
restriccions:

(0.2) min {/Q |Du| : ue BV(), /Q(u — f)?dz = 052(9)} ,

on es fa s d’informacié previa sobre la desviacié estandard del soroll n. Minimitzar (0.2)
és equivalent a maximitzar la probabilitat P(u|f)ocP(u)P(n) de recuperar u a partir d'un f
conegut, quan la variacié total s’utilitza per a modelitzar P(u). A la practica, el problema
de ROF es reformula com:

(0.3) uerél‘i/r(lﬂ){g’\(u) ::/QyDu| + ;\/Q(u—f)zdx},

amb Qu = Du|Du|~! i~y = 2/, ja que en [51] s’estableixen tant existéncia d’un minimit-
zador de (0.3) com 'equivaléncia entre (0.2) i (0.3), tot relacionant A i o. Aixi, A actua tant
com a parametre de regularitzacid, en el sentit de (0.1) com multiplicador de Lagrange que
imposa la restricci6 en (0.2). En les Figures 0.5 i 0.6, mostrem el resultat d’aplicar (0.3), aixi
com ’efecte regularitzador de A.

Universitat de Valéncia Vicent Pallardé Julia



0. Introduccié 5

o

Figura 0.5. A D’esquerra es mostra la imatge sorollosa f, mentre que a la
dreta es mostra la imatge sense soroll u, obtinguda mitjancant la minimitzaci6

de &,
~ N ~
(A) A=10 (B) A=1 (€) A=0.1

FIGURA 0.6. Efecte de A en la minimitzaci6 (0.3)

A més, cal destacar que, a causa de la convexitat de £, es garanteix la unicitat del
minimitzador u de (0.3), i aquest ha de satisfer ’equacié d’Euler-Lagrange associada

div(z) = AMu— f),
on z € 0TV (u) (vegeu la Secci6 2.3.3).

0.2.3. Limitacions. Tot i que la variacié total pot actuar com un terme de regularitzacio
efectiu, cal reconéixer els inconvenients ben coneguts associats al seu Uis. Entre aquests,
destaquem qiiestions com 'aparici6 de l'efecte d’esglaonat (staircasing) [138, 144], la pixelaci6
en determinades regions [44], la pérdua de textures en la imatge ug [92], la dependeéncia
del factor d’escala [152], o I'homogeneitzacié cap al valor mitja de f en Q si A és prou
menut [7]. S’han proposat diverses estratégies per abordar aquests problemes, com ara la
definici6 de filtres no locals [29], l'establiment d’estimacions estadistiques a posteriori per
a recuperar u [118], o la reformulacié de (0.2) amb restriccions locals [74], per esmentar-
ne alguns exemples. Tanmateix, la simplicitat de la variacié total i les seues propietats
geometriques han permés una amplia varietat d’estudis teorics que han contribuit de manera
significativa a la comprensié del comportament de les solucions d’aquest model. Finalment,
cal assenyalar que (0.3) ha estat generalitzada al cas vectorial (vegeu, per exemple, [22, 25]),
aixi com al cas restringit a varietats (vegeu, per exemple, [24, 162]), emprant una formulaci6
discreta equivalent a la que es presenta al Capitol 5. A més, (0.3) també és generalitzable en
el sentit anisotropic [94]. Al Capitol 4, presentem detalladament la variant anisotropica del
problema de ROF.
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6 0.2. Model de Rudin—Osher—Fatemi

0.2.4. Resultats relacionats. En aquesta seccid, introduim tres temes rellevants per
al present treball. En primer lloc, presentem una seleccié de resultats referents al conjunt
de discontinuitat J, (vegeu la Secci6 2.3) del minimitzador de (0.3), que emprarem en els
Capitols 41 5. En segon lloc, resumim diversos resultats sobre la regularitat del minimitzador
u de (0.3), els quals sén necessaris per contextualitzar el treball del Capitol 5. Finalment,
esmentem les tecniques numeriques utilitzades per resoldre (0.3), que s’apliquen a les Seccions
3.414.4, amb certes modificacions.

0.2.4.1. Preservacio del conjunt de salt. En la Seccié 0.2.2, motivarem l’interés en la
seleccié de @ en (0.1) de manera que es preserven les vores de la imatge ug. Com que
[ = ug + n, aquestes regions es corresponen amb punts de Jy. Per aquest motiu, diversos
treballs [3, 41, 42, 46] estudien la relacié entre J,, i J¢, on u és el minimitzador de (0.3),
especialment quan Q C RY amb N > 2. Concretament, aquests treballs exploren la connexi6
entre (0.3) i el problema de curvatura prescrita

(0.4) min{Per(E;Q) + )\/Q(t — f(z))dx : EC Q}

En [46], es demostra que el conjunt de nivell F(u) := {z € Q : u(x) > t} és soluci6
de (0.4) per a tot ¢t € R. En [41], es presenta la seglient caracteritzacié dels conjunts de
discontinuitat:

TEOREMA 0.1. [42, Teorema 1] Siga f € BV (Q) N L*(Q) i u el minimitzant de E* per a
A > 0. Aleshores, es compleix que J,, C Jy excepte en un conjunt HN L nul.

En aquest resultat, la idea clau és utilitzar la relacié entre (0.3) i (0.4), aixi com analitzar
la curvatura dels conjunts de nivell Ey(u) i la impossibilitat d’interseccié entre les fronteres de
diferents conjunts de nivell. No obstant aixo, és important assenyalar que aquesta técnica es
limita a la formulacié escalar del problema. Com a resultat més fi, en [62] es proporciona una
caracteritzacié del conjunt de discontinuitat en funcié del parametre A, per al cas Q = [0, 1],
emprant ’equivaléncia entre el problema de ROF i els problemes de la corda tensa [93].

Pel que fa a la variant vectorial de (0.3), cal esmentar que en [157] s’obté un resultat
equivalent al Teorema 0.1 sense necessitat de fer Us dels conjunts de nivell, i que aquest
resultat pot generalitzar-se a altres termes de regularitzacié. Com a generalitzaciéo d’aquest
treball, [50] simplifica les tecniques de [157] i elimina la condicié f € BV (Q2) present en (0.1),
tot aplicant una notaci6 relaxada de J¢ en el cas que f ¢ BV (Q,RM) [50, §7].

0.2.4.2. Regularitat del minimitzant. Un altre aspecte d’interés pel que fa al minimitzador
de (0.3) és lestudi de la seua regularitat en funcié de la regularitat de f. Igual que en la
secci6 anterior, els resultats que presentem sén valids en el cas en qué Q C RV, llevat que
s’indique el contrari.

En [43], es demostra que, si N < 7, la condici6 f € C&f(ﬂ) implica que u € C’I?JCB(Q)
per a tot 8 € [0,1]. A més, si Q és convex i f e UC(Q), llavors u € UC(2) sota la mateixa
restriccié dimensional. Cal destacar que aquesta limitacié prové de 1'is, en [43], de la relacié
entre (0.3) i (0.4). Concretament, l'estrategia de la demostracié es basa en una estimaci6
local de la distancia entre conjunts de nivell, aixi com en la regularitat d’aquests conjunts
quan N < 7 (vegeu, per exemple, [76, §5.4.15]).

Aquesta restriccié dimensional ha estat eliminada en treballs posteriors. D’una banda,
en [124] es demostra que u és continua si f ho és, sense cap restriccié6 dimensional, tot i
que es requereix la convexitat del domini. D’altra banda, no és fins a [143] que s’estudia
la regularitat Lipschitz del minimitzador de (0.3) sense restriccions ni de convexitat ni de
dimensid, mitjangant un argument de tipus Bernstein. A continuacid, introduim dos resultats
que serveixen com a punt de partida per al treball presentat al Capitol 5:
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TEOREMA 0.2. [143, Teorema 1.1] Siga f € CONQ) i siga u el minimitzant de E*.

loc
Aleshores, u € C'IOO’C1 (Q) @ existeiz una constant C > 0 tal que

C
IVulle s, @) < IV Elle @, @on + 133

per a tot o € Q i tot r > 0 tal que f siga lipschitziana en Ba,(xg) C Q.

TEOREMA 0.3. [143, Teorema 1.2] Siga f € WY®(Q) i siga u el minimitzant de E.
Aleshores, u e Wh*(Q) i

[Vull o) < C1l|V fll L2 () + C2,

on Cq i Cy depenen unicament de 2.

Aquests dos resultats es generalitzen al Capitol 5 per a la formulaci6 de (0.3) per a
varietats. Pel que fa a l'estudi de la regularitat en la formulacié vectorial de (0.3), cal
destacar que [82] obté un resultat equivalent al Teorema 0.3 considerant 2 = (a,b). A més,
en aquest treball s’obté I'estimacié segiient en el sentit de mesures:

a|Du|(A) < |Df|(A)

per a tot conjunt de Borel A C €. Aquest resultat també sera tractat en el cas on el codomini
és una varietat al Capitol 5.

0.2.4.3. Métodes numerics. Finalment, ens referim a les diferents maneres de resoldre
(0.3) en la seua formulacié escalar. En larticle original [146], es proposa resoldre (0.2)
mitjancant metodes de projeccié del gradient, els quals poden resultar lents a causa del mal
condicionament del problema, un aspecte que ha sigut millorat en treballs posteriors, com ara
[160]. Algunes formes més eficients de resoldre (0.3) inclouen aquelles basades en el métode
de Newton [54], el precondicionament multigrid [159], o les técniques de graph-cut [23, 63],
per citar-ne alguns exemples. Donada la seua popularitat, destaquem especialment el metode
dual de Chambolle [47], el metode primal-dual [53], i el meétode Split Bregman [92].

0.3. Model de Chan—Vese

0.3.1. Motivacié. En aquesta seccid, suposem que la imatge f consta de n regions
distintes, cadascuna caracteritzada per variacions suaus en el seu interior, i el nostre objectiu
és identificar aquestes regions. Com que el domini de f és €2, podem definir la segmentacié
del domini com

QZ(CJAZ)UK, Kzoa/\i,

=1 =1

on el conjunt K representa la frontera definida per aquestes regions. Una manera d’identificar
aquestes regions és modelar-les mitjancant una funcié u € H'(Q\K), permetent que u presente
discontinuitats. En resum, la Figura 0.7 illustra aquesta composicié.

Amb aquesta idea, D. Mumford i J. Shah proposaren resoldre el problema segiient [134]:

(0.5) min ,u/ (u— f)?dz +/ |Vul?dz + v H™ Y (K) b, pv >0,
uefgé%\lf) Q O\K
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8 0.3. Model de Chan—Vese

on el primer terme garanteix la fidelitat entre u i f, el segon penalitza les variacions en les
regions presumptament suaus (és a dir, en Q\K), i el tercer assegura que els minimitzadors
de (0.5) no tinguen fronteres excessivament llargues.

Gv]

F1GurA 0.7. Descomposici6 de f en diferents components A; (regions no ne-
gres) i el conjunt frontera K (contorns negres), que caracteritzen Q.

Un cas especialment rellevant és modelar les imatges com la unié de regions amb valor
constant més una regié frontera K. En aquest cas, considerem que u és una funcié a trossos
constant, és a dir, u(A;) = {¢;} amb ¢; € R per a tot 1 < ¢ < n. En aquest context, cal
destacar que (u, K) es pot representar mitjancant ¢ = {¢;}7; C Ri A = {A;}, € Pn(Q),
on P, () denota el conjunt de particions de Q2 en n parts. A més, per tal d’emfasitzar la
rellevancia de cada regié A; dins de la imatge, es pot definir valors diferents de i en cada zona,
denotats per p; > 0. Aixi, sota aquestes noves condicions, el problema de Mumford—Shah es
transforma en el segiient:

k
(0.6) min{Zm /A<cif>2dw+uﬂm—1 (Uhi0) + fediy C R, {Ai}f_lemm}.
=1 g

0.3.2. Definicié. En el cas p; = p, v = 1, k = 2 i m = 2, Pexpressi6 (0.6) esdevé el
problema de Chan—Vese (CV) [55], definit com

ACQ
01,626[0,1]

(0.7) min {f“(A,cl,CQ) = Per(A;Q) + M/A(cl — f)?dz + M/Q (co — f)Qdm}.

\A

En aquest context, cal observar que (0.7) proporciona una segmentacié de 2 en dues
regions segons l'estructura de f. Per tal d’obtindre n regions distintes dins de 2, podem
reformular (0.6) per tal d’obtindre una versié multifase del model de Chan—Vese [56], de la
manera segiient:

AePr(2)
ce[0,1]™

(0.8) min {]-'“’”(A,c) = Z Per(A;; Q) + ui/ (ci — f)2dx} ,
i=1

i

on p € [0,400)". Per illustrar el model de Chan—Vese, en la Figura 0.8 es mostra el mini-
mitzador del problema de Chan—Vese (0.7).
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S

FiguraA 0.8. La imatge de I'esquerra mostra f i la de la dreta representa el

conjunt A en blau. Per a un valor suficientment gran de p, un minimitzador
de F* és la tupla (A,0,1).

0.3.3. Resultats relacionats. En la seccié segiient, introduirem un metode per a resol-
dre (0.7) mitjancant la minimitzacié de (0.3), basat en una connexié entre ambdds metodes
que sera fonamental en els Capitols 3 i 4. Tanmateix, volem enumerar diferents enfocaments
per a resoldre el problema CV, tant en la seua formulacié de dues fases com en la multifasica.

Pel que fa als algorismes per a resoldre (0.7), en [55] es proposa 1'is d’una teécnica d’contorn
actiu, que caracteritza dA mitjangant un conjunt de nivells; aquest enfocament fou optimitzat
en [166]. Altres metodes alternatius inclouen algorismes basats en técniques d’umbrals sobre
la relaxacié convexa de F* [28], enfocaments basats en derivades topologiques [98], la tecnica
Split-Bregman [92], meétodes de projecci6 [68], esquemes multigranulars [14], i técniques de
graph-cut [15, 165], per esmentar-ne alguns exemples. D’altra banda, el problema (0.8) es pot
resoldre emprant alguns dels métodes esmentats anteriorment (per exemple, [68, 92, 98]) de
manera directa. Dins d’aquestes adaptacions al cas de n fases, destaca la técnica de contorns
actius, que ha propiciat diverses adaptacions [56, 107, 114, 116], aixi com generalitzacions
[154].

0.4. (A, u)—connexid

En aquesta seccié, presentem la relacié entre els models de ROF i de CV introduits en
[34]. Atés el significat d’aquests dos problemes, establir una connexi6 entre ells ens permet
construir vincles entre diferents arees de recerca i desenvolupar meétodes de resolucié més
eficients. Al llarg d’aquesta tesi, explorem com la relacié entre aquests dos models, que
anomenem la (A, p)—connexid, esdevé una eina versatil per a generalitzar aquests models.
Per a introduir aquesta connexié, definim primer el concepte de minimitzant parcial del

problema de CV, és a dir, de F*:
DEeFINICIO 0.4. Siga (A*,c¥,ch) una terna tal que (cf,ci) € [0,1]% i A C Q. Direm que
és un minimitzant parcial de F* si es compleizen les condicions segiients:
FH(A* e}, e5)
FH(A*, el c3)

in {.FN(A*,Cl,CQ) : (61,02) € [0, 1]2},
in{F*(A,cl,c5) : ACQ}.

<m
<m

Fent ts d’aquest concepte, els autors de [34] introdueixen la (A, u)—connexié:

TEOREMA 0.5. [34, Teorema 3.4] Siga u el minimitzant de £, 0 < ¢ < ¢ < 1 i

= 2(01)‘_02). Si el conjunt de nivell

AZ{ZEGQ : u(x)>cl—;cz}
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10 0.4. (\, u)—connexid

compleiz 0 < L2(A) < L2(2), aleshores A és un minimitzant de F*(-,c1,co). A més, si
(0.9) = ][ fdx, ¢ = fdax,
A O\A

aleshores (A, c1,ca) és un minimitzant parcial de F*.

En [34], els autors proporcionen un argument per a establir un meétode de resoluci6
del problema de CV mitjangant la (A, p)—connexié. Aquesta técnica es basa en el fet que
els minimitzants de F#(A, -, -) estan determinats per l'expressié (0.9). Juntament amb el
Teorema 0.5, es proposa un algoritme que convergeix a un minimitzant parcial de F* [34,
§4]. Com que es presentaran diverses variants d’aquest algoritme al llarg d’aquest treball, el
descrivim a continuacio:

Algorithm 0.1 Minimitzant parcial de F*
Require: k=0, u > 0, (c1,c2) € [0,1] tals que ¢; > co.

wp < Minimitzant de £* amb A = 2u(c; — ¢2).
A <« Minimitzant de F*(-,c1,c2) usant el Teorema 0.5.

while (|Ax A Ap_112 > €t01) A (k < Nypae) do

c1 fAkfdx, Cy fQ\Akfd:r;, k—k+1.

wy, < Minimitzant de £* amb A = 2u(c; — c2).

A < Minimitzant de F*(-,c1,c2) usant el Teorema 0.5.
end while
return (A, cq,c2)

Per concloure aquesta introduccié, la Figura 0.9 mostra un diagrama de la (A, y1)—connexié,
que illustra la relacié entre els minimitzants de £* i F*.

FIGURA 0.9. La imatge mostra la grafica del minimitzador u de £*. Gracies
a la (A, u)—connexi6, el conjunt de nivell corresponent a %, representat en

verd, defineix un minimitzador de F*( -, cy,c) per a u = m

En [34] es presenta també una extensié multifasica de la connexi6 per a (0.8). Per tal de
presentar aquest resultat, introduim la segiient modificacié de F*™:
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ﬁ”’”(A,c) = Zn: Per (Uz-:lAj;Q) + ,ui/ (¢; — f)de, (A, c) e P*(Q2) x [0,1]",
i=1

i

la qual difereix de F*™ a causa de la sobrepenalitzacié aplicada a les fronteres compartides
per més de dues regions A;. Juntament amb aquest funcional, definim

EMNUZ, T) = nf <Per(Zi; Q) + )\/

(7= fde) . (Zm) € PAO) < T[],
i=1 ¥
on T™([0,1]) i P () es definixen com
T"([0,1]) :== {{r:}iLq € [0,1]" : 7 < Ty},
PZ(Q) = {{AZ}?ZOEQTL : ®=A0§A1Q-~-§An,1§An=Q}.

Pel que fa a EM*, observem que cada sumand representa un funcional aillat. Aixi, si
fixem 7, segons [48, Proposition 2.6], sabem que el conjunt

o= {0l on Ni={reQ : ulx)>mn},

on u és el minimitzant de £, és un minimitzant de EY"(-, 7). Per aquest motiu, establir
una connexié entre F*™ i EM representa, en cert sentit, una extensié de la (A, p)—connexio.
En [34] es presenta el resultat segiient:

TEOREMA 0.6. [34, Teorema 3.7] Siga (2,7) € Pr(2) x T"([0,1]) tal que
5’\’"(2,7') < EA’”(E, T)

per a tot E € Pr(Q). Suposem que A := {A;}7 | = {E;\E;1}], satisfa

Civ1 + ¢
T = 7”12 Loon ¢i= ]{X fdz,
per atotie{l,...,n—1}. Sic; > ciy1, aleshores A és un minimitzant de ]?“’”( -, c) per als
valors segiients de p:= {p;}I -
A A A(Ci—1 — Ciy1)

p1 = P = , M= peral <i<n.

2(61 — 02)7 2(Cn_1 - Cn) 2(61'_1 — Ci)(ci — Cl'+1)

Al Capitol 4, presentem un contraexemple general que demostra que el resultat anterior
no es compleix per a cap anisotropia (vegeu la Secci6 2.3.2), incloent-hi el cas isotropic tractat
en el Teorema 0.6. Per aquest motiu, adoptem la notacié (A, u)—connezio per a referir-nos
exclusivament a la connexié bifasica entre els models de ROF i de CV, que si que és valida

en el cas isotropic.

0.5. Contribucions

Aquesta tesi presenta diversos treballs originals en I'estudi dels models de ROF i de CV,
aixi com de la seua relacid, els quals es resumeixen a continuacié. FEls resultats han sigut
desenvolupats durant el periode de recerca doctoral i han sigut obtinguts per 'autor conjun-
tament amb els seus coautors. Quan és pertinent, s’indiquen les publicacions corresponents
on aquestes contribucions han sigut publicades o es troben actualment en procés de revisio.
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12 0.5. Contribucions

0.5.1. Generalitzacions de la (), u)—connexié. Al Capitol 3, analitzem els compo-
nents essencials dels funcionals £* i F#, que permeten definir la (), z)—connexié. Amb aquest
objectiu, introduim la nocié d’Espai de Mesura de Perimetre (PMS, per les seues sigles en
angles), on un espai de mesura (X, B, m) és dotat amb un funcional P que exerceix el paper
de perimetre sota certes hipotesis. En concret, exigim que el segiient funcional de variacié
total:

00]

P(Ei(uw))dt sit— Ey(u) és m-mesurable,

oty | PE) ()
—+00 altrament

siga semicontinu inferiorment respecte a la convergencia débil en L?(X, m). Si es compleix
aquesta condicid, considerem que (X, B, m) equipat amb P és un PMS, i el denotem com
(X, m,P).

Dins d’aquest marc, també demostrem que el funcional de variacié total TV és convex
en L?(X,m), i adaptem els problemes de ROF i CV, tal com es presenten en (0.3) i (0.7), a
aquest entorn general. D’aix0 se’'n dedueix directament que tant I'existéncia com la unicitat
del minimitzant del problema de ROF estan garantides. Gracies a la formulacié de tipus
coarea de la variaci6 total, podem estendre els resultats de [48] al context PMS, generalitzant
aixi la (A, p)—connexié a aquests espais.

Cal destacar que una gran varietat d’espais rellevants s’inclouen dins del marc PMS,
cosa que demostra I’amplia aplicabilitat de la (A, p)—connexié tant en ’ambit matematic com
en el de les aplicacions. Entre els exemples més significatius es troben els casos euclidians
isotropic i anisotropic classics, aixi com entorns en que el perimetre és fraccional. Altres
exemples de PMS inclouen els espais de passeigs aleatoris, que engloben estructures discretes
i probabilistiques com ara cadenes de Markov i grafs amb pesos, i els grafs metrics, que
permeten I’analisi de problemes variacionals en configuracions de tipus xarxa. En particular,
proporcionem dos exemples que illustren l'aplicabilitat de la (A, p)—connexié en el context
dels grafs, demostrant de manera concreta els conceptes teorics exposats.

Un cas particularment rellevant d'un PMS apareix quan X = Q C R? és un conjunt
obert i fitat, m = L2, i P = Perg denota el perfmetre anisotropic (vegeu (2.7)) associat a
I’anisotropia ®(&) := |£]1. Al Capitol 4, millorem la (A, u)—connexid isotropica sota hipotesis
estructurals sobre f, que, en aquest cas, permeten construir un minimitzant del problema
de CV anisotropic a partir del minimitzant del problema de ROF anisotrop, i no sols un
minimitzant parcial. Aquest entorn anisotropic és estudiat amb més profunditat al Capitol
4. Més concretament, establim la (A, u)—connexié millorada, juntament amb altres resultats
que tenen interes per si mateixos.

D’una banda, completem ’estudi anisotropic de la (A, p)—connexié mitjancant ’analisi
de la generalitzacié del Teorema 0.6, i proporcionem un contraexemple general que invalida
aquest resultat per a qualsevol anisotropia ®. No obstant aix0, introduim una connexid
alternativa entre models que permet la segmentacié amb n fases mitjancant una técnica
d’estratificacié per llindars. Ag¢o ens porta a presentar una comparacié entre els entorns
anisotropic i isotropic de les connexions, tant en el cas bifasic com en el multifasic, ressaltant
aixi l'aplicabilitat del nostre marc anisotropic.

D’altra banda, estudiem la propietat de salt equivalent introduida en la Secci6 0.2.4 per
als minimitzants dels models de CV, en relaci6 amb la propietat de salt presentada en el
Teorema 1.1. En aquest context, observem que per a un minimitzant (A,cy,c2) de FH, la
propietat de salt natural seria la inclusi6 dA C J¢, la qual ha sigut obtinguda en el cas
unidimensional en [128]. En aquesta linia, demostrem que aquesta inclusié no es verifica
ni per al funcional isotropic F* ni per a la seua versié anisotropa amb ®(£) = |£|;. Per
aquest motiu, proposem una propietat de salt més feble, que provem que es compleix en el
cas anisotropic amb ® (&) = [¢]1, tant en el cas bifasic com en el multifasic.
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0.5.2. Generalitzacié del model de ROF. Al Capitol 5, estudiem la regularitat del
minimitzant del model de ROF restringint a varietats. Siguen (X, g) i (N, h), respectiva-
ment, una superficie compacta, possiblement amb frontera suau 0¥ # ¢J, i una varietat
Riemanniana completa, connexa i suau de dimensié n. Aquesta tltima sera tractada com
una subvarietat isométrica immersa A <> RY en algun espai euclidia, segons el teorema de
Nash [137]. Sovint escrivim ¥ = ¥ U 0% per remarcar que una propietat és valida fins a la
frontera. Donat f € L2(X,N) i A > 0, estudiem la regularitat dels minimitzants del funcional
d’energia

(0.10) M () = /\du]dmg A/dz(u £)dm, + 2/\du]2dmg,

on A >0, 0 >0, d, denota la distancia geodesica en N, i dm, és I'element de volum associat

a g. En aquesta formulamo observem que (0.10) amb ¢ = 0 defineix el funcional de ROF
en un entorn amb restriccié de varietat. D’ara endavant, denotarem 5/’:/’0 com EX‘/ per tal
d’unificar la notacié.

En aquest sentit, aquests resultats poden considerar-se com l’analeg amb restriccié de
varietat dels de [43, 143], amb el repte técnic afegit de considerar superficies no planes ¥
(varietats abstractes de dimensié 2) com a dominis. Tal com s’ha esmentat a la Seccié 0.2.4,
la transmissié de la regularitat de f al minimitzant de £ /i‘/ es pot establir sota certes condicions.
En el nostre cas, aquest resultat pot deduir-se sota restriccions naturals de curvatura sobre
N i una condicié topologica sobre el rang de f. Més concretament, considerem el segiient
fita del radi de convexitat per a p € N:

1 .. T .
2m1n{1anN,\/E} if k>0
R, = ..
1an/\/ .
5 if k<0

on k és una fita superior per a totes les curvatures seccionals de la bola geodesica By(p, R)
amb R < Ry, i injp(/\/ ) denota el radi d’injectivitat de la bola al seu centre p.

En aquest context, utilitzant tecniques de [104], deduim principis d’invariancia per als
minimitzants u de (0.10), és a dir, si f(X) C By(p, R) per a algun R < R,;, llavors u(X) C
By(p, R). Aco ens permet establir I'existencia mitjancant el metode directe del Calcul de
Variacions. Pel que fa a la unicitat, el primer obstacle apareix pel fet que la convexitat
(geodesica) de la variaci6é total no es verifica per a k > 0 arbitrari (vegeu, per exemple,
[83]). Aixi, imposant la restricci6é de curvatura x < 0 i la limitaci6 de la imatge de f, podem
demostrar la unicitat per a o = 0.

Per a estudiar la regularitat, la nostra estratégia consisteix a estendre els Teoremes 0.2
i 0.3 al nostre entorn generalitzat, amb ’objectiu especific d’establir la transmissié de la
regularitat Lipschitz, sota les restriccions abans esmentades. Atés el caracter degenerat del
sistema d’Euler-Lagrange associat a 5/’\\/’0, considerem el sistema de Neumann relaxat:

(SLs) divg (du + 0’du> = —Xexp,lf en X, du(v) =0 en 0%,

\ |dul? + &2

on v representa la normal unitaria exterior en 0. Per tal d’aplicar un argument de tipus
Bernstein com el de [143], és necessari diferenciar (S/,) i demostrar que |du|? és una sub-
solucié d’'una EDP elliptica, cosa que permet emprar el principi del maxim de Hopf per a
obtindre estimacions puntuals. Ag¢o introdueix una altra dificultat, ja que, a diferéncia del
cas escalar estudiat en [143], les solucions del sistema relaxat no sén conegudes com a suaus
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14 0.5. Contribucions

segons la teoria estandard de regularitat. A més, fins i tot si f féra suau, aconseguir regu-
laritat almenys C3(%, ) representa un desafiament, ja que la teoria dels sistemes elliptics
de Neumann no proporciona la informacié necessaria; en efecte, els resultats de regularitat
interior estan vinculats a una condicié de coercivitat de la forma o > CrR (cf. [86, 99]),
mentre que el nostre interés és considerar el limit ¢ — 0 per tal de recuperar el problema
original de ROF.

D’una banda, superem la manca de regularitat en el terme del segon membre mitjangant
la construcci6é d'una suavitzacié de f, que denotem per fs amb 6 > 0 (vegeu la Secci6 2.4.4).
D’altra banda, ’abséncia d’una teoria de regularitat ens porta a adaptar detalladament [11],
la qual cosa ens permet obtindre regularitat C® (3, NV) per al sistema (57 ). Aquesta adapta-
ci6 de [11] és necessaria a causa de les diferents condicions estructurals del nostre cas i es basa
en resultats auxiliars que hem desenvolupat per separat, entre els quals destaquen una desi-
gualtat de tipus Caccioppoli intrinseca i una integrabilitat superior de les solucions. Aquests
resultats tenen un interes propi per la seua aplicacié a una amplia classe de generalitzacions
de les aplicacions harmoniques. A més, cal tindre en compte que el fet de considerar ¥ com
una superficie afegeix dificultats addicionals degudes a la dependeéncia en x de ’operador
elliptic que governa el problema. Aquest fet fa que les estimacions de regularitat Holder en
aquesta tesi siguen teécnicament molt més complexes que en el cas planar.

En aquest punt, cal remarcar que la regularitat obtinguda fa referéncia al sistema re-
laxat. Per a continuar, necessitem establir una fita uniforme per a |dul|, independent de e,
o 16. Aquest fet és fonamental per a aplicar un argument de convergencia que permeta
obtindre regularitat Lipschitz del minimitzant de 5/’\\/’0 quan x < 0. Més concretament, per al

minimitzant v de (S‘E/;g), deduim la fita uniforme segtient:
|du| < C(Lip(f)* + 1),

sota les restriccions de curvatura i de imatge establides anteriorment, i sense dependencia de
€, 0 ni 0. A més, observem que per a k > 0 s’obtenen resultats similars en el cas ¢ > 0. Un
aspecte destacable d’aquest estudi és que l'estratégia només pot dur-se a terme amb exit des
d’un punt de vista intrinsec, atés el paper crucial que juga la geometria de ’espai objectiu al
llarg de tot el raonament.

De manera complementaria, adaptem els resultats anteriors al cas en que el domini es
defineix com ¥ = [0,1] o bé ¥ = S, aprofitant les simplificacions derivades de la naturalesa
unidimensional del domini.
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CHAPTER 1

Introduction

In this chapter, we present the essential background that sets the foundation for the
developments discussed throughout this thesis. Some of the notation and concepts used here
are treated formally in Chapter 2, to which we may refer for further details.

1.1. Image modeling

In this section we present three perspectives for interpreting images, which we represent
by means of a function ug : 2 — X, where Q C R?, and classify the various target spaces X
that may be employed.

First, we consider images modeled as scalar-valued functions (e.g, gray-scale images). In
this case, for each position (z,y) € Q, the value ug(z,y) represents the image brightness at
that location. Figure 1.1 illustrates the relationship between such an image and the graph of
the function wuyg.

FiGURE 1.1. Example of scalar modeling: the gray-scale tile image on the left
can be interpreted as the graph of a scalar function uy: Q — [0, 1], as shown
in the right-hand figure.

As it is exemplified in the above example, the scalar modeling is clearly restricted, leaving
aside most of application scenarios. For this reason, if we consider v : Q@ — X Cc RM we
can model a wide variety of image types: from SAR images (M = 2), RGB images (M = 3),
and CMYK images (M = 4), to hyperspectral formats with M » 100. Moreover, such a
vector-valued representation is often necessary to study some specific phenomena, such as
color gradients, contour and texture orientation, motion within the image, or the registration
of changes between two images. As an example of this type of modeling, we show the case of
a RGB-color image (whose pixels live in the cube X = [0, 255]3) in Figure 1.2.

At this point, it is important to highlight that vector-valued image modeling may be
subject to constraints, either due to the nature of the data to be represented (e.g., DT-MRI
images) or the specific aspect of the image under study (e.g., chromaticity). In our case,
we focus on scenarios where the values of the function ug lie on differentiable manifolds,
typically as a consequence of the intrinsic properties of the image being analyzed (see, e.g.,
[67, 162]). It is worth emphasizing that the study of manifold-constrained signals and images
is not merely theoretical; it is driven by real-world challenges that have been explored in the
applied literature (see, e.g., [19]).

15



16 1.1. Image modeling

UO(I7 y) = (457 677 255)

FicURE 1.2. Example of RGB color modeled by vector function ug.

From an application-oriented perspective, a relevant example arises in biomedical imag-
ing, where constrained models are often defined on non-positively curved (NPC) manifolds.
A prominent case is diffusion tensor magnetic resonance imaging (DT-MRI) in neurology,
where six different datasets, acquired under varying magnetic field orientations, are used to
analyze the diffusion of water molecules at each pixel. This diffusion information is naturally
encoded in the space of symmetric positive definite 3 x 3 matrices. In another direction, hy-
perbolic space has gained increasing attention in both image segmentation [12] and machine
learning [125]. In such contexts, the training process typically introduces noise, and robust
denoising algorithms can improve pattern recognition. A natural explanation lies in the fact
that hierarchical structures, such as trees or taxonomies, exhibit exponential growth in the
number of nodes—mirroring the volume expansion of balls in hyperbolic spaces. This makes
hyperbolic geometry more appropriate than the traditional Euclidean setting, where volume
growth is merely polynomial.

Similarly, positively curved target spaces are employed in various applications. For in-
stance, in RGB chromaticity, image values lie on the positive octant of the unit sphere S?
[153], where RGB colors are treated in a normalized manner, excluding the influence of light-
ness, as illustrated in Figure 1.3. In materials science, electron backscatter diffraction (EBSD)
techniques are used to study the microscopic structure of polycrystalline materials, with data
taking values in the rotation group SO(3) [13, 131]. Other notable examples include optical
flow fields, commonly used in motion estimation and modeled on the sphere S?; perceptual
color representations, such as the LCh color space, defined on the product space R x S';
and rigid object rotations, central to various vision tasks, described by the special Euclidean
group SE(2).

(0.17,0.25,0.95)

FIGURE 1.3. Example of how RGB colors are uniformly represented on S?
through normalization.
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1. Introduction 17

Furthermore, image modeling is not restricted to codomain generalizations. For example,
curved domains naturally arise in contexts such as non-flat computer screens, geophysical
and medical applications (e.g., wind directions or cortical surfaces in brain imaging), and
even in 3D surface coloring for artistic and design purposes [109].

In conclusion, images may be modeled in various ways depending on the nature of the
problem at hand. In the following sections, we will discuss the core models considered in this
work and identify the types of images to which they may be applied. This will allow us to
outline the strengths and limitations of each model, thus providing the necessary context for
the development of this thesis.

1.2. Rudin—Osher—Fatemi model

1.2.1. Motivation. We consider that the image to be processed is in grayscale and we
assume that the image has been corrupted by additive Gaussian noise n with zero mean and
standard deviation o. That is, we can express f as

f=uo+n,

where ug is the original, uncorrupted image. In Figure 1.4 we illustrate this composition.

) [v]

FIGURE 1.4. The left picture shows the clean image ug, while the right picture
displays the noisy image f, obtained by adding additive Gaussian noise n.

In this context, the inverse problem at hand is to reduce the noise present in f, that is,
to recover ug. From a variational perspective, we aim to find a function u that minimizes a
functional of the form

o(u, ) +YR(u),

where ¢ is a fidelity term, R is a regularization term, and v > 0 is a regularization parameter.
In our case, ¢ should preserve the structural relationship between the solution u and the noisy
image f, while R should penalize perturbations due to noise present in u (for further details,
see, e.g., [149, Chapters 3 & 4]). Specifically, we are interested in a problem of the following
form:

(1.1) min {Jv(u) = /Q(u—f)2dx+v/Q\Qu|2da:},

ueL2(Q)

where @Q : L?(Q) — L?(Q) is a linear operator acting as a regularizer of the solution u and
v > 0 is the regularization parameter. Computing the first variation of J,(u) yields

oJ.
Doy =2 [ pwas+ 2 [ @Qu@) s
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18 1.2. Rudin—Osher—Fatemi model

for all v € HY(Q). Setting this variation to zero, we deduce that the minimizer u of .J,(u)
must satisfy the following equation:

(I +9Q*Q)u = f,

where 1 denotes the identity operator, and Q* denotes the adjoint operator of ). The
relevance of problem (1.1) lies in its connection with the above expression. Specifically, when
the operator on the left-hand side is invertible, finding the minimizer u reduces to solving a
linear system of equations.

1.2.2. Definition. Now, suppose that ug is a continuous function away from the edges
of the image. Thus, it is essential to choose an operator () capable of removing small pertur-
bations of f (associated with the additive noise n) while preserving the edges. In their work
[146], L. Rudin, S. Osher, and E. Fatemi pointed out the limitations of considering Qu = Du,
i.e., the Dirichlet energy, in (1.1), since functions in the space H'(Q) cannot exhibit discon-
tinuities along rectifiable curves, which represent the edges of the image ug. To overcome
this limitation, they proposed to take Qu = Du|Du|™!, i.e., restricting the minimization to
the space BV () to ensure the preservation of the edges of the original image wug, as well
as continuity (in the measure-theoretic sense; see [6]) away from these edges. Specifically, in
[146] the following constrained problem is proposed:

(1.2) min {/Q \Dul - e BV(Q), /Q(u —f)Pde = 052(9)} ,

where prior information on the standard deviation of the noise n is used. Minimizing (1.2)
is equivalent to maximizing the probability P(u|f)ocP(u)P(n) of recovering v from a known
f, when the total variation is chosen to model P(u). In practice, the ROF problem is
reformulated as:

(1.3) uegl%){gk(u) :=/Q|Du| + ;\/Q(u—f)2dx},

with Qu = Du|Du|~! and v = 2/), since in [51] the existence of a minimizer of (1.3) and the
equivalence between (1.2) and (1.3) are established, relating A and o. Thus, A serves both as
the regularization parameter, in the sense of (1.1), and as the Lagrange multiplier enforcing
the constraint in (1.2). In Figures 1.5 and 1.6, we show the result of applying (1.3), as well
as the regularizing effect of .

SN S

FIGURE 1.5. The left picture shows the noisy image f, while the right picture
displays the denoised image u, obtained by minimizing £*.
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1. Introduction 19

3

= (B) A=1 (c) A=01

FIGURE 1.6. Effect of A in the minimization (1.3)

Moreover, we note that, due to the convexity of £, uniqueness of the minimizer u of
(1.3) is guaranteed, and it must satisfy the associated Euler-Lagrange equation:

div(z) = AMu — f)

where z € 0TV (u) (see Section 2.3.3).

1.2.3. Limitations. While total variation can serve as an effective regularization term,
it is essential to acknowledge the well-known drawbacks associated with its use. Among
these, we highlight issues such as the presence of the staircasing effect [138, 144], pixelation
in certain regions [44], loss of textures in the image wug [92], dependence on the scaling factor
[152], or homogenization to the mean value of f in Q if A is sufficiently small [7]. Several
approaches have been proposed to address these problems, including the definition of non-
local filters [29], the establishment of a posteriori statistical estimations for recovering u [118],
or reformulating (1.2) with local constraints [74], to name a few examples. Nevertheless,
the simplicity of total variation and its geometric properties have enabled a wide range of
theoretical studies that have significantly contributed to understanding the behavior of the
solutions to this model. Finally, we note that (1.3) has been generalized to the vectorial case
(e.g., [22, 25]), as well as to the case restricted to manifolds (e.g., [24, 162]), employing a
discrete formulation equivalent to the one presented in Chapter 5. Furthermore, (1.3) is also
generalizable in the anisotropic sense [94]. In Chapter 4, we provide a detailed presentation
of the anisotropic variant of the ROF problem.

1.2.4. Related Results. In this section, we introduce three topics relevant to this work.
First, we present a selection of results regarding the jump set J,, (see Section 2.3) of the min-
imizer of (1.3), which we use in Chapters 4 and 5. Secondly, we summarize various results
on the regularity of the minimizer u of (1.3), which are necessary to contextualize the work
in Chapter 5. Finally, we mention the numerical techniques employed to solve (1.3), which
are used in Sections 3.4 and 4.4, with certain modifications.

1.2.4.1. Preservation of the Jump Set. In Section 1.2.2, we motivated the interest in
selecting @ in (1.1) so that the edges of the image ug are preserved. Since f = ug + n, these
regions are represented by the points of J;. For this reason, a series of works [3, 41, 42, 46]
study the relationship between J,, and Jf, where u is the minimizer of (1.3), particularly
when Q C RY with N > 2. Specifically, these works explore the connection between (1.3)
and the prescribed curvature problem:

(1.4) min {Per(E;Q) +)\/Q(t—f(a:))daz . EBC Q}

In [46], it is shown that the level set Ey(u) := {x € Q : u(x) > t} is a solution to (1.4) for
all t € R. In [41], the following characterization of the jump sets is presented:
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20 1.2. Rudin—Osher—Fatemi model

THEOREM 1.1. [42, Theorem 1] Let f € BV(Q) N LP(Q) and u be the minimizer of £
for X > 0. Then, it holds that J, C Jy up to an HN =L null set.

In this result, the key idea is to use the relationship between (1.3) and (1.4), as well as
to analyze the curvature of the level sets Fy(u) and the impossibility of intersection between
the boundaries of different level sets. However, it is important to note that this technique
is limited to the scalar formulation of the problem. As a finer result, in [62] is provided
a characterization of the jump set depeding on the parameter A for Q = [0, 1], using the
equivalence between ROF problem and taut string problems [93].

In the vectorial variant of (1.3), it is worth mentioning that [157] obtains an equivalent
result of Theorem 1.1 without the need to use level sets, and that this result can be gen-
eralized to other regularization terms. As a generalization of this work, [50] simplifies the
techniques of [157] and removes the condition f € BV () present in (1.1), applying a relaxed
notation of Jy if f ¢ BV(Q,RM) [50, §7].

1.2.4.2. Regularity of the Minimizer. Another aspect of interest regarding the minimizer
of (1.3) is the study of its regularity depending on the regularity of f. As in the previous
section, the results we present apply in the case where Q C RV, unless otherwise indicated.

In [43], it is shown that if N < 7, the condition f € C&E(Q) implies that u € Cﬁ)f(Q) for
any 8 € [0,1]. Moreover, if Q is convex and f € UC(R2), then u € UC(Q2) under the same
dimensional restriction. It is important to highlight that this limitation arises from the use
in [43] of the relationship between (1.3) and (1.4). Specifically, the proof strategy is based on
a local estimate of the distance between the level sets, as well as on the regularity of these
sets when N < 7 (see, for example, [76, §5.4.15]).

This dimensional restriction has been removed in subsequent works. On the one hand, in
[124] is proven that w is continuous if f is continuous, without any dimensional restriction,
although the convexity of the domain is required. On the other hand, it is not until [143] that
the Lipschitz regularity of the minimizer of (1.3) is studied without convexity or dimensional
restrictions, using a Bernstein-type argument. Now we introduce two results that serve as
the starting point for the work presented in Chapter 5:

THEOREM 1.2. [143, Theorem 1.1] Let f € C’l(())cl(Q) and let u be the minimizer of E*.
Then, u € Cloo’i (Q) and there exists a constant C' > 0 such that

C
IVl e, o < 1Vl 5@ + 730

for any xg € Q and any r > 0 such that f is Lipschitz in Ba,(xg) C Q.
THEOREM 1.3. [143, Theorem 1.2] Let f € WH®(Q) and let u be the minimizer of EX.
Then, u e WH*(Q) and
[Vull Loy < C1l|V fl Lo () + C2,

where C and Cy depend only on ).

These two results are generalized in Chapter 5 for the formulation of (1.3) constrained to a
manifold. Regarding the study of regularity for the vectorial formulation of (1.3), we highlight
that [82] achieves an equivalent result to Theorem 1.3 considering € = (a,b). Moreover, in
this work, they obtain the following estimate in the sense of measures:

|Dul(A) < [Df[(A)
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for any Borel set A C €. This result will also be addressed in the manifold codomain case in
Chapter 5.

1.2.4.3. Numerical Methods. Finally, we refer to the different ways to solve (1.3) in the
scalar formulation. In the original paper [146], it is proposed to solve (1.2) using gradient
projection methods, which may be slow due to the problem’s conditioning, an aspect improved
in subsequent works, such as [160]. More efficient ways to solve (1.3) include those based
on Newton’s method [54], multigrid preconditioning [159], or graph-cut techniques [23, 63],
to name a few examples. Due to their popularity, we specifically highlight Chambolle’s dual
method [47], the primal-dual method [53], and the split Bregman method [92].

1.3. Chan—Vese model

1.3.1. Motivation. In this section, we assume that the image f consists of n distinct
regions, each characterized by smooth variations within them, and our goal is to identify
these regions. Since the domain of f is {2, we can define the segmentation of the domain as

QZ(CJAZ'>UK7 K:OaAu
i=1 =1

where the set K represents the boundary defined by these regions. One way to identify these
regions is to model them via a function v € H'(Q\K), allowing discontinuities to be present
in w. To summarize, Figure 1.7 illustrates this composition.

&Y

FIGURE 1.7. Decomposition of f into different components A; (non-black
regions) and the boundary set K (black contours), characterizing .

With this idea, D. Mumford and J. Shah proposed solving the following problem [134]:

ueH (Q\K)
KCQ

(1.5) min {,u/(u—f)de—i-/ |Vu2dm+1/7-lm1(K)}, p,v >0,
Q O\K

where the first term ensures fidelity between u and f, the second penalizes variations in the
presumed smooth regions (i.e., in Q\K), and the third one ensures that the minimizers of
(1.5) do not have excessively long boundaries.

A particularly relevant case is to model images as a union of piecewise constant regions
plus a boundary region K. In this case, we consider u to be a piecewise constant function,
that is, u(A;) = {¢;} with ¢; € R for all 1 < i < n. In this context, it is worth noting that
(u, K) can be represented by ¢ = {¢;}7-; C Rand A = {A;}"; € Pp(Q), where P,,(€2) denotes
the set of n-partitions of ). Additionally, to emphasize the relevance of each region A; in the
image, we may define different values of u in each zone, denoted p; > 0. Thus, under these
new conditions, the Mumford—Shah problem transforms into the following:
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22 1.4. (A, p)-linkage

k
(1.6) min {Z Mi/A (ci — f)?de +vH™ ! (Uleaf\z‘) e CR, {AYE € Pk(Q)} :
iz

1.3.2. Definition. For the case y; = p, v = 1, k = 2 and m = 2, (1.6) becomes the
Chan—Vese (CV) problem [55], defined as

(1= fPdotn [

Q\A

min (ca — f)2d:17} .
cl,czg[o,l A

(1.7) min {]:“(A,cl,@) := Per(A; Q) + u/
]

In this setting, we note that (1.7) provides a segmentation of {2 into two regions based
on the structure of f. To obtain n distinct regions in 2, we can reformulate (1.6) to derive
a multiphase version of the Chan—Vese model [56] as follows:

(1.8) Agl)i?ﬂ) {]-‘;w(A,c) = ;Per(Ai;Q) + i ‘/i(Ci — f)2dx} ,
ce[0,1]™ =

where p € [0, +00)". To exemplify the CV model, in Figure 1.8 we show the minimizer of
Chan—Vese problem (1.7).

ov) [l

F1GURE 1.8. The left image shows f and the right one displays the set A in
blue. For a sufficiently large value of 1, a minimizer of F* is the tuple (A, 0, 1).

1.3.3. Related Results. In the following section, we will introduce a method to solve
(1.7) by minimizing (1.3), based on a connection between both methods that will be funda-
mental in Chapters 3 and 4. Nevertheless, we wish to list different approaches to solve the
CV problem, both in its two-phase and n-phase formulations.

Regarding algorithms for solving (1.7), [55] proposes the use of an active contour tech-
nique, characterizing dA via a level set; this approach was optimized in [166]. Alternative
methods include algorithms based on thresholding techniques over the convex relaxation of
FH 28], topological derivative approaches [98], the Split-Bregman technique [92], projection
methods [68], multigrid frameworks [14], and graph-cut techniques [15, 165], to name a few
examples. On the other hand, the problem (1.8) can be solved using some of the aforemen-
tioned methods (e.g., [68, 92, 98]) directly. Within these adaptations to the n-phase case,
the active contour technique stands out, which has fostered several adaptations [56, 107, 114,
116], as well as generalizations [154].

1.4. (), u)-linkage

In this section, we present the relationship between the ROF and CV models introduced
in [34]. Given the significance of these two problems, establishing a connection between them
allows us to build links between different research areas and develop more efficient solution
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methods. Throughout this thesis, we explore how the relationship between these two models,
which we refer to as the (A, p)-connection, becomes a versatile tool for generalizing these
models. To introduce this connection, we first define the concept of a partial minimizer of
the CV problem, i.e., of F*:

DEFINITION 1.4. Let (A*,c¥,c%) be a tuple such that (cf,c3) € [0,1]2 and A C Q. We say
that it is a partial minimizer of F* if the following conditions hold:

FH(A*, ¢}, c5) <min {FH(A*, c1,02) @ (c1,e2) € [0,1]%},
FH(A* cf,ed) < min{F*(A,cf,c5) « A CQ}.
Using this concept, the authors in [34] introduce the (A, ;1)-connection:

THEOREM 1.5. [34, Theorem 3.4] Let u be the minimizer of £, 0 < ca < ¢1 < 1 and
p = s—2— If the level set
2(c1—c2)

AZ{LL‘EQ : u(x)>cl—562}

satisfies 0 < L2(A) < L2(Q), then A is a minimizer of F*(-,c1,c2). Moreover, if
(1.9) c1 = ][ fdx, co= fdex,
A O\A

then (A, c1,c2) is a partial minimizer of F*.

In [34], the authors provide an argument to establish a solution method for the CV
problem via the (A, u)-connection. This technique relies on the fact that the minimizers of
FH(A, -, -) are determined by expression (1.9). Together with Theorem 1.5, they propose
an algorithm converging to a partial minimizer of F* [34, §4]. Since various variants of this
algorithm will be presented throughout this work, we describe it below:

Algorithm 1.1 Partial minimizer of F*

Require: k£ =0, > 0, (c1,c2) € [0,1] such that ¢; > ca.

wp < Minimizer of £ with A = 2u(c; — ¢2).
A < Minimizer of F*(-, ¢, c2) using Theorem 1.5.

while (JAy A Ap_1)? > ct01) A (k < Nypae) do

c] «— fAkfd:c, Co — fQ\Akfdx, k—Fk+1.

wy, < Minimizer of £ with A\ = 2u(c; — c2).

A < Minimizer of F#( -, ¢y, c2) using Theorem 1.5.
end while
return (A, cp,c2)

To conclude this introduction, Figure 1.9 shows a diagram of the (\, u)-connection, illus-
trating the relationship between the minimizers of £* and F*.
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24 1.4. (A, p)-linkage

FIGURE 1.9. The image shows the graph of the minimizer u of £. Thanks
to the (A, u)-linkage, the level set at (c; + ¢2)/2, shown in green, defines a

minimizer of }"“( ©, Cl, 02) for p = Q(CI/\_CQ)'

In [34], a multiphase extension of the connection for (1.8) is provided. To present this
result, we introduce the next modification of F*":

(1.10)  F*™(A,c) = i Per (U;-:lAj;Q) + ,ui/ (c; — f)*dz, (A, c)eP™(Q) x[0,1]7,
i=1 Ai

which differs from F*™ due to the over-penalization applied to boundaries shared by more
than two regions A;. Alongside this functional, we define

ENY(Z, T) = nzl (Per(Ei; Q) + A/

(1i — f)da:) ,(Z,7) e PHQ) x T ([0, 1]),
i=1 2
where T"([0, 1]) and P (2) are defined as
T([0,1]) := {m}icy € [0,1]" = 7 <Tipa},
P:Z(Q) = {{Ai}?:OEQn : @ongAlg‘--gAn_lgAnzﬁ}.

Regarding £M", we note that each summand represents an isolated functional. Thus, if
we fix 7, by [48, Proposition 2.6], we know that the set

= {317, suchthat ¥, ={reQ : u(z)>n},

where u is the minimizer of £, is a minimizer of £4™( -, 7). For this reason, connecting F*"
and M represents, in a sense, an extension of the (A, u)-connection. In [34] is presented
the next result:

THEOREM 1.6. [34, Theorem 3.7] Let (3,7) € P(Q2) x T™([0,1]) such that
EMN(Z,T) < EM'(E,T)

for all E € P}(Q). Assume that A := {A;}7 | = {8;\E;_1}], satisfies
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T = Girit 6 Ci, with ¢; := ][ fdz,
2 A
foreachie{1,...,n—1}. If ¢; > ¢i+1, then A is a minimizer ofj-:“’”( -, ¢) for the following
values of p = {pi}i -
A A A(ci—1 —cit1) .
— — e S — - 1<i<n.
M5 —c) "7 2 —cn) 1T 2eim — (e — i)

In Chapter 4, we present a general counterexample demonstrating that the previous result
does not hold for any anisotropies (see Section 2.3.2), including the isotropic case addressed
in Theorem 1.6. For this reason, we adopt the notation (A, u)-linkage to denote exclusively
the 2-phase linkage between the ROF and CV models, which does hold in the isotropic case.

1.5. Contributions

This thesis presents several original works to the study of ROF and CV models and its
relationship, which are summarised below. The results have been developed in the course of
the doctoral research and have been obtained by the author together his coauthors. When
applicable, the corresponding publications where these contributions have appeared or are
currently submitted are indicated.

1.5.1. Generalizations of (), u)—linkage. In Chapter 3, we analyze the essential com-
ponents of the functionals £* and F#, which enable the definition of the (), 4)-linkage. With
this aim, we introduce the notion of a Perimeter Measure Space (PMS, in short), where a
measure space (X, B,m) is endowed with a functional P that plays the role of a perimeter un-
der certain assumptions. Specifically, we require that the following total variation functional:

o0
P(E dt ift— FE i - ble,
TVp(u) := /oo (Ei(u)) 1 +(u) is m-measurable

400 otherwise

be lower semi-continuous with respect to weak convergence in L?(X,m). If this is the case,
(X, B,m) equipped with P be qualified as a PMS, which we denote as (X, m,P).

Within this framework, we further prove that the total variation functional TV is convex
in L?(X, m), and we adapt the ROF and CV problems, as given in (1.3) and (1.7), to this
general setting. It then follows directly that both existence and uniqueness of the ROF min-
imizer are ensured. Thanks to the coarea-type formulation of the total variation, we are able
to extend the results from [48] to the PMS context, thereby generalizing the (), u)-linkage
to these spaces.

It is worth emphasizing that a wide variety of significant spaces fall within the PMS
framework, which demonstrates the broad applicability of the (A, u)-linkage across both
mathematical and applied domains. Notable instances include the classical isotropic and
anisotropic Euclidean cases, as well as settings in which the perimeter is fractional. Further
examples of PMS include random walk spaces, which encompass discrete and probabilistic
structures such as Markov chains and weighted graphs, and metric graphs, which enable the
analysis of variational problems on network-like configurations. In particular, we provide
two examples that illustrate the applicability of the (A, u)-linkage in the context of graphs,
thereby concretely demonstrating the theoretical concepts.

A particularly noteworthy case of a PMS arises when X = 2 C R? is an open, bounded
set, m = £2, and P = Perg denotes the anisotropic perimeter (see (2.7)) associated with the
anisotropy ®(&) := |¢]1. In Chapter 4, we improve upon the isotropic (A, u)-linkage under
structural assumptions on f, which, in this case, allows the construction of a minimizer of
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26 1.5. Contributions

the anisotropic CV problem via the minimizer of the anisotropic ROF problem, rather than
merely a partial minimizer. This anisotropic setting is further studied in Chapter 4. More
precisely, we establish the enhanced (A, p)-linkage, along with other results that are notable
by themselves.

On the one hand, we complete the anisotropic study of the (A, u)-linkage by analyzing
the generalization of Theorem 1.6, providing a general counterexample that invalidates the
result for any anisotropy ®. However, we introduce an alternative linkage between models
that enables n-phase segmentation via a thresholding technique. This leads us to present a
comparison between the anisotropic and isotropic settings of the linkages in both the biphasic
and multiphasic cases, highlighting the applicability of our anisotropic framework.

On the other hand, we examine the equivalent jump property introduced in Section 1.2.4
for minimizers of CV models, in relation to the jump property presented in Theorem 1.1. In
this context, we observe that for a minimizer (A,cy,c2) of F*, the natural jump property
would be the inclusion 0A C Jy, which has been obtained in the one-dimensional case in
[128]. In this direction, we show that this inclusion does not hold for either the isotropic F*
or its anisotropic counterpart with ®(£) = |£|;. For this reason, we propose a weaker jump
property, which we prove that it holds in the anisotropic case when ®(§) = [£|1, in both the
biphasic and the n-phasic cases.

1.5.2. Generalization of ROF model. In Chapter 5, we study the regularity of the
minimizer of the ROF model in a manifold-constrained setting. Let (X, g), (N, h) be respec-
tively a compact surface, possibly with smooth boundary 0% # ¢, and a complete connected
smooth n-dimensional Riemannian manifold. The latter will be treated as an isometrically
embedded submanifold N < R” in some Euclidean space, by Nash theorem [137]. Usually
we write ¥ = ¥ U 0% to stress that a claim is valid up to the boundary. Given f € L?(%,N)
and A > 0, we study the regularity of minimizers of the energy functional

(1.11) /ydu|dmg /d2(u f)dm, + /duPdmg,

where A > 0, 0 > 0, dg4 denotes the geodesic distance on A, and dmy is the volume element
corresponding to g. In this formulation, we note that (1.11) for ¢ = 0 defines the ROF
functional in a manifold-constrained setting. Hereinafter, we denote Ei‘/o as £y — unify the
notation.

In this sense, these results can be regarded as the manifold-constrained counterpart of
[43, 143], with the additional technical challenge of considering non-flat surfaces ¥ (abstract
2-manifolds) as domains. As mentioned in the Section 1.2.4, the inheritance of the regularity
of f by a minimizer of 5]\\[ can be established under certain constraints. In our case, this
result can be derived under natural curvature restrictions on N and a topological condition
on the range of f. More precisely, we consider the following bound of the convexity radius
for pe N

| ™ .
5 min {1njp./\/',\/g} if k>0
R = inj, N
- if K <0

where k is an upper bound for all sectional curvatures of the geodesic ball By(p, R) for
R < Ry, and injp(N ) denotes the injectivity radius of the ball at its center p.

In this setting, using techniques from [104], we derive invariance principles for the minimi-
zers u of (1.11), i.e. if f(£) C By(p, R) for some R < Ry, then u(X) C By(p, R). This allows
us to establish existence, via the direct method of the Calculus of Variations. Regarding
uniqueness, the first challenge arises from the fact that the (geodesic) convexity of the total
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variation does not hold for arbitrary x > 0 (e.g., see [83]). Thus, by imposing the curvature
constraint x < 0 and the range restriction, we can prove uniqueness for o > 0.

To study regularity, the strategy is to extend Theorems 1.2 and 1.3 to our generalized
setting, specifically to establish the inheritance of Lipschitz regularity, under the aforemen-
tioned restrictions. Given the degeneracy of the Euler-Lagrange system associated with £ )"g,
we consider the relaxed Neumann system:

(Sg,a) divg <du + Udu) = —dexp,'f inX, du(v) =0 on 0%,

£\ |dul? + &2

where v represents the outer unit normal in J3. To apply a Bernstein-type argument as in
[143], it is necessary to differentiate (55/0) and prove that |du|? is a subsolution of an elliptic
PDE, enabling the use of Hopf’s maximum principle to obtain pointwise estimates. This
introduces another complication as, unlike the scalar case studied in [143], the solutions of
the relaxed system are not known to be smooth by standard regularity theory. Furthermore,
even if f were smooth, achieving regularity at least C3(X, N) poses a challenge, as the theory
of Neumann elliptic systems does not provide the necessary information; indeed, interior
regularity results are tied to a coercivity condition of the form ¢ > CrR (cf. [86, 99]), while
we are interested in letting ¢ — 0 to recover the original ROF problem.

On one hand, we overcome the lack of smoothness in the right-hand term by constructing
a mollification of f, denoted fs with § > 0 (see Section 2.4.4). On the other hand, the
absence of a regularity theory leads us to adapt in detail [11], which allows us to obtain
C®(£,N) regularity for the system (S!,). The adaptation of [11] is required due to the
different structural conditions of our case, and feeds on auxiliary results, that we developed
separately, providing an intrinsic Caccioppoli-type inequality and higher integrability of the
solutions. These results are of independent interest for their application to a broad class
of generalizations of harmonic maps. Moreover, note that considering ¥ as a surface yields
further complications due to the z-dependence of the elliptic operator which controls the
problem. This fact makes the Holder regularity estimates in this thesis technically much
more challenging than its planar counterpart.

At this point, we emphasize that the regularity obtained concerns the relaxed system.
To proceed, we need to establish a uniform bound for |du|, independent of ¢, 0 and ¢. This
fact is crucial for applying a convergence argument to achieve Lipschitz regularity for the
minimizer of EJ)\‘/’O when £ < 0. More precisely, for the minimizer u of (Scf +), we derive the
following uniform bound:

|dul < C(Lip(f)* + 1),

under the previously stated curvature and range restrictions, without dependence on ¢, and
0. Additionally, we find that for k > 0 we achieve similar results in the case of ¢ > 0.
A remarkable aspect of this study is that the strategy can only be performed successfully
from an intrinsic viewpoint, given the critical role played by the geometry of the target space
throughout the reasoning.

Complementarily, we adapt the previous results to the case where the domain is defined as
¥ =[0,1] or ¥ = S!, taking advantage of the simplifications afforded by the one-dimensional
nature of the domain.
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CHAPTER 2

Preliminaries

2.1. Notation and conventions

Concerning dimensions, we use capital letters N and M to denote the dimensions of the
domain and codomain spaces. The symbols |- | and {-,-) refer to the Euclidean norm and
the Euclidean inner product in RY, respectively; a subscript indicating the dimension of the
space is added when necessary. In scalar-valued function spaces, the codomain is omitted
in the notation to simplify expressions. Given a space S, we use Sj,. to denote the space
of functions that satisfy the defining properties locally, and [S]™ to indicate the Cartesian
product of n copies of S.

We also establish our notation for constants: indexed letters C', such as Cy, C1, etc., will
retain a fixed meaning throughout the thesis, while the letter C' denotes a generic constant
that may vary from line to line, depending on the quantities specified in each statement.
Moreover, if a constant depends on a specific variable (e.g., ¢), this dependence will be
indicated with an appropriate subscript, such as C..

2.2. Basic definitions

Let Q € RY be a bounded open set with boundary 6Q. We denote by v*(z) the exterior
unit normal at z € 02, when it is well-defined. Moreover, we write A € () to indicate that A
is compactly contained in 2. Now, we provide a concise list of measure and function spaces
which will be used throughout the thesis.

2.2.1. Measure spaces. For measure spaces, we denote by M ()Y the space of finite
N-dimensional Radon measures on €2, by £V the N-dimensional Lebesgue measure, and by
HN~! the (N — 1)-dimensional Hausdorff measure.

2.2.2. Function spaces. For function spaces, we denote by LP(Q), for 1 < p < 400,
the space of Lebesgue measurable functions f : € — R such that the p-th power of their
absolute value is integrable over 2 in the Lebesgue sense. Similarly, L*(£2) denotes the space
of essentially bounded measurable functions on 2. The norms in these spaces are denoted by
|- ], and || - oo, respectively. In the vector-valued case, we write f € LP(Q, RM) (respectively,
L*®(Q,RM)) if each component f! e LP(£2) (respectively, fi € L*(Q)) for every 1 < i < M,
the corresponding norms are extended in the natural way.

For k,p > 1, the Sobolev space W*P(Q, RM) consists of functions in LP(Q, RM) whose
partial derivatives up to order k have finite L? norm. In particular, we denote by H' (€2, RM)
the space W12(Q,RM). Now we introduce an inequality for Sobolev functions. Let Q C RV
be an open bounded set with Lipschitz boundary 0Q and I' C Q2. For 1 < p < N, Wll’p(Q) is
the subset of WP(Q) consisting of functions u € W1P(Q2) with Tu = 0 on T, where T is the
trace operator on 0. In particular, when I' = 042, Wll’p () is denoted as VVO1 P(Q). We will
use the following variant of the Poincaré inequality. We omit the proof since it is verbatim
that of the standard Wol’p(Q) case (e.g., [73, Theorem 3, p.279)).

LEMMA 2.1. Letue Wll’p(Q) for some 1 < p < N. Then, the inequality
lull o) < Cl|[Dul| @)

29
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holds for each q € [1, NN—&], where C' > 0 is a constant depending only on p,q, N and €.

Additionally, we denote by UC(Q2, RM) the space of uniformly continuous functions, by
C* (2, RM) the space of k-times continuously differentiable functions with values in R and
by Cé“(Q,]RM ) the subspace consisting of functions with compact support in 2. In fact, we
recall that W1P(Q, RM) is the closure of C*(Q2, RM) functions in the standard W!P-norm.
Moreover, C*2(€2, RM) denotes the space of Holder continuous functions of class (k, ), i.e.,
functions u € C*(Q, RM) such that the k-th derivative Dyu satisfies

|Dru(x) — Dru(y)| < Cle —y|®  for all z,y € Q,

for some constant C' > 0. In particular, C%! (€, R) denotes the space of Lipschitz continuous
functions. Finally, we denote by £®®) (Q,RM) the Campanato space, which consists of
functions u € LP (2, RM) satisfying

sup r_a/ |u —uz |Pde | <oo, where wugy,:= f udz.
e, QNBr(x) QNB;(x)

r<diam(2)

2.3. Notions on functions of bounded variation

Given its role throughout the thesis, we introduce the BV space separately. Let u €
LY(Q,RM). We say that u is a function of bounded variation if its distributional partial
derivatives are measures with finite total variation in 2. The set of such functions is denoted
by BV (Q,RM). That is, u e BV (Q,RM) if and only if Du is an M x N matrix of measures
Dju® e M() such that

Ty

/uaaqbdmz—/qsdD,-u“ Ve Cy (), 1<i<N, 1<a<M.
Q ' Q

Accordingly, the derivative of u, denoted by Du, is a vector-valued measure with finite total
variation, defined as

M
(2.1)  |Du|(f2) := sup {Z / u'div(z")dz ¢ ze [CF (Q,RN)]M, |2z]0 <1 a.e. in Q} )
=179

Note that this total variation is often referred to as isotropic, due to its relation with the
Euclidean norm (see Section 2.3.2). Observe that BV (€2, RM) can be characterized as
BV(Q,RM) .= {ue LY(Q,RM) : |Du|(Q) < +x0}.
Additionally, we may define the local space BVj,.(2) as
BViee (U, RY) .= {u e LY(Q,RM) : w e BV(U,RM) VU € Q}.

It is important to highlight that this notion of bounded variation allows for the definition
of sets of finite perimeter. We say that a measurable set E has finite perimeter with respect
to Q if

(2.2) Per(E; Q) := |Dxg|(Q) < +o.

Moreover, if u € BV (Q), its upper level set Ei(u) := {z € Q : u(x) > t} has finite perimeter
for £l-almost every t € R, and satisfies the coarea formula (see [6, Theorem 3.40]), which
reads
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(2.3) | Du|(Q2) =/RPer(Et(u);Q)dt.

Now assume that F is a set of locally finite perimeter, that is, Xg € BV},.(2). We
denote by 0*E the reduced boundary of E, defined as the set of all points z € RY such that
|DXg|(B,(x)) > 0 for every r > 0, |[v¥(z)| = 1, and

lim vEd|Dxg| = vE ().
r—0 B(z)

One of the key properties of a function u € BV () is the possibility of decomposing Du. This
aspect is particularly relevant, for instance, when employing the space BV (€2) in modeling
problems, as it enables the study of geometric properties associated with specific parts of Du,
as we have shown in Section 1.2.4.

Let u € BV(Q.RM). The approzimate limit at x € RN, denoted by @(x) € RM, is defined
as the value satisfying

lim lu(y) — a(x)|dy = 0.
r—0 Br(z)

Using this concept, we define the set S, as the set of points of approximate discontinuity,
consisting of all points in € where the above equality fails. Since Du € M(Q)VM by the
Calder6n—Zygmund theorem [6, Theorem 3.83] and the Lebesgue decomposition theorem [71,
Theorem 1.31], we can express Du as

Du = Vu N + D,

where Vu denotes the Radon-Nikodym derivative of Du with respect to £V, and D*u is the
singular part of Du. In particular, note that

Du = Vu N

in Q\S,. To further decompose D*u, we introduce the concept of approximate jump points,
which form a subset of S,. A point x € ) is said to be an approximate jump point of u if
there exist ut(z),u~ (z) € RM and a vector v*(x) € SV~! such that u*(z) # v~ (x) and

lim [u(y) — u* ()] dy =0,

r=0% J B (z,v0())
where B (z,v%(z)) is defined as

B, (z,v"(x)) := {y € By(z) : {y — x,v"(x)) Z 0}.

The tuple (u*(x),u™(x),v%(x)) is determined up to a permutation of (u*(z),u” (z)) and a
sign change of v"(x). We denote by J, the set of all approximate jump points of 2. The
vector v* can be identified as the Radon-Nikodym derivative of Du with respect to |Dul.
Consequently, D®u can be decomposed into a jump part and a Cantor part, yielding
j - N-1
Dfu = D’u+ D= (ut —u" W"H iJu+DSU|Su\Ju‘
In this context, it is worth mentioning that this decomposition allows the definition of special

functions of bounded variation, denoted by SBV (€2, RM), a subset of BV (€, RM) consisting
of functions u such that S, = J, HV 1-a.e.
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In the remainder of this section, we focus on the scalar case, that is, when M = 1, in
order to introduce the following concepts.

2.3.1. Traces of vector fields with L?-divergence. Let Q be a bounded Lipschitz
domain. We define the space X as

Xq = {ze L%(Q,RY) : div(z) e L*(Q)}.

In [9, Theorem 1.2], the weak trace on 02 of the normal component of z € X is defined as
the linear operator [-,v?] : Xq — L%(09) such that

|| [Z, VQ] HLOC((?Q) < HZHLOO(Q) for all z € XQ,
[z, (x) = (z(x), v for all z € 0Q if z € CH (L RY).

If z € Xq and u € BV(2), we define the operator (z, Du) : C5°(2) — R as

(2.4) DW= [

Q

u@bdiv(z)dx—/u(z,Vq@dx,
Q

which is known as the Anzellotti pairing [9]. It can be proven that (z, Du) € M(Q2) and the
following Green-type formula establishes a relation between [z, %] and (z, Du):

(2.5) /Q wdiv(z) dz + /Q (z,Du) = /a Q[z,;ﬂ]udHN—l.

2.3.2. Anisotropic total variation. We begin with the next definition:

DEFINITION 2.2. Let be ® : RN — [0,40). We say that ® is an anisotropy if the
following conditions are satisfied:

o & is convexr and lower semicontinuous;
o & s positively 1-homogeneous, i.e.

D(t8) = [t (€)

for all € e RN and for all t € R;
o O is coercive with sublinear growth, i.e., there exists C = 1 such that

Il < () < Clel

for all € e RV,
Along with the notion of ®, we define the dual of ® as

() :=sup {(&,y) : yeRY, 2(y) <1}.
Thus, if u € L'(2), we define the anisotropic total variation of Du as:
(2.6) |Du|g(€2) := sup {/ wdiv(z)dx : z € H¢(Q)} ,
Q

where He(12) is defined as

Ho () := {z € Xq: d(z(z)) <lae ze€ 0} .
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As a direct consequence of the definition, we have that the anisotropic total variation of u
is L'-lower semicontinuous in . In particular, if ®(¢) := |¢|, we obtain that |Du|e = |Dul,
which leads us to denote (2.1) as the isotropic total variation of u. Analogously to the
isotropic case, we define the ®—perimeter as

(2.7) Perg(E; Q) := |Dxgla ().

Moreover, as stated in [4, Remark 4.4], the coarea formula holds for u € BV (£2), namely
|Dulg(2) = / Perg({x € Q : u(x) > t}; Q) dt.
R

2.3.3. Subdifferential of the total variation. Finally, we define the notion of the
subdifferential of a convex functional F : L2(€) — (—a0,00] as 0F : L2() — 2E*(©):

OF (u) := {w e L*(Q): F(v) — F(u) > /Qw(v —u)dx for all v € LQ(Q)} :

Now we consider the anisotropic total variation functional TV : L?(2) — [0, 0] as

|Du|e () ifue L2(Q)NBV(Q),

TVg(u) := {-}-oo ifue LQ(Q)\BV(Q)'

The subdifferential of the anisotropic total variation, denoted as 0TV (u), has the following
characterization provided in [127, Theorem 12]:

THEOREM 2.3. Let Q be a bounded set with Lipschitz boundary and u € L*(Q) N BV (£2).
Then v € 0TV (u) if and only if v e L?(Q) and there exists z € He () such that v = —div(z),
(2,0 =0 and

Dula(Q) / wdiv(z) dz — —/(z,Du),
Q Q
where the second equality is deduced by (2.5).
In particular, we can define the anisotropic variant of the ROF functional (1.3) as

(2.8) Ep(u) := TVq(u) + % /Q(u — f)3dz,

where £ is recovered if ®(¢) = |¢|o. If f € L2(Q2), we note that £ has a unique minimizer u
such that there exists z € 0TVg(u) which satisfies the following Euler-Lagrange equation

(2.9) div(z) = AMu — f).
Specially, if ®(£) = |£]1 and f € PCR(Q) (see Section 2.3.4), we know that in [110, Theorem
5] is provided a constructive method to find the minimizer u of £3.

2.3.4. Piecewise constant on rectangles functions. Finally, we introduce a family of
functions which allow us to characterize the subdifferential of TV in the case of ®(£) = [£]1:

DEFINITION 2.4. Let © be a rectangle. We say that a function 0 < w < 1 is piecewise
constant on rectangles and we write w € PCR(Q) if w has a finite number of level sets of
positive L2 measure, and each one is a rectilinear polygon up to an L>-null set.

In order to work with the results introduced in [110], we present some notation:
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DEFINITION 2.5. Let 2 be a bounded rectangle in R?. We denote by G any finite set of
horizontal and vertical lines on ), which we call a grid on Q, and any of the rectangles in

the partition generated by the grid we call it cell. Let F' be a rectangular polygon contained
in Q and let f € PCR(Q). We denote

e by R(G) the set of all rectangular polygons which are a union of cells of G,
e by G(F) the minimal grid such that each side of F is contained in one line of G, by
Qy the partition of Q provided by the level-sets of f and by Gy the grid UEEQJ,G(E).

In particular, we observe that PCR(Q2) C BV (). Moreover, if u € PCR(Q2), we have
Ju = | oF
FeQ,

In Figure 2.1 we present a sketch to illustrate the PCR(f2) functions.

FIGURE 2.1. The image on the left can be represented by a function f, whose
graph is shown in the figure on the right, together with the grid G, below.
Note that Gy = G(F') where F is the orange rectangle.

For ®(¢) = [¢|1, the subdifferential of TVg on PCR functions was described in [110].
Combined with Theorem 2.3, we obtain the next result:

LEMMA 2.6. Let f € PCR(2) and ®(€) = |¢|1. Then v € 0TV if and only if ve L*(Q)
and there exists z € Ho(Q) such that v = —div z, [2,v%] = 0 and

— 3 , /
[z, 7 ](2) = { L i flr < Jlp andweoF nor, H'-a.e. on OF,

1 fo|F>f|Fl (md:veé’Fﬂé’F’,

withF#F’GQf.

Now we recall the anisotropic ROF functional (2.8) with ®(§) = |£]1. Moreover, it is
shown that u|p, > u|F,,, and

Per({z € Q:u(z) > 7} Q) + A / (u—f)dz = 0, forany 0 <7 <1.
{u>7}
By (2.9) and Lemma 2.6, it follows that there exists 2z, € 0T Vg (u) such that
div(zu) =A (u — f),

forany 0 < 7 < 1.
[2u V{“>T}] =-1

Universitat de Valencia Vicent Pallardé Julia



2. Preliminaries 35

Finally, observe that, thanks to Lemma 2.6, we have the next inclusion

(2.10) 0TVe(u) € 0TVe (X(ysry), forany 0 <7 <1.

2.4. Notions on Riemannian manifolds

Now, we introduce some concepts about p-energies, Sobolev functions and mollifiers on
Riemannian manifolds. Furthermore, we would like to highlight that the generalization of
total variation to the manifolds context is provided in Section 5.2, where some of its properties
are studied in detail. Let (N,h) be a complete, connected, smooth Riemannian manifold
of dimension n, isometrically embedded in some Euclidean space RY according to Nash’s
embedding theorem [137]. Let (M, g) be a compact Riemannian manifold of dimension m,
with smooth, non-empty boundary, that is, oM # .!

2.4.1. p-energies. Recall that for each point x € M the differential of u at x is a linear
map from Ty M to TN, namely, it holds du(x) € Hom(T, M, T,,N), and the latter
space is in turn isomorphic to the tensor product Ty M & T,y N. We take (x',...,2™) and

(y',...,y") local coordinates in M and N, respectively. Then du as a section of the bundle
B :=T* M Q@ u*TN can be locally expressed as

7

du = ou® dz' ®
oy™

with 0; :=

0
ozt

u
For convenience and brevity, we will combine du with the notation u, as both are quite usual

in the literature. From an intrinsic viewpoint, given p > 1, the p-Dirichlet energy (or total
variation functional for p = 1) is given by

1
(2.11) %, (u) = / \duf? dm,,
P Jm

where dm, denotes the Riemannian volume element and the energy density is written as
|dul? = (du, du) sy, := trg(u™h) = 97 (hap 0 u)d;ud;u”,

which follows from the definition of the pull-back metric (u*h);; := h(0;u, 0ju).
Given v the unit outward normal to dM, we interpret v - du as the inner product with
respect to the induced metric on the boundary. Moreover, notice that v - du is actually an

abuse of notation for du(v) = u.v € T, N; for convenience, sometimes we will also use the

notations V,u or %

On the other hand, let V be the Levi-Civita connection of (M,g) and "V the one of
(N, h). Set V the induced connection on uw*TN, which is defined as follows: for X € T'M,
Veu*TN,

(2.12) VxV ="V, xV e CO@W*TN).

In turn, if V* denotes the connection on T* M dual to V, we will work with V9" .= V*®V,
which is the unique linear connection of & so that

VAR B) = (V*A) @B+ A®V

for Ae C*(T*M) and B € C*(v*TN). Additionally, such a connection fulfils the compati-
bility condition

1When we work on Riemannian manifolds, we swap the letter M and N to denote dimensions by clarity.
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36 2.4. Notions on Riemannian manifolds

v (X,Y) g = (VI XY) X, vy

gzn T o5h

for all sections X,Y € C*(%) and v e TM.
The critical points of &, are known as p-harmonic maps, and have vanishing p-tension
or rough p-Laplacian, that is, they satisfy 7,(u) = 0, where 7,(u) = try (Vghdu) =

Tp(u)V% € C*(u*TN), which in local coordinates reads as
u
Tp(u)” = divg(|du|p72d(u7)) + |dulP~2g"Y hflﬁ(u)aiuaﬁjuﬁ
1 B . o
= 7Tetg<9i(|du|p 2 detgg”ﬁjzﬂ) + |dulP~2¢" hrg@(u)aiuaajuﬁ
forv=1,...,n, where hl“l 5 (u) denote the Christoffel symbols for the Levi-Civita connection

of the metric h. In particular, we will deal with the cases p = 1, 2, that is,
T(u)? = mo(u)? = Ag(u?) + g¥ hflﬁ(u)(%uaé’juﬁ
= g% <6i2ju7 - gl“i-“jﬁku“Y + hflﬁ(u)é’iuaajuﬁ)

and, with a shorter notation,

du 1
2.1 = di — —T .
(2.13) 71 (w) dwg<]du|) + ] u(du, du)

Alternatively, from an extrinsic perspective, Nash theorem [137] guarantees that there
exists an isometric embedding ¢ : A” < R and, by completeness of A/, we even know by
[135] that t(N) is a closed subset of RV (in other words, that the embedding is proper). Then
we can work with the extended map

Ui=10u: M — RV,

In this setting, with Vi = (Val!,..., VaY) e R™V, it holds
N y T
Vil = Y g70u% 0 and (i) = (divg(|vn|P*2 va)) ,
a=1

where RY 3 X — X T e T,N denotes the orthogonal projection onto the tangent space. As
the normal component can be represented by means of the second fundamental form A, of
N, we get the following expression:

7p(i1) = div, |V~ vm)) + |VaP2gU AL (05, 05i1), 1<y <.
being A, (X,Y) € (T,N)* the second fundamental form of A" given by A(X,Y) = —(DxY)*,
where D is the standard directional derivative in RY and X,Y are extended arbitrarily as

tangent vector fields to AV in a neighborhood of u € N'. Notice that, with a shorter notation
for p = 1, we have

y : Vi 1 U
T1 (U) = leg (W) + WAU(VU, VU),

which formally resembles its intrinsic counterpart (2.13). Hereafter, for simplicity, we will
always write u instead of %, unless the meaning is unclear from the context.
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2.4.2. p-energy on surfaces. In the case that M = ¥, we can further use isothermal
coordinates on the surface. Indeed, let {(Ug, (Z)g)} be an atlas of ¥ such that the metric g
within U, can be written as g;; = g? d;; with op € Cl(Ug,RJr). In these coordinates, set
Qg := ¢¢(Uy), and thus the p-energy functional (2.11) can be written as

1 _ _ 1 _
21 Ew= 3 [ (e e Vep) oo e = [ #ITuP da,
P Ja, P Ja

with {x¢}¢ a partition of unity subordinate to U,. Notice that, for simplicity, we just write gy
instead of x, - o¢ and, as usual, we omit composition with ¢£_1, unless the meaning is unclear
from the context.

Thus, observe that the existence of isothermal coordinates up to the boundary (e.g. [164,
Lemma 4]) permits to take a finite covering {Up}s; and to suppose that there exists a constant
Cp > 0 such that

_ 1
(2.15) Cp <0, "], < & forallleTandp>1.
’ p

2.4.3. Sobolev functions. Concerning N-valued functions, there are two different no-
tions of Sobolev spaces: an extrinsic version and an intrinsic one. For the first, identifying
again a function u with its extension ¢ o u,

(2.16) WIP(M,N) = {ue WP(M,RY) : u(z) e N for ae. 2 € M}.

It turns out ([60, Proposition 2.7]) that this definition does not depend on the choice of the
embedding ¢, contrary to the case of higher order Sobolev spaces (see [61]).

On the other hand, in the event that the N-dimensional manifold N is covered by a normal
coordinate chart centered at some point p € A/, N can be identified with the Euclidean space
RY endowed with a metric that can be expressed globally in normal Cartesian coordinates.
Identifying thus u : M — N with its vector valued representation, one can define the intrinsic
Sobolev space of first order as

(2.17) WP (M,N) = WP (M, RY).

In this case, we recall that WPLP(M,RM) is the closure of C°(M,RY) functions in the
standard W1P-norm.

2.4.4. Barycenter and mollifiers. Finally, we recall that b € By (p, R) is a barycenter
of a Radon measure m on By, (p, R) if b is a minimizer of the function

_ 1

In [1, Theorem 2.1], it is proved that if R < R, where Ry is the next bound of the
convexity radius:

... @ .
5 min {1njp/\/, \/E} if k>0,
B = inj, N
J; if kK <0,

then a unique barycenter exists. Notice that this is true for non-positively simply connected
curved manifolds without any restriction on R.
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38 2.4. Notions on Riemannian manifolds

Using the notion of barycenter, we now recall a mollification technique given in [106]
for Lipschitz continuous functions, C%!'(M,N): Firstly, for a given 0 < § < R,, we set
tp, = dp(p, -) and consider the mollifier ps5 : N x N — R defined as

ws(p,q) =¥ (1%(2(”) [/B(O?é) ¥ (W) dmey h] _1,

where B(0,6) = exp,(Bu(p,d)) is regarded as a ball in R" while ¢» € C*(R) is such
that ¢((—o0,1/4]) = 1,9([3/4,0)) = 0 and ¢’ < 0. Then, if we further assume that
f(M) C By(p, R) for some pe N and R < R, we can define f5: M — N as

(2.18) fs(z) :=b(f(x),0) forall xe M,
where b(f(z),d) denotes the barycenter of the Radon measure
m = 905(.]6(3:)7 ’ ) dmexp;’f(l) h-

By [106, Theorem 4.3], we have that {fs}s C C*(M,N) for § small enough. In addi-
tion, as f € C%Y(M,N) with Lipschitz constant L¢, [106, Theorem 4.4, 4.6] implies that
fs(p) — f(p) as 6 — 0 and fs are Lipschitz functions with Lipschitz constant C'Ly.
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CHAPTER 3

Generalized (A, u)-linkage

In this chapter, we present a general framework in which the (A, u)-linkage holds. More
precisely, from the definition of the isotropic (A, p)-linkage in [34], we identify the key math-
ematical tools required to prove this relationship: a suitable selection of the total variation
functional and the perimeter functional, which are linked by an expression equivalent to the
coarea formula (2.3). In particular, we define these concepts on measure spaces (X, B, m),
introducing the notion of perimeter measure spaces. Notably, this approach allows the ex-
tension of the (A, u)-linkage to the non-Euclidean setting.

In Section 3.1, we formally introduce the framework of perimeter measure spaces, denoted
by PMS. It is important to emphasize that this setting is broad, encompassing a wide range of
scenarios where our extension of the (A, u)—linkage is applicable. To illustrate the significance
of this framework, we provide a list of examples in Section 3.2, demonstrating the impact of
this generalization within the context of PMS.

In Section 3.3, we establish a series of preliminary results leading to Theorem 3.8, which
proves the (A, u)-linkage for perimeter measure spaces. It is worth noting that the CV
model has been less extensively studied in non-Euclidean settings compared to the ROF
model, as discussed in Section 3.2 and Chapter 1. Consequently, Theorem 3.8 can be used to
define partial minimizers of the CV problem. More specifically, in Section 3.4, we apply the
(A, p)-linkage, adapting Algorithm 1.1 to approximate a minimizer of the CV problem in the
case of locally finite weighted discrete graphs. We provide applications in image segmentation
and labeling tasks, highlighting the improvements that the (\, u)-linkage framework offers
in each case.

3.1. Perimeter Measure Spaces

In this section, we introduce the definition of perimeter measure spaces, the framework
in which the generalization of the (A, u)-linkage is established. First, we define the notions
of perimeter and total variation in measure spaces:

DEFINITION 3.1. Let (X,B,m) be a measure space. We say that P : B — [0,0] is a
perimeter functional if the following conditions are satisfied:

(i) P(2) = 0;
(ii) P(A) = P(B) for every A, B € B such that A/ B := (A\B) U (B\A) satisfies that
m(AA B) =0;
(iii) P(A) = P(X\A) for every A € B;
(iv) P is sub-modular, i.e.,
P(AUB)+P(ANB)<P(A)+P(B)

for every A, B € B.

DEFINITION 3.2. Let (X, B,m) be a measure space and let P : B — [0,00] be a perimeter
functional, which assigns a non-negative value to each measurable set in B. For a function
u e LY(X,m), the total variation of u with respect to P is defined as

This chapter contains the results of [130].
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40 3.1. Perimeter Measure Spaces

o0
TVp(u) := /_oo (£t (w)) if +(u) is m-measurable

+a0 otherwise,

where Ey(u) := {z € X : u(x) > t}. In particular, for the characteristic function Xg of a set
FE € B, we have that

TVp(Xg) = P(E).

We observe that the definition of TVp naturally extends the coarea formula for BV (2)
functions (2.3). Additionally, we highlight a notable property of TVp: its convexity, which
we formalize in the following proposition.

PROPOSITION 3.3. Let (X, B, m) be a measure space. Then TVp is conver in L*(X,m).

PROOF. The proof of this result essentially follows the lines of [49, Proposition 3.4]. We
give the details for the sake of completeness. Before we begin, we observe that L?(X,m) C
LY(X,m) since m(X) < +00, so the total variation is well defined for L?(X, m) functions.

Firstly, we show that TVp is a positively one-homogeneous functional. Let v € L'(X,v)
and A > 0. Then, we note that

0] 0

TVp () = /

—00

P, () )t — /

—00

P(Ey (1))t = A /_ Z P(Ey(u))dt = ATV (u).

Then, to show the convexity, it suffices to prove that the following inequality holds
(3.1) TVp(us +uz) < TVp(uy) + TVp(uz) for every uq, us € LQ(X, v).

We first prove the following representation formula for nonnegative, bounded and integer
valued measurable functions u in X:

(3.2) TVp(u)zmin{iP(Ai) : u:iXAi,AieB,meN}.
i=1

i=1
Note that, if u satisfies these assumptions, then u = Zf\il XE,_, (u) for some M € N.

Let us suppose that u = >/ | X4, with A; € B. Using the sub-modularity of the perimeter,
we find that

m

P(A; N Ay) +P(A;UA) + D P(A) < Y P(A;) forany j#ke{l,...,m}.

ig{j,k} v=

—_

By induction on m, we easily deduce that

Indeed, if m = 1 then A; = Ep(u) up to a m-null set thus P(A;) = P(Ey(u)). Now, suppose
that the inequality holds for m. If u := Z:’:{l X4, and v := >, | X 4,, by induction hypothesis
we have that

m+1 m

D) P(4) = Y P(Ein1(v) + P(Ans).

=1 1=

—_
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3. Generalized (), u)-linkage 41

Using the definition of u, we note that
Ej(u) = Ej(v) U (Ams1 N Ej—1(v)),
and by submodularity we deduce that
P(Ej(v)) = P(Ej(u)) + P(Ami1 N Ej(v)) — P(Api1 N Ej1(v)).

Therefore,

m
ZP E;_ (v

1=

WV
RgE

P(E,;,l(u)) + P(Am+1 N El-,l(v)) — P(Am+1 N EZ;Q(U))

,_.

<.
Il

—_

I
M3
e}
=

-
Il
—_

,1(u)) + P(Am+1 N Emfl(’l))) — P(Am+1 N Efl(U))

P(Ei-1(0)) + P(Aps1 N Bro1 (0) — P(Ays)

I

-
I
—_

P(Ei1(6)) + P(Bn(v) U (Apr O B 1 (0)) = P(Amsa)

I

=1
m m+1

= Y P(Bi1(w) + P(Em(w) = P(Ai1) = 3. P(Eio1(w)) — P(Apsa):
i=1 i=1

Thus, by taking the infimum, we conclude the proof of (3.2):

m m M M—1
inf {Z P(A;) :u=) Xa,, A B} = Y P(Ei1(u)) = /O P(E;(u))dt = TV (u).
i=1 1=1

i=1

We now prove (3.1). Assume without loss of generality that TVp(u;) is finite for i € {1, 2}.
As a first step, suppose that 0 < u; < 1, 7 € {1,2}, and consider the following approxima-
tions:

S\H

n
Z et (1) forneN, te (0,1) and i € {1, 2}.

By construction, 0 < u;,, < 3 and u;,, — u; in L'(X,m), i € {1,2}. Then, we can extract
a subsequence (not relabelled) converging a.e. to w;. Since m(X) < +oo, this also implies
Uin — u; in L?(X, m). Therefore, from the lower semicontinuity and the one-homogeneity of
the total variation we get

TVp (u1 + UQ) < lim io%f TVp(ul,n + 'U/Q,n)
n—

= li%ri)io%f%TVp ( i— (u1) +XE ( ))
(2 lim inf — kZlP (E%(ul)) +P (E,i (ug)) .

Finally, applying [49, Lemma 3.3], we can choose ¢ € [0, 1) such that, up to a subsequence,
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n 1
% Z P (Eﬁ(uz)> — / P(Ei(u;))dt = TVp(u;) asn — o, 1€ {1,2},
k=—1 " 0

which finishes the proof in the case 0 < u; < 1. The case where u; are bounded, i = 1,2,
easily follows by considering @; := 7=~ with m < u; < M and applying the previous step.
Finally, we consider u; € L?(X,m), i € {1,2}. In this case, we choose as approximations

truncations at level + K

uf = max{min{u;, K}, —K}.
We note that uf — u; in L?(X, m) as K — +o0. Using the lower semicontinuity of TVp, the
proof is completed as follows:

TVp(u1 + up) < lim inf TVp (ulf + uk)
—0

< liminf TVp(uf) + TVp(udf) < limsup TVp(uf) + TVp (ul)

K—o K—w

K
~ limsup / (P(Eu(u1)) + P(Ey(u2)))dt = TV (u1) + TVp(us2).
K—w —K

Now we define our framework space using these the following two definitions:

DEFINITION 3.4. A perimeter measure space (X, B, m, P) is a measure space (X, B, m) with
m(X) < 400, equipped with a perimeter functional P such that the total variation functional
TVp is lower semi-continuous with respect to weak convergence in L?(X, m). For brevity, we
denote it as (X, m,P) and we name it as PMS.

With this framework, we define the ROF and CV models in PMS:

DEFINITION 3.5. Let (X, m,P) be a PMS, and let f be a measurable function that is not
m-a.e. constant. The ROF model in PMS is defined as the following minimization problem:

min { ED(u) := TVp(u) + ;/ (u — f)*dm }

ueL?(X,m) X

Similarly, the CV model in PMS is formulated as

YeB
(c1,c2)€[0,1]2 o

min { .7-"1’;(2,01,02) =P(2) + u/z(cl — f)Qdm + ,u/ (co — f)2 dm }

REMARK 3.6. Our definition of the perimeter functional closely aligns with the notion of
generalized perimeter introduced in [52]. However, their concept of perimeter is restricted to
Lebesgue measurable sets. Furthermore, a similar definition of a perimeter measure space is
considered in [78], where the authors analyze a perimeter functional under various assump-
tions and derive multiple results by exploring different combinations of these assumptions.

3.2. Examples of PMS

To show the generality of this framework and its broader applicability, we present a
comprehensive list of spaces that qualify as perimeter measure spaces:
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3. Generalized (A, u)-linkage 43

3.2.1. Isotropic and anisotropic Euclidean case. Let Q ¢ RY and m = £V. Recall
that for u € L'(£2), the isotropic total variation and the perimeter are defined in (2.1) and
(2.2), respectively; i.e.,

TVs(u) := |Du|(Q), Pa(E) := Per(E; Q) = TVa(Xp).

By the coarea formula (2.3), it follows that T'Vq, as defined above, coincides with the definition
in Definition 3.2. The submodularity of the perimeter is established in [6, Proposition 3.38].
Moreover, the lower semicontinuity with respect to weak convergence in L?(X,m) follows
directly from the expression in (2.1):

Suppose that u, — u weakly in L?(X,m). Then, for any z € CL(Q;R"Y) such that
[2(x)| <1,

/ u(z)div(z)(x) de = lim inf/ up (z)div(z)(z) dz < liﬁiolgf TVa(uy).
X X

n—0oo
Taking the supremum over z, we obtain

TVa(u) < lim iorclf TV (uy).

Therefore, (€2, L’N‘Q ,

n (2.2). Recall that for u € L'(Q), the anisotropic total variation and perimeter are defined
in (2.6) and (2.7), respectively; i.e.,

P3) forms a PMS. Now, let us consider an anisotropy ®(&) as defined

TV@(U) = |D’LL|<1>(Q), Pq;.(E) = Perq>(E;Q) = TV@(XE).

The coarea formula and the submodularity of the perimeter are discussed in [4, Remark 4.4]
and [66, Remark 2.4], respectively. Following the same reasoning as in the isotropic case,
we can similarly show that (€, £V | o> Pa) is a PMS. In this context, we refer to Chapter 4,
where we study the ROF and CV models from the anisotropic perspective.

3.2.2. Fractional perimeter. Let Q@ C R" be an open bounded set. Given s € (0,1),
the fractional Sobolev space W*1(Q) is defined as the set of functions

[uz) = uly)|

wel(Q) = {u e L' (Q) : TV,(u) ::/Q P dzdy < +oo}.

Moreover, defining the nonlocal perimeter as

1
P (E ::/ / ————daxdy,
(&) o J@vpno v —yN e

for every Lebesgue measurable set £ C RY, one can show as above that (RN LN ‘Q,PS)
is a PMS. In fact, the coarea formula for TV, can be found in [117, Proposition 3.1] or [5,
Lemma 10], the submodularity of the perimeter can be proved as in [45, Section 2.1.2] and
one also has [8, Theorem 3.4] for a representation formula of TV similar to that in (2.1).
Let us mention that this nonlocal concept of perimeter was first introduced in [33].

The ROF model for the fractional perimeter in the case Q = R has been recently studied
in [140] (and in [20, 21] with L fidelity term).
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3.2.3. Random walk spaces. Let (X, B) be a measurable space such that the o-field
B is countably generated. A random walk on (X,,m) is a family of probability measures
(mg)zex on B such that x — m,(B) is a measurable function on X for each fixed B € B.
Moreover, a o-finite measure m on B is reversible with respect to the random walk m if the
following balance condition holds:

dmy(y)dm(z) = dmy(z)dm(y) for every z,y € X.

(X, B) together with a random walk m and a o-finite measure m which is reversible with
respect to m is called a reversible random walk space and it is denoted by [X, B, m,m].
Given E € B, the m—perimeter of E is defined as

Pou(E) = /E /X L dma)dm(a),

and the m—total variation of a measurable function u : X — R is defined by

TV, (u) = ;/X /X lu(y) — u(x)| dmy(y)dm(x).

Then, if m(X) < +o, (X,m,P,,) is a PMS (see [121, 123] for the coarea formula, the
submodularity of the perimeter and the lower semicontinuity result). The ROF model in
reversible random walk spaces has been studied in [122] and the subdifferential of the m—total
variation functional was completely characterized in [121].

We point out that many different examples can be included in this category of reversible
random walk spaces. We give a non-exhaustive list of them, including only the more relevant
to us and without entering into details, for which we refer to [121, 123]:

(1) Nonlocal perimeter with an integrable kernel: Let J : RN — [0, +0[ be a Lebesgue
measurable, nonnegative and radially symmetric function such that

/RN J(z)dz = 1.

Let Q C RY be a closed set of finite Lebesgue measure and

mg(A) = /AJ(JJ —y)dy + (/Rn\g J(x — z)dz) 5. (A)

for any = € 2 and any Lebesgue measurable set A C ). Then, m = (m,) is a random
walk on 2 with respect to which the Lebesgue measure on € is reversible. This is
the usual random walk arising from a nonsingular kernel J, but modified so that it
does not jump outside of Q (immediately reflected back to the starting position).

(2) Markov chains on a countable space X with a reversible probability measure m: Given
a Markov Kernel K : X x X — R, one defines

mg(A) = Z K(z,y) forany z € X and any A C X.
yeA

Then, if m is a reversible probability measure with respect to K, [X,B,m,m] is a
reversible random walk space (here B is the o-algebra of all subsets of X).
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3. Generalized (A, u)-linkage 45

(3) Locally finite undirected weighted discrete graphs: Let G = (Vig, Eg) be a locally
finite weighted discrete graph with vertex set Vi and suppose that each edge (x,y) €
E¢ has a positive weight w,, = wy, assigned. For each x € V5, the random walk m
is defined as follows:
Zy~x WeyOy

My i = —————

with y ~ = denoting that (x,y) € Eg (alternatively, we can suppose that wg, = 0 if
(z,y) ¢ Eg and consider the sum over all the vertices y € Viz). Then, for A C Vg,
one considers

m(A) := Z Z Way-

reAY~T
It follows that m is a reversible measure with respect to the random walk m.

3.2.4. Carnot-Carathéodory spaces. Given an open set & C RN, m < N and m
locally Lipschitz vector fields X = (Xi,...,X,,), a distance in 2 is defined as follows:

1 m
A, y) = inf{ | B0 20 =2 50 = 50 = VX, 0< < 1}.
i=1

Assuming that this distance is everywhere finite, the space of bounded variation BVx (2)
is defined as the space of functions u € L'(Q) such that

TVx(u) := sup{/ udivys(2) : z€ CHEOL,RY), 2] < 1},
Q

where divysx(z) = Y% XF2%, with X* the adjoint vector field of X. For any Lebesgue
measurable F C €, its perimeter is defined as

Px(E) := TVx(Xg).

The coarea formula and the submodularity of the perimeter can be found in [126, Propositions
4.2 and 4.7] and the lower semicontinuity can be proved as in the Euclidean case. Then,
(Q,LY,Px) is a PMS. The subdifferential of the total variation functional coupled with
different Neumann or Dirichlet conditions in general metric measure spaces (which includes
the case of Carnot-Carathéodory spaces) has been recently studied in [120].

3.2.5. Metric graphs. We follow [133] for the definition of a metric graph, which we
now briefly recall. Let E be a finite set. Given {{.}.cp C]0, [, consider the family [0, {¢]cer
of metric measure subspaces of R (with the Euclidean metric d. and Lebesgue measure \.)
and their disjoint union

&= [JIo,£].

ecE

We adopt the notation (z,e) for the element of £ with z € [0,4.] and e € E. We endow &
with the disjoint union topology. For this, let ¢, : [0,£.] 3 x — (z,e) € £ be the canonical
injection. Then, a set U C & is open if and only if each ¢_!(U) is a union of sets of the form
[0,e1], Jea, le] or |es, eq], for €; €]0, Lc].

Consider now the set of endpoints of £
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= [ J{0, ).

ee

Given any equivalence relation ~ on V, we extend it to an equivalence relation on £ by
equality: i.e., two elements (z1,e1), (z2,e2) € € belong to the same equivalence class if and
only if (z1,e1) = (x2,e2) or else (z1,e1), (z2,e2) € V and (x1,e1) ~ (v2,e2). We continue to
denote this equivalence relation on £ by ~.

We call T := 5/ ~ a metric graph and V := V/ ~ its set of vertices. Therefore, a metric
graph is uniquely determined by a family {/.}.cg and an equivalence relation on V. Its
vertices are the cells of the partition of V induced by ~. Two vertices v, w € V are said to be
adjacent if there exists some e € F such that {x,y} = {0, .} for some representatives (z,e)
of v and (y, e) of w; in this case we write v ~ w and, with an abuse of notation, also v ~ e.
The cardinality deg(v) of the set {w € V' : w is adjacent to v} is called degree of v e V. We
denote Ey :={e€ E : v ~ e} and int(V) := {veV : #E, > 1} (here #FE, denotes the
cardinality of E). Moreover, I' is a measure space with respect to the direct sum measure
m = @, . Ae (see [133] and the references therein).

A function v on a metric graph I' is a collection of functions {[u]e}eep With [u]e :]0, le[—
R. If [u]. is integrable for all e € E' then

/ dx—Z/

ecE

The Sobolev space H!(T') is defined as the space of functions u such that [u]. € H'(0,£,) for
all e € I/ and

D Mwel o) < +o0-
eeE

If v. ~ e and (0,e) (alternatively, ({,e)) is a representative of v, the trace of [u]. at 0
(alternatively, at ¢.) is denoted by [u]c(V).
The total variation of a measurable function u is defined as

TVr(u) := sup{/ru(x)z'(x) dr : ze Xp(T), ||lz|pem) < 1},

where X, (T) is the set of vector fields in H'(I") satisfying a Kirchhoff condition on all the
vertices of the graph; i.e.,

Xk () = {z e H'(I): > [z]e(v)vf(v) =0, Vv e int(V)} .

eelby

Here, v¢ is the unit outer exterior normal to e; i.e., v¢(v) = 1 if (¢, €) is a representative of
v and v¢(v) = —1if (0, e) is a representative of v.

Note that, as in the previous subsections, weak lower semicontinuity holds by the defini-
tion of T'Vr. In order to prove the coarea formula and the submodularity of the perimeter, we
give a representation formula for TVp. We first introduce some notation. Given v € int(V),
we consider the maximum and the minimum of the traces of u at v:

w2 = max{[u].(v) e € By}, u™:=min{[u].(v):ee E}.

v
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For a function u on I' such that each [u]. is a function of bounded variation, we denote
|Du|(T) := > cp |D[ule|(0,€.). With this notation, we obtain the following representation
formula:

PRrROPOSITION 3.7.
(3.3) TVp(u) = |Dul(T) + . (U™ —ul™).

v v
veintV (T')

PROOF. To prove (3.3) we use the following integration by parts formula [119]:
(3.4) / ' de = —(z, D)D)+ Y Y L @)[ule),
r veint(V) eeEy

with

(2, Du)(L) == Y ([=]e, Dlule) (0, £e);

eeE

([#]e, D[u]e) being the one dimensional Anzellotti Radon measure product (see (2.4)). We
recall that |(z, Du)| < ||z]«|Du| as measures.
From (3.4) we directly have

TVr(u) < |Du|(T) + Z max{ Z welule(V) : we € [—1,1], Z We = 0} )
veint(V) eeEy eeEy

The last maximum is easily computed by the simplex method and we obtain

TVr(u) < [Du|(T) + D (uy™ —ut™).
veint(V)

Let us see the opposite inequality. Since

Le
|D[u]e|(0, £e) = sup {(Z,Du)(O,Ee) = —/0 [ulez' : z € C&(O,Ee)} ,

we can find 2" = {[2"]¢}ecr With [2"]. € C1(0,£) such that dist(supp([2"]e), {0, %e}) >
for all e € Fy, and

1

n 1

IDul(r) < (", Du)(r) + -
We now fix v € int(V') and take

emax € argmax{[ulc(v) : e € Ey}, emin € argmin{[ul.(v) : e € Ey},

with emax # emin. Suppose for simplicity that (0, emin) and (e, , emax) are representatives
of v (the other cases follow similarly) and define

nr — 1 1—nx

fo<z<i
[Zn]emax = " ? [En]emin = "

[2"Jemax  Otherwise [2"]e,..,  otherwise

ifo<z<i
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Then, repeating this with each v € int (V) (changing (0,1) with (¢
(Lemax — = lenay) When necessary) we end up with 2" such that

(2" - 2 2l v)[ule(v)

veint(V) eeEy

= (" Du)D) + Y (g™ —uy™)

—1¢,..) or with

€min

veint(V)
n 1 o 1
+ Z ([Z ]emax’ D[u]emax) O? ﬁ + ([Z ]emin7 D[u]emin) O’ ﬁ
veint(V
max min 1 1
> D)+ Y] 8 =™ = Y (Dfudepu] + IDlulen) (0,5 ) =
veint(V) veint(V)
Letting n — 400, with the use of (3.4), we conclude that
TVr(u) > [Du|(T) + ), (ud™ — ™).
veint(V)
Therefore,
TVr(u) = [Dul(T) + Y, (@™ —uy™)
veint(V)
= |Du|(T’ Z max{ Z Welu]e(v) : we € [-1,1], Z We = 0} :
veint(V) ecEy ecEy

0

We define Pr(A) := TVr(X4) for any m-measurable A C I'. Here, given a m-measurable
set A C T the function X4 = {[Xa],}eer on I is defined by

[Xa], (2) = 1 if (z,e) is a representative of an element in A,
Ale M) 0 if (x,e) is not a representative of any element in A.

Then, (I';m, Pr) is a PMS. Indeed, observe that, since the classical total variation satisfies
the coarea formula and the usual perimeter is submodular, thanks to the last equality, we
only need to show that:

i) the trace at the endpoints of an interval of a one dimensional BV function satisfies
the layer cake formula, in particular,

[ue(v) = /O v (X)), (v)dt = /0 v [Xr\Ei ()], (V)dt

for every v € int(V) and e € Ey (here Xg,(,,) = {XEt([u]e)}eeE)'
ii) the trace of the characteristic function of a set is submodular.

These two properties follow directly from the continuity of a precise representative of a one
dimensional BV function outside of the jump set since, working edge by edge, we have that
the precise representative of the extension of [u]. with constant value [u].(v) to the right of
le (or left of 0) is continuous at the point ¢, (or 0) and the same thing happens with the
precise representative of the extension of X 4 of any finite perimeter set A.
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3. (A p)-linkage in PMS

Hereinafter, we consider that we are working on a generic PMS (X, m, P). In this section,
we prove a (A, u)-linkage which holds for (X, m, P):

THEOREM 3.8. Let f be a m-measurable function and let u be the minimizer of 51’3\. If a
tuple (3%, ¢, c5) satisfies the conditions

(3.5) = ][ fdm, ¢ = fdm, X* =FE . (u), 0<m(E*)<m(X);
5 X\ =2

then (X*, ¢}, c3) is a partial minimizer of Fh with pn = N/(2(cf — ¢3)).

The first step in obtaining the above result is to prove the existence and uniqueness of
minimizers of Elé for a given perimeter measure space (X, B, m). This question is addressed
in the following result:

THEOREM 3.9. There exists an unique minimizer u of Sf; such that it is the only function
in LY(X,m) satisfying 0 € d(ED)(u).

REMARK 3.10. Recall that
A(ED)(u) := {w e LX(X,m) : &) —Ep(u) = / w(v —u)dm forallve LQ(X,m)} .
X

PRrROOF. Since the TV functional is lower semicontinuous with respect to the weak con-
vergence in L?(X,v), existence of a minimizer follows from the direct method of the calculus
of variations. Indeed, let {ug}reny € L?(X,v) be a minimizing sequence. Then,

QAﬁm%m<2/@%—n%m+2/ﬂﬂ%m

4
—sup{Ep ug) +2/ | f)?dm.
T A keN

Hence, up to a subsequence, {uy}; converges weakly in L?(X,m) to a function u € L?(X,m).
Finally, by applying the lower semicontinuity of the total variation, we conclude that
minimizes the functional 5F>,‘. Moreover, by Proposition 3.3, 5% is a strictly convex functional
and consequently, £ has a unique minimizer. Observe that 0 € 9(£3)(u) is equivalent to u
being a minimizer. O

COROLLARY 3.11. Let u be the minimizer of SP); and f be a m-measurable function such
that 0 < f <1 m—a.e. Then0<u<1m—a.e.

PROOF. This range bound is a direct consequence of the fact that the truncation of any
function v € L?(X,m) by T4 (s) := max{min{1, s},0} satisfies

1
T ) = [ PE@+F [ [T 0@) - f@)Pdn) < 8,

0

The next step is to adapt a series of results from the isotropic Euclidean case [48] (Propo-
sition 2.1, Lemma 2.4, and Lemma 2.5), which allow us to establish a relation between the
functional Slé‘ and the functional Elé‘ : B — R, defined as

(3.6) %@yzmm—ALﬂm.
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50 3.3. (A, p)-linkage in PMS

The first result establishes a relation between gﬁ‘(E) and an auxiliar problem:
PROPOSITION 3.12. Given a minimizer u € L*(X,m) of
(3.7) min { TVp(u) — /\/ ufdm },
X

ueL?(X,m)
0<u<1

we have that Ey(u) := {x € X : u(x) > t} is a minimizer of SNQ for any t € [0,1).

PRrROOF. First of all, by the lower semi-continuity of TVp with respect to the weak con-
vergence in L?(X,m), the direct method of the calculus of variations yields the existence of
a minimizer solving (3.7). Now observe that for any u € L?(X, m) with 0 < u < 1 m-a.e.,

/"ufdm ./ (/Mw )f@ﬁdm@ﬁ
[ [ eairasina = [ [ o imia

Therefore, it follows that

(3.8) TVp(u) — )\/Xufdm - /015*3 (Es(w)) ds > min {gp( )}.

YeB
Consequently, the minimum in (3.7) is greater than or equal to the minimum >* of (3.6).
However, ¥* is greater than (3.7) since minimizing (3.6) is just (3.7) over characteristic
functions of Borel sets. Therefore, they coincide.
Moreover, from (3.8) it follows that, if v is a minimizer of (3.7) then E;(u) is a minimizer
of (3.6) for a.e. t € (0,1).
Let us see that, in fact, this is true for every ¢t € [0,1). Let ¢ € [0,1) and let (t,),, be

a decreasing sequence such that E; (u) is a minimizer of (3.6) for every n > 1 and ¢,, | t as
n — 00. Since we have

Xg, () — Xp ) in L*(X,m),

from the lower semi-continuity of TVp with respect to the weak convergence in L?(X, m), we
conclude that

EX(Eu(w)) < Timinf &3 (B, (u)) = min {E(2) .

]

As a consequence of Proposition 3.12, for a fixed 7 € R and a minimizer u of the problem

min { TVp(u) — )\/ u(r — f)dm }
ueL?(X,m) X
0<u<l

the sets Ei(u) for ¢t € [0,1) are minimizers of

Ep,(2) :=P() + A/(T — f)dm, X eB.
by
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LEMMA 3.13. Let 19 < 7. If ¥, and ¥, € B are minimizers of 53’70 and Sﬁ‘m,
respectively; then X, C X, up to a m-null set.

PROOF. Since ¥, and ¥;, are minimizers, we have that

E), (Sr) < P(S, US,) + A / (1o — f)dm,

SrgUSr,

SP);,Tl (ET1> < P(Em N E7'1) + )\/ (Tl - f)dm

IS >

Adding these equations we get

P(S.,) + P(Zn,) +>\/E (To—f)dm~|—)\/2 (1 — f)dm

< P(Sn UBn) + P(Sn N San) + A [

IENE) >

(70 — F)dm + A / (1 — f)dm

SryNSr,

which, by the sub-modularity of P, yields

J

and consequently, we have

/ (11 — f)dm < / (10 — f)dm.
B \Zrg B\

Therefore, we conclude the proof since (11 — 70)m (X,,\X,) < 0. O

(70 — f)dm + / (1 — f)dm < /E (= fam / (11 — f)dm

0 X DI QI

REMARK 3.14. [t follows that the minimizer ¥, of 513‘77 is unique up to a m-null set,
except for at most countably many values of 7. Indeed, for each T € R, fix a minimizer ¥, of
Eﬁ‘J. Then, the function T — m(3;) is monotone and, consequently, continuous except for
at most countably many values of T.

Now, let us show that if T is a continuity point, then X, is unique up to a m-null set.
Suppose, on the contrary, that there exist two distinct minimizers XL and X2 such that
m (Ei A Zz) > 0. Then, for any 7 < 7, we have XL U2 C X/ up to a m-null set, and for
any 7 > 7, we have L N2 D Nv up to a m-null set. However, this implies that

m(Z) =>m(S+) +m (S A X2
so T cannot be a continuity point.

According to the above remark, we can define £ as a countable dense subset of R such
that the minimizer >, of 513‘77 is unique for every 7 € . Thus, the next result is deduced:

LEMMA 3.15. Let ¥; be a minimizer of SQJ. Then, the function
u(z) :=sup{reQ : zeX;}

is the unique minimizer of £ in L*(X,m).

PROOF. Let us first see that u € L?(X, m). Since £ (3;) < 0 = &3 (), we have that

(3.9) /OT mm(X;)dr < /OT/T fdmdr.
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for some T € R. Now, by Fubini’s theorem,

/ Tm(X dT—/ /ZOTXZT x)dm(z dq-_/zm/ X [0y () (T)drdm(z )
/EO /mm{uz rdrdm(z) = / ;(min{u(g;),T})Q dm(x).

Similarly, we find that
T
/ f(z)dm(z)dr :/ min{u(x), T} f(x)dm(zx).
0o Je, %o
Consequently, by (3.9) we have

1/20(min{u,T})2dm < /EO min{u, T} fdm

2
< ( /Z (minu, 7)) | dem>

From this, letting T' — oo, it follows that

(3.10) / udm < 4 / fdm.
{u>0} {u=0}

Similarly, we get that

(3.11) / u?dm < 4 / fdm.
{u<0} {u<0}

Indeed, since P(E) = P(X\E) for every E € B, we have that {—u > —7} = {u < 7} is a
minimizer of

wmin {P(Z) + )\/E(f _ T)dm} = min {P(Z) + A/E(—T - (—f))dm} .

Therefore, it follows that if we replace f with —f in 516\’7 then we obtain —wu instead of
u. It follows from (3.10) and (3.11) that u € L?(X,m).

We define the set ¥~ for 7 € R as follows

C= U =
T'>T,

7'eq

Note that X7 coincides with E;(u) up to a m-null set. Next, we show that ¥ is a minimizer
of 513\’7. To do this, consider a decreasing sequence {7, }neny C Q such that 7, | 7 as n — o0.
Since for any ¥ € B we have

SA SX
gP,Tn (2) = EP,Tn (ETn>
and Xy_ is nonincreasing, i.e.

Xs,, —= Xy in L*(X,m),

™
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the lower semi-continuity of P with respect to the weak convergence in L?(X,m) yields

&,(2) = &, (),

for any ¥ € B. Therefore, ¥~ is a minimizer of Eﬁ‘,T.

Now let v € L?(X, m). Since ¥~ is a minimizer of gf)‘J we have that, for every 7' > 0,

/_i <P(z;) YRS f)dm) dr

T
</T (P(ET(’U)) + )\/T(v)(T - f)dm) dr.

Now, for any w € L?(X,m), by Fubini’s theorem we have

/ /T (7 — f(@))dm(z dT// XE, (w — f(z))drdm(x)

mm{w(az
:/ / (7‘ — f(x))drdm(z) = ;/ ((min{w, T} — f)? = (-T - f)2) dm
xJ-r X

(3.12)

Thus, we obtain the equality

1 1
(3.13) / / (1 — f(z))dm(z )dT+/(T+f)2dm=/(w—f)2dm+g0(w,T)
- 2 Jx 2 /x
where p(w,T) is defined as

o(w, T) = ;/X (minfw, T} — £)? — (w— f)?) dm
Observe that

lim ¢(w,T) =0

T—o0
for any w € L?(X, m). Therefore, from (3.12) and (3.13), it follows that

T T
/ P(ET(u))d7‘+;\/X(u—f)Qdm—Fgo(u,T)</ P(ET(U))dT—I—/Q\/X(v—f)anH—(p(U,T).

=T =T

Then, letting T — o0, we get
A 2 A 2
TVp(u) + = | (u— f)°dm < TVp(v) + (v — f)°dm.
2 /x 2 Jx

Therefore, since v € L?(X,m) is arbitrary, u is a minimizer of 513\. O

REMARK 3.16. Note that, in the case that 0 < f < 1:

o if 7> 1, then J is the unique (up to m-null sets) minimizer of Ep -
e if T <0, then X is the unique (up to m-null sets) minimizer of & -

Therefore, 0 < u < 1 and the proof of Lemma 5.15 becomes much simpler.

Consequently, we have defined a linkage between the minimizers of SP); and SQJ:

Universitat de Valencia Vicent Pallardé Julia



54 3.4. Applications

ProposITION 3.17. The function u is minimizer of 51))‘ if and only if E(u) is a minimizer
of Ef’"T for every T € R.

As in [48, Proposition 2.6], we observe that the change of 7 from almost any value to all
value in R is achieved by approximation. Next, we finally show the (), u)-linkage in PMS.

PROOF OF THEOREM 3.8. Firstly, we characterize the minimizer of F5( -, c1,cz) for 0 <
ca < c; <1and pu > 0. Let u be the minimizer of £ with A\ = 2u(c; — ¢2). Thanks to
Proposition 3.17 we observe that X* := E,(u) with 7 = (c; + ¢2)/2 is the minimizer of £ _.
Let us suppose that 0 < m(X*) < m(X). Then, it is direct to show that $* is also a minimizer
of 5’?77_ + C for any C € R; in particular for

C:= u/ (ca — f)*dm.
X
On the other hand, for any X € B,

5§7T(E)+C’=P(E)+)\/ (t—f)dm+C
%

= P(%) +u/Z ((er = ) = (2 — f)?) dm + C
=PX)+pu (/E(c1 — f)%dm + /)(\2(02 — f)2dm> = Fh(Z, e1,¢0).

Therefore F5(X*,c1,¢2) < Fh(X,¢1,¢2) for any ¥ € B. In this sense, we note that the
minimizers of F5(X*, -, ) can be computed direct by

cf = fdm, ¢ :=/ fdm.
DL X\D*

Therefore, if a tuple (X%, ¢}, c3) satisfies (3.5), it is a partial minimizer provided that
c3 < cf. We note that, if 7% = (1™ — ¢2™)/2, we have that

R (%) < &8 (D) = 0,

which implies that 7% < ¢f. If ¢f = ¢j, then ¢J is a minimizer of 81;\ « thus, by uniqueness (up
to a m-null set) of the minimizer, we get m(X*) = 0, a contradiction. Therefore, ¢5 < c¢f. O

3.4. Applications

In this section, we show how our theoretical results extend the applicability of the CV
model for image segmentation to settings beyond those for which it was originally designed
(see Section 1.3). Specifically, we consider a locally finite weighted discrete graph G =
(Va, Eq), where the edge weights {w,y}» yev,, are defined using the Gaussian kernel

d(z, y)) ’

No(7,y) 1= exp (— 3

for some distance function d on V. By Example 3.2.3, we know that (G, m,P) is a PMS,
with

m(A4) := Z Z Wey, P(A) = Z Z Wgy, forall AC V.

TEA Y~T zeA yeVg\A
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In this setting, for f : Vg — [0,1], ¥ C Vg, u € L*(Vg,m), and c1,co € [0,1], the
functionals 513‘ and ]-"ff can be as follows:

F(Ser,e2) = P(E) +p ) (er = f(@)Pm{a}) + 1 Y, (e2 = f(2)*m({a}),

ey zeVg\X

) =3 Y fule) —u@lny + 5 Y (ule) (@) m({a)).
z,yeVa zeVg

Based on the results in Section 3.3, we establish that minimizing the ROF functional
suffices to obtain a partial minimizer of 5. To compute an approximate minimizer of SQ,
we utilize the implementation provided in [40], which is based on the Iteratively Reweighted
Least Squares (IRLS) method [80].

In our experiments, we specify the parameters ¢, o, and K used in this method, which
we denote as IRLS(. , i). Here, o corresponds to the parameter of the kernel 7,, while K
represents the number of active edges per vertex (i.e., edges with wy, # 0), determined by
selecting the K nearest neighbours for each node. Based on these considerations, we now
present a strategy, formulated using Theorem 3.8, to estimate a minimizer of Fh:

Algorithm 3.1 .7-"1’5 approximate minimizer

Require: k=1, u>0, (c1,c2)€[0,1]? s.t. ¢1 > o .
w < £ minimizer using IRLS ¢ o, k) With A = 2p(c1 — c2).
Yo — .
Y1 {zeV : wx) > 3(mi —mo)}
while |Z; A X 1]? > o1 A k < Nynaz do
mo < S| 7" Yex, f(@), ma — [VAS[ T X oaing, f2).

w « &£ minimizer using IRLS ¢ o, i) With A = 2u(c1 — c2).

Spr1— {zeV s w@) > i(mi—mo)}, k—k+1.

end while

return X, w

where nmax and &4, denote the maximum number of iterations and the tolerance of the
algorithm, respectively. In our experiments, we set nyax = €100 = 10 and we take d as the
Euclidean distance. We note that the above scheme is equivalent to those presented in [34,
129], proposed for the classical CV model in its isotropic and anisotropic forms, respectively.

3.4.1. Nonlocal image segmentation. As a first example, we define f : Q — {0,1}
such that the image represented by f consists of diagonal lines with added noise. The noise
fulfills the condition that the closer it is to a line, the denser it is (cf. figures 3.1a and 3.1b).
Suppose that  := {1,...,n} x {1,...,m}, where (n,m) is the image size. Taking into account
the particular features of this image, we divide Q into disjoint subsets {V; 1121 as follows:

)} =L, (@) = G
st Jla) = ye;x) By ()]

i
set f(Q2) € R. Then, we minimize the CV functional on each (Vj,vq,,Perg,) (here G; =
(Vi(Gy), E(G}))). With this procedure, the segmentation process is carried out independently
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on each element of the partition, which is constructed taking into account the density of 1’s
in the neighborhood of each node of €.

We apply the Algorithm 3.1 with IRLS 3 319y and compare our approach with the clas-
sical Euclidean CV segmentation. We computed the latter by making use of the algorithm
proposed in [34], conceptually equivalent to ours. In Figures 3.1c and 3.1d, we present the
segmentations that differ the least, in quadratic error terms, from the original denoised image
shown in Figure 3.1b. In these examples, we can see that these approaches produce noticeably
different segmentations, especially where the density of the noise is highest. In fact, if we
compute the Frobenius norm of the differences between the denoising results and Figure 3.1b,
we see that our approach, in this case, is 13.27% more accurate than the classical one. This
is due to the way in which the segmentation process is carried out. The classical approach
handles the image as a whole, solving both problems from a global viewpoint. Our approach,
however, solves both problems in specific regions of the image, which have been previously
identified through a particular criterion (the noise density around each pixel). Therefore, our
proposal provides higher flexibility in the segmentation or denoising process.

7

ise.

©]

(A) Graph of f. (B) Graph of f without added n

% '

(c) [34)’s approach with p = 1.2. (D) Our approach with © = 3 on each V.

FIGURE 3.1. Comparison of approximate solutions to the CV model

3.4.2. Labeling. Additionally, extending the ROF and CV models to perimeter measure
spaces allows us to use these models in other fields beyond image processing. In the next
example, we show an application of these models in a multiclass classification problem in
higher-dimensional spaces: the labeling problem.

We consider again the PMS (G, m,P) associated to a weighted graph. The labeling
problem consists in assigning a label from the label set {yi}le to each vertex in Vg. As the
initial condition, we assume that labels have already been assigned to each of the vertices in
{z;}i", for a given m < k, ie., y;, € {yj};?:1 is already assigned to z; for 1 < i < m. One of
the methods most commonly used to solve this problem is the so-called Laplacian learning
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3. Generalized (A, u)-linkage 57

algorithm. It finds an approximate solution as follows: First, an approximate solution u =
(u;)¥_, : Vg — [0,1]% of the following PDE on the graph is found:

(3.14) Lu(z;) =0 ifi> n.l,
u(x;) = ej, otherwise,

where {ei}ii“:l is the canonical basis of R* and L is the graph Laplacian functional defined as

Lu(z) := Z Wy (u(z) —u(y)) forzeV.
yeVv

Then, a label is assigned to each x € Vg\{z;};", corresponding to the largest component of
u(z). Unfortunately, this labeling method can be inconsistent and is largely influenced by
the number of vertices per label initially known [36, 136].

Alternatively, we use the CV model to improve the results. First, we obtain an approxi-
mate solution u of (3.14) by using the well-known algorithm proposed in [167]. However, we
then follow a different approach to assign the labels, first using the CV model on a modified
version of each u;, 1 <i < k. To begin with, let

U= (ui)le sai(x) = ui(r) —w;, e Vg,

where wj is the mean of {u;(z)}zev,,; and then normalize between 0 and 1 (without renaming)
the values of {u;(x)}1<i<k for each x € Viz. This first step balances out the prevalence of the
different labels. Then, for each 1 < i < k, we use Algorithm 3.1 with f = 4; and denote
the output by (3;,1;). Finally, we define v := (@;Xyx,)¥_; : V — R and assign a label to
x € Vg\{z;}*, according to the largest component of v(z).

In order to evaluate the effectiveness of this post-processing application, we compare it
with the PoissonMBO learning [35], which, to the best of our knowledge, is one of the best
ways to solve the labeling problem (see, for example, [35, Section 4]). To compare the accu-
racy, we use three databases composed by k = 10 categories: MNIST [111], FashionMNIST
[163] (in both cases, n = 60000 and V C {0,1}"®) and CIFAR-10 [108] (n = 70000 and
V C {0,...,255}3072). We perform experiments with varying number ny, of initially labeled
elements per label. To compute the approximate solutions of the Laplacian (u according to
the previous notation) and PoissonMBO learnings, we use the source code provided in [35];
while v = (@;Xs,);2; is computed by minimizing Fp (via Algorithm 3.1 with IRLS3 ; 4)).
Note that, to reduce the computational cost of obtaining v, we have split the set of vertices
Vi into 30 disjoint subsets {V;}32, of equal size and used the CV model on each of the V;
with f = aly;.

The results are shown in Tables 3.1, 3.2 and 3.3; where the same scheme as the one in
[35] is used. To be more precise, we show the average accuracy for each of the approaches
over 100 trials together with the standard deviation inside the brackets.

n, 1 2 3 4 5
PoissonMBO learning || 96.1 (2.5) | 97.0 (0.2) | 97.2 (0.1) | 97.2 (0,1) | 97.2 (0.1)

8) | 41.1 (12.4) | 57.9 (11.5) | 69.1 (12.3)
6) | 95.5(0.3) | 96.1 (0.3) | 96.3 (0.3)

(
Laplacian learning || 16.8 (6.1) | 27.5 (
CV post-processing || 83.3 (4.7) | 94.2 (

TABLE 3.1. Average accuracy for the MNIST dataset
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58 3.4. Applications

ng 1 2 4 8 16
PoissonMBO learning || 61.9 (5.8) | 67.0(4.9) | 72.2 (2.5) | 74.2 (2.1) | 76.9 (1.8)
Laplacian learning || 17.4 (7.2) | 32.0 (8.1) | 51.6 (5.9) | 69.7 (3.3) | 74.6 (1.3)
CV post-processing || 64.3 (6.7) | 65.4 (5.8) | 69.5 (3.3) | 72.1 (1.7) | 76.3 (1.3)

TABLE 3.2. Average accuracy for the FashionMNIST dataset

ng 10 20 40 80 160
PoissonMBO learning || 61.6 (2.3) | 64.6 (1.7) | 66.7 (0.7) | 68.5 (0.6) | 70.4 (0.5)
Laplacian learning || 21.5 (7.3) | 38.2 (7.9) | 55.0 (4.7) | 62.8 (1.8) | 66.5 (1.2)
CV post-processing || 57.8 (3.3) | 62.0 (2.1) | 66.2 (1.5) | 68.3 (0.9) | 70.5 (0.5)

TABLE 3.3. Average accuracy for the CIFAR-10 dataset

According to the tables, the application of the CV post-processing to the Laplacian
approximation provides a considerable increase in accuracy in the labeling process. This
increase is significant in all three datasets, specially in the cases where the number ny is
small. Moreover, the accuracy obtained is comparable to that of the PoissonMBO learning.
Consequently, we see that our CV model proposal can improve existing processes in settings
different from image segmentation, such as the classical Laplacian learning algorithm for
labeling.
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CHAPTER 4
Anisotropic (A, u)-linkage

In this chapter, we address the (A, u)—connection defined in Theorem 1.5 within aniso-
tropic formulations of the ROF and CV problems. Furthermore, we study the relationship
between Jy and some minimizers of the CV problem in a specific case. Throughout this
chapter, we assume that ® is an anisotropy as defined in Section 2.3.2. Accordingly, the
anisotropic ROF problem is defined as

min {gg(u) = TVg(u) + ;‘/

ueL2(Q) Q

(u—f)?dx},

and the anisotropic Chan—Vese problem is formulated as

min < Fp(Z, c1,¢) := Perg(Z;Q) + /,L/ (1 — f)*da + u/
cacl0 1] : e
C1,C2 5

(co — f)? dx} ,
which are the anisotropic counterparts of problems (1.3) and (1.7), respectively. In particular,
we focus on the case where ®(£) = |¢];. For the sake of clarity, we denote the above functionals
by 51)‘ and F1', the anisotropic total variation by |Dul|; or TV, and the anisotropic perimeter
by Perj.

Firstly, we establish the (), u)—connection between £ and FI* when f € PCR(Q), based
on the characterization of the minimizer of £ (see Section 2.3.4). Specifically, in Section 4.1
we prove the following result:

THEOREM 4.1. Let f € PCR(Q2), and assume that Q) is not the first component of any
minimizer of Fi'. Then, there exist 0 < ¢a < ¢1 < 1 and ¥ C Q such that, if u is the
minimizer of & with X\ = 2u(&, — &) satisfying

clz][fda:, co = fdx, Ez{er:u(x)261+c2},
s oS 2

then (X, ¢1,¢2) is a minimizer of Fy', and (Xx,¢1,C2) is a minimizer of .7?{‘ (see Equation
(4-2))-

In this case, we would like to emphasize that, unlike the isotropic case (see Theorem
1.5), this result defines a minimizer through the (A, u)-linkage, whereas in the PMS set-
ting (see Chapter 3) only a partial minimizer is obtained, which encompasses the isotropic
(A, p)-linkage.

Additionally, we study the proposed (A, u)—connection for the n-phase case, which we
have introduced in Theorem 1.6. To do so, we extend the functional 7" to the anisotropic
setting, i.e., the minimization

31 LT PR L. .
(4.1) addin {Ep (A, c) = ;Perfb(szQ) + 1 /
ce[0,1]™ =

(ci — f)Qde}

i
This chapter contains the results of [128, 129].
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60 4.1. Anisotropic (), u)-linkage for ®(¢) = [¢];

as well as the functional V", which we generalize as

n—1
Ee%j’fr(lﬂ) {5(;7"(2,7-) = Z (Perq>(2i;§2) + )\/Zi(n- -1 dx)}

reTm=1([0.1]) =1

where P, (€2), Pr(€2), and T"([0,1]) are defined as in Chapter 1. In Section 4.2, we prove
that this relationship, formulated for 5&\,’n and a variant of fg’", does not hold for any
anisotropy ®(¢). However, we observe that the functionals £ and Eq);’n do define a valid
relationship for any anisotropy. Utilizing these relations, in Section 4.4, we compare the
relationships between 5@, FE, 8&2’”, and F5" for both the isotropic case and the anisotropic
case ®(&) = |£|1, highlighting the advantages of the anisotropic approach.

Finally, we investigate whether the preservation of the jump set of the minimizer u of £*,
introduced in Theorem 1.1 (i.e., J, C J¢), enables a characterization of the structure of the
first component of F*, namely A. Specifically, in Section 4.3 we discuss whether, if (A, c1, ¢2)
minimizes Fj, it follows that dA C Jy. Additionally, we provide a weaker version of this
inclusion, which holds whenever f € PCR(2) and ®(§) = [{];.

4.1. Anisotropic (\, u)-linkage for ®(¢&) = |¢|;

In this section we prove the existence of a minimizer for F}" and provide the (), u)-linkage
for our anisotropic case. First, we need to consider a relaxation of F}":

DEFINITION 4.2. Let 2 C R? be an open set, and let f be a function such that f(Q2) C [0,1].
The relazed functional Fi' of Fi' is defined as follows:

FI L2(9) x 0,11 — [0, +o0],

~

Fl(uc1,e2) = TVA(u)+ /Q (u(er = £)2 + (1 —w)(ca — £)2) da + /Q I 1 (u)dz,

where p > 0. In this functional, the partition {A,Q\A} is relaxed by the functions u and
1 — u, providing a convex behavior with respect to w. To ensure that the range of the first
component lies within [0, 1], we include the indicator function of [0,1], defined as:

o (1) = {0 if z€0,1],

4+ otherwise.

PROPOSITION 4.3. There exists a triplet (u,c1,co) € BV(2) x [0,1]? such that it is a
minimizer of Fi' and satisfies u(2) C [0, 1].

PROOF. The proof follows directly from the direct method in the calculus of variations.

For the sake of completeness, we provide a sketch of the argument. Since ]?f > 0on L?() x
[0,1]?, the infimum

m = inf {]?{L(w,a, b) : (w,a,b) € L*(Q) x [0, 1]2}

is well-defined. Let {(un, ¢1,n,2.n) }nen be a minimizing sequence for ]-N"f Since u,, (2) C [0, 1],
there exists a subsequence (not relabeled) and u € L?(Q2) such that u, — u weakly in L?(Q)
and u(z) € [0,1] a.e. in Q.

Moreover, by the lower semicontinuity of the anisotropic total variation and the coercivity
of the | - |1 norm, we may assume that u € BV (Q) and that u,, — u in L*(€2). On the other
hand, since ¢;,, € [0,1] for ¢ = 1,2, there exists a subsequence (not relabeled) and ¢; € [0, 1]
such that ¢;,, — ¢; for ¢ = 1, 2.
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4. Anisotropic (A, u)-linkage 61

Finally, from the lower semicontinuity of the anisotropic total variation, we obtain:

~

ff(u, c1,c2) < liminf ]-N"f(un,cl’n, Copn) =M,

n—o0

which shows that (u,c1, ¢p) is indeed a minimizer of FI'. O

Now let us fix ¢1,co € [0,1] such that co < 13 and con51der ]-"“ as depending solely on
u € L%(Q) by fixing the values of ¢; and ¢z, i.e. .7-"“ )= ]-'1 (-,c1,¢2). We observe that if
c1 = cg, the only minimizers of .7-'{‘ (-) are constant functions. Taking this into account, we
proceed to prove the linkage between Ef‘ and f{‘ o

THEOREM 4.4. Let f € PCR(Q). Given 0 < ¢z < ¢1 < 1, let w be the minimizer of £
with parameter A = 2u(cy — c2). Then, if

Z:z{xEQ:w(a@)>cl—;c2},

@ = Xy, is a minimizer of F}',.

PRroOF. First, note that the functional ]T"{‘ . is convex and lower semicontinuous in L*(Q).
Therefore, the existence of a minimizer o € BV (Q2) to .7-"{" . is guaranteed. Moreover, applying
[128, Theorem 2.1], the associated Euler-Lagrange equation is given by

(4.2) diV(Z{L) = M(Cl — 02)(61 + co — 2f) + h,
where 25 € 0TV1(@) and h € dljg 17(@). On the other hand, since u is a minimizer of &7, the

Euler-Lagrange equation for this functional holds, i.e., there exist z, € dTV(u) C 0TVi(a)
by (2.10) such that

(4.3) div(zy) = 2pu(er —c2)(u — f).

We set zz 1= z, € 0TV1(a) and we prove that (4.2) is satisfied by z,. By showing this,
we establish that @ is a minimizer of ff
From (4.3), equation (4.2) is satisfied if and only if

2u(er — c2) (u _a ; 02> =

It remains to verify that h € dljg 11(@). We distinguish two cases:

e Tfu< T2 G 0and he] - ,0] = Al (0).
e lfu> 22 G o 1and he [0, +oo[= dljg (1),
Thus, @ satisfies (4.2), and the proof is complete. O

REMARK 4.5. The Euler-Lagrange system corresponding to functional .7?{‘ consists in (4.2)
for u, and

/Qu(cl—f)dmz/g(l—u)(CQ—f)dsz.

Therefore, if (Xx, c1,c2) is a minimizer of ff, then
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62 4.2. Anisotropic multiphase (A, u)-linkage

(4.4) c1 = ][ fdx, co= fdx.
by o\

We conclude with the proof of the (A, u)-linkage in our anisotropic setting:

PROOF OF THEOREM 4.1. First, observe that for any set A C 2 with finite perimeter, it
follows that

ﬁf(XA,Cl,CQ) = ff(A, c1,€2),

which leads to the next inequality:

(4.5) Igzu(ag) Ft'(v,c1,c9) < Raclg FH (A, e, c2).
ve C
c1,¢2€[0,1] c1,c2€[0,1]

From Proposition 4.3, we know that minimizers of ]-N'f exist, and each component of a
minimizer satisfies the associated Euler-Lagrange equation from Remark 4.5. Let (4, ¢, é2)
be one such minimizer. If é; = ¢, then @ must be a constant function and then, (4.5) implies
that (2,¢1,¢1) is a minimizer of F|'. Thus, we can assume ¢; < ¢ by hypothesis.

By Theorem 4.4, the set ¥ satisfies that

(4.6) Fl(@,é1,6) = F'(Xg,01,6) = min  FI(, cr, ).

017026[0,1]
Thus, (1, ¢2) satisfies (4.4). Combining (4.5) and (4.6), we conclude:

min ff(A, 61,02) < N{L(Xz, 51, 52) < min ]:{L(A, c1, CQ),

ACQ ACQ
c1,c2€[0,1] c1,c2€[0,1]
which proves that (3,¢1, ¢) is a minimizer of F7'. O

4.2. Anisotropic multiphase (), )-linkage

In this section, we prove that the linkage formulated in Theorem 1.6 is no valid by provid-
ing a general counterexample for any anisotropy ®. Furthermore, we propose an alternative
relationship between Eq’} and 5(2"” that holds for any anisotropy. First, we define the variant
of (1.10) for a given anisotropy ® as follows

Fore) = Y (Pem(u;-:lm;m o /Q
1=1 i

(i~ 1)’ dx) ,

where Q € P,(Q), ¢ € [0,1]" and p € [0,+0)". Next, we hypothesize the anisotropic
extension of the relationship proposed by [34] in the isotropic case:

CONJECTURE 4.6. Let (X,7) € Pr(2) x [0,1]" be a pair such that
£"(3.7) < £ (A7)
for any A € PX(Q). Suppose that Q := {Q}7_ | = {S\Xi1}, and T := {7;}I'>5 fulfills

Ci+1 + ¢

= with ci:zj[fd:n, forie{l,...,n—1}.
Q;

If ¢; > cijy1 for each i, then € is a minimizer of ﬁgn( -, ¢) with the values of p := {p;}iq:
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4. Anisotropic (A, u)-linkage 63
A _ A o A(Ci—1 — Ciy1)
2(c1 — )’ Him 2(cn—1—cn)’ Hi 2(ci—1 — ¢i)(ci — civ1)

4.7 m = l<i<n.

Before refuting this conjecture, we would like to remark a relationship that holds true
between €£, Sgn and F§". If n = 2 and w is the solution to Eé, we deduce that the upper
level set

Yr={reQ:u(z) > 1}

is the minimizer of Eg’Q({@, +,Q}, 7). The proof is provided for a general framework in
Proposition 3.17, where this case is covered when X = Q, m = £2 and P(X) = Perg(X; Q).
This observation is significant because, for a fixed 7 € T"~1([0,1]), any X € P} (Q) satisfies
the following expression:

n—1

E7(2m) = D) £ (D, B, O ),

i=1
which implies that minimizing Eé;’" is equivalent to minimizing EQ’Q (n—1) times. Moreover,

the minimizers of 5&2’2 are determined by the minimizer of 53 We summarize this result in
the following corollary:

COROLLARY 4.7. Let w be the £y minimizer. Then, for a T € T 1([0,1]) such that

Ti > Ti+1, the minimizer 3 € P¥(Q) of SQ’"( -, T) is given by

Yi={rxeQ:w(x)>n}, fori=1,...,n—1

It is worth noting that this alternative relationship between S(I’\, and Sg’n is inherently
interesting due to its validity for any anisotropy. To explore the connection between these
functionals and F5"", we examine a specific case. By Theorem 4.1, when ® = |- |1, n = 2,
and p is a constant vector, the following corollary holds:

COROLLARY 4.8. Let w be the minimizer of 51’\ and X, the level set of w that solves
5{\’2({@, -, Q},7), where T is defined as

c1 + C2

T =

,  with c¢1:= fdz, co:= ][ fdz.
o, o\S,

Then, (X;,c1,c2) is a minimizer of Fi' if p = N/(c1 — c2).

Apart from this case, the proposed relationship in Conjecture 4.6 is not valid for any
anisotropy ®(¢), including the isotropic case itself. To present a general counterexample,
we require some preliminary results. These results are an adaptation of the results in [16,
Section 9]. Since our aim is to show some very particular examples, we only consider some
specific settings.

DEFINITION 4.9. Let A C R? be a bounded open set with Lipschitz boundary. We say that
A is calibrable with respect to the anisotropy ® if there evists z € X 4 such that ®°(2) < 1 a.e.

in A, div(z) is constant in A and [z,v4] = —®°(v?) at OA.

DEFINITION 4.10. Let ® : R? — R* U{+00} be an anisotropy, and A, B C RN. We define
de (A, B) as

de(A,B) = inf{®(x —y) : x€ A, ye B}.
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64 4.2. Anisotropic multiphase (A, u)-linkage

Likewise, we define the ball B}%O (x) as
BEO(:U) ={yeR?® : &z —y) <R}

LEMMA 4.11. Let A C R? be a bounded open set with Lipschitz boundary, and let
0= B%O(O) be such that A C Q. Then, there exists z € Xz such that ®0(2) < 1 ae
in O\A, div(z) is constant in Q\A, [z,0%] = 0 at 0Q and [z,v4] = —®°(v?) at A if and
only if

(4.8) O\A € arg min

{Per(p(E; ONA) — HL(0*ENdA) }
Eeg ’

L(E)
with € := {E CO\A : Perg(E) < +00,L*(E) > 0}.

PROOF. The proof follows the same ideas as the proof of [16, Theorem 5]. Suppose first
that there is a vector field z satisfying the hypothesis of the Lemma. Then, by Green—Gauss
formula (2.5),

/ div(z)dx = —/ [2, V4] dH! = Perg(A; Q).
oA 2(\A)

and thus,

Perg (A; )

div(z) = C20a)

Applying once again Green—Gauss formula, for any F € £, we obtain

Perg (A4; )

2 = iv(z)dz = Z,V Ls ylo* — Per : O\A
B —/Ed (2)d /aE[, 1AM > HL(O*E N A) — Perg(E; O\A),

which shows the first implication.
Let us suppose now that Q\A is a minimizer of the functional

Perg(E; Q\A) — H1(0*E N A)

b (B) ’

among all sets in £. We now define the functional
F(&) ::/ (div(€))*dz, with & € Xg 7.
Q\A

Therefore, arguing as in [17, Proposition 6.1 and Theorem 6.7] and [18, Proposition 3.5 and
Theorem 5.3], one can prove that the following variational problem has a solution with unique
divergence:

. e X A P0(¢) < 1ae in Q\A
mm{F(@ e Z0at 00 and [60A] = —09(A) at 04 } '

Furthermore, for any minimizer &,,, it holds that

div(Emin) € LZ(Q\A) N BV (Q\A).
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For any y € R, let @, denote the p-upper level set of div(&min) within Q\A. The set @, has
finite perimeter, and the following equality is satisfied:

(4.9) div(émin) dz = HY(0*Q, N 0A) — Perg(Qu; Q\A).
Qu

If div(£min) is not constant in Q\A and equal to Perg(A)/L2(Q\A), there would exist

- Perg(A)
VIV

such that @, is nonempty. Substituting into (4.9), it follows that 2\ A cannot be a minimizer
of the given functional.
O

THEOREM 4.12. Let A C R? be a bounded open set with Lipschitz boundary such that
A = U, C; with C; convex and calibrable and such that diste(C;, Cj) > 0 fori # j, and let
Q:= Bgo(()) be such that AC Q. Let 1 <k <m, {i1,...,ix} C{1,...,m} and consider the
following variational problem

Perg(A; Q)

oo = gl {P‘““‘P(E; KARIC I <E\A>} ,

with &, = {ug?:lcij CECO\ (Ui Ci,) ¢ Perg(E) < +oo}.

Then there exists z € X 7 such that ®0(2) < 1 ae. in Q\A, div(z) is constant in Q\A,
[2,0%] = 0 at 092 and [z,v] = —®°(v?) at OA if and only if U;?:lC’ij is a solution to
(P)iv.iy Jor any {iv.....ix} C {L....m)}.

PROOF. Suppose first that there exist a vector field z as in the hypothesis and let us
consider E € &, ; and D := E\A. Then, by Green-Gauss formula,

Wﬁ(m _ /D div(z) dz > —Perg(E; O\A) + H! (a*D N (ug?:laci].)) .

Therefore,

i i Perg(A; Q) .o —
Z}lPenp(Cij; Q) < Z}lPerq,(Cij; Q) + Wﬁ (D) + Perg(E; Q\A)
j= =

Perg(A; )

—H! (a*D N (u;?:lacij» < £2(D) + Pery(E; ),

T L2 (Q\A)

thus showing that U?ZICZ-J. is a solution to (P);,,. -

Now, let us suppose that U;?:lCij is a solution to (P);, . ;, for any subset {i1,...,ix} of
{1,...,m}. We only need to show that, in this specific case of A, (4.8) holds. Let E be a
set of finite perimeter such that £ C Q\A and let C;; for j = 1,...,k be the ones such that
OENCy; # &. Then, by minimality,
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Perg(A; Q) .o

ZklPerq>(Cij;Q) — Perg (U}, Ci;Q) < Perg (BU (USL,C, ) 3Q) + o &

j=1
k

< Perg(£:Q2) + Z Perg(Ci s Q) — HY(O*ENOA) + Perg(4;9) .o

o) -

j?
Jj=1

Therefore, we conclude that

Perg(A4;9Q) .
Perg(E; Q) — HY (O*ENOA) + ————LL%2(E) > 0,

er<I>( ) ( ) 2 (Q\A) ( )
which implies (4.8). O

COROLLARY 4.13. Let A C R? be a bounded open set with Lipschitz boundary such that
A = U, C; with C; disjoint, convex and calibrable, and let €) := B;{;O (0) be such that A C Q.
Suppose that

(4.10) do (Cs, (Uj2C) U (R*\Q)) > Perg(C;;Q) for any i = 1,...,m.

Let f:=>", a;X¢, with a; > 0. Then, for

(1 vz (e s ) )

the solution to 8(1’\, model is given by

" i <ai B Perq,(Ci;Q)) i Perg (A; Q)
i=1

AC2(C)) AC2(Q\A) A

PROOF. Since each Cj is calibrable, we can construct a vector field z; € X, such that

Perg (Cj; Q)

diV(Zi) = £2<Cz)

and [z, %] = =@ ().

Moreover, it is easy to show that the hypothesis in Theorem 4.12 are satisfied. Therefore,
we can construct a vector field zout € XQ\Z such that

Perg(A; Q)

EQ(Q\Z) , [zout,yoi] = —<I>0(1/C") and [Zout,I/Q] =0.

diV(Zout) =

Furthermore, observe that, in this case 0[,C; > 0],Q\A. Therefore, it is easy to show that,
considering z as

m
Z = Z ziXe, + zoutXQ\Z,
i=1

then —div(z) € 0TV (u) and therefore, u is the minimizer of £3. O
EXAMPLE 4.14. In this example, using a case of 3-phases segmentation, we show that the

relationship from Conjecture /.6 does not hold. Let Q and f be as follows

0 1
Q:=B% (0), f:=Xc, +Xo, + JXes
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4. Anisotropic (A, u)-linkage 67

with Cy := BY"((0,=L)), Cy := B},((0,0)) and C3 := BS"((0,L)).

We take R and L large enough so that A := U3 ', C; satisfies that A C Q, C; fulfils (4.10)
for each i and A = 10 is feasible with respect to (4. 11) Then, by Corollary 4.13, the minimizer
of Eg is exactly given by

8 6 6 4 - Per,(4;Q) -
C2 ¥ 19N F Togz () o

(4.12) u=—Xc, +

10 10

7 N\,
/ \,
/ \
/ \
!_/ CB \\

! \
! \
! R !
et 5 |
i. 9 j
i L i

\ H i

\ /

\ O :
\ /
\ 2
\ 2
\, /7

FIGURE 4.1. Illustration of the example in the isotropic case. Left: Parts of
f and u. Center: Image modeled by f. Right: Image modeled by u.

Now, we define c1, co and cg as follows:

c1 = fdz, 62:][ fdx, c3=1 fdx.
1 C2UC3 O\A

Then, ¢1 = 1,¢o = 9/17 and ¢3 = 0. By enlarging R if necessary, we assume that the latter
term of (4.12) is bounded on top by co/2. Thus, we may assure that

c1 + c2 Cc2 +c3

Zl:z{xeﬁ:u(x)> 5 =ZT1}2017 223={$€Qiu(ﬁf)> 9 :372}:A'

By Corollary (4.7), we know that the set {5, %1, 32,2} is the minimizer of Sg’ (- {m}2).
Assuming that Conjecture 4.6 holds, the partition

{Q }7, 1= {217 ZQ\Zla 9\22} = {Clv Cy U Cs, Q\Z}
satisfies the inequality
(4.13) Far( Qb fein) < PR A e, VAL, e Ps(9),

where p = {85/8, 1445/72, 85/9}, as defined in (4.7). However, if we define the following
disjoint partition

{Q:‘ ?:1 = {Cl U Cy, Cf, Q\Z}7

we find that

= P00 < BN fak) = A0,

1,0 * 3
‘F ({Q = 17{61 =1 ) 72
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68 4.3. Jump properties

which contradicts (4.13), for any anisotropy ®(&).

FIGURE 4.2. Illustration of {€;}; (left) and {QF}; (right), where Q; and QFf
are represented in blue, and 22 and €5 are represented in purple.

4.3. Jump properties

In this section we study two characterizations of the boundary of the first component of
the minimizers of Chan—Vese problem, thus relating it to the jump set of f

4.3.1. Strong jump property. Firstly, we introduce the strong jump property:

DEFINITION 4.15. Let A be a minimizer of Fiy(-,c1,c¢2) for some ci,¢o € [0,1]. We say
that A satisfies the strong jump property if OA C Jy.

Since dA = Jy,, we note that the above property can be interpreted as the adaptation
of the jump characterization provided in Theorem 1.1 where the minimizer u of £ satisfies
Ju € Jy. However, we need to remark that some assumptions on f are required, as in Theorem
1.1. The strong jump property has been previously studied in [128] in the one-dimensional
setting. There, we required that f satisfies for every c € (0,1) that

LY (0{x e (0,1)\Js: f(z) =¢}) =0,

an assumption that excludes certain pathological behaviors of f, such as the presence of a fat
Cantor set as a level set. Under this range condition, in [128] we establish two key properties
of the minimizers of F* in the one-dimensional case:

(a) The boundary of any solution is concentrated on the topological boundary of a single
level set of f.

(b) If f is piecewise constant, then the boundary of any solution is contained within the
jump set of f.

These properties are significant as they formalize a strong jump property when f is a
piecewise constant function, while also characterizing the behavior of dA in a more general
setting. However, we observe that it is not possible to extend either of these two properties
to the two-dimensional setting for a generic anisotropy ®(£). This limitation is shown in the
following series of examples:

EXAMPLE 4.16. A isotropic counterexample in two dimensions is provided by

f=Xp with A=[-3,3]> and Q=[-1,1]%
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4. Anisotropic (A, u)-linkage 69

In this case, Jy is precisely the boundary of the square [—%, %]2, while it can be shown
that for any A > %, the first component of a minimizer of F* cannot be either  or A. This
demonstrates that properties (a) and (b) do not hold.

In fact, the minimal F* energy for these two candidates is:

FH(Q,1/4,0) = Z)\, FH(ALL,0) = 4

Therefore, for A > %, Q is not the first component of a minimizer. On the other hand,
it is possible to modify the corners of the square to reduce the perimeter without significantly
altering the fidelity term in the energy. To achieve this, we modify A, defining a new set
As by removing the corners using circumferential arches of radius 9§, tangent to every two
contiguous sides of OA. In Figure 4.3 we provide a sketch of the definition of As.

FIGURE 4.3. Sketch of Ag

Then, one can verify that F*(Ag, c1,c2) has less energy, for c1,co and § such that

(4 — 7)d? J 36 _
3+@A-—mo2 "3 a—nm)o?

> o

ca=1 =

This phenomenon is related to the non-calibrability of the set A with respect to the isotropic
norm in the total variation.

EXAMPLE 4.17. Next, we show that the properties (a) and (b) are not satisfied in the
anisotropic two-dimensional case either for ®(&) = |£|1, using the previous result and the
characterization of Ef ’s solutions presented in Section 2.5.4.

Let us consider Q = [—1,1]% and f = Xp,un,, where

]27 A2 = [%7%] X [%7%]

According to [110, Theorem 5], the £ minimizer with X\ = 16 is

Ay = [~

)

N[
N[ +—

3 1 9
U= —XpA, + =Xp, + @XQ\(AluAQ).

4 2
By Theorem /.1, we know that (A1,1,1/48) is a minimizer of F|' with p = T68/47, such
that OA1 is not contained in the jump set of f, as it is shown in Figure j.j. Consequently,
0A1 is not in a sole level set of f.
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(A) Image modeled by f (B) Image modeled by u

son}

0.757

0.257T

-0.5

0.25 0.50
-1.0 —
~1.00 0.50

1.00

. 1+(1/48
(¢) Graph of u with the green plane z = %

FIGURE 4.4. Sketch of the example

4.3.2. Weak jump property. As we have observed in the previous section, the strong
jump property does not hold in general, thought it is the natural extension of Theorem (1.1).
Then, we need to provide a weaker jump property. Having in mind the fine properties of the
minimizer of & when f € PCR(Q) (see Section 2.3.4), we define the next property:

DEFINITION 4.18. Let f € PCR(Q) and ¥ be a minimizer of Fi(-,c1,c2) for some
ci,c € [0,1]. We say that ¥ satisfies the weak jump property if 0% C Gy.

Now, we adapt the weak jump property to the n-phases setting:

DEFINITION 4.19. Let f € PCR(Q) and X = {X;}, be a minimizer of F§™"(-,¢) for
some c € [0,1]". We say that 3 satisfies the weak jump property if 03; C G for every i.

Let us discuss this property when ®(£) = |£|;. In the case biphasic, by Theorem 4.1 we
know that if f € PCR(), then there exists a partial minimizer ¥ of F}' such that 0¥ C Gy
thanks to the (A, pu)-linkage. Consequently, the weak jump property 4.18 holds.

In the case of n—phases, we cannot use the (\, u)-linkage as a tool to prove the property
4.19; we need to do it directly. Firstly, for pu; = p; = p for all 1 <1 < j < n, we reformulate
Fi™ as follows
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4. Anisotropic (A, u)-linkage 71

FLM(B1) = 3 Pers (Siorsint(%)) + 1 [ G
=1 i\ —1

with 1 > 0 and X € P*(Q). Hereinafter, we associate F1"" with the above definition instead of
with that in (4.1). The first step to prove that the weak jump property holds for a minimizer
of F1*™ is proving the existence of minimizers:

PROPOSITION 4.20. Let  C R? be an open set and let f be a function such that f(Q) C
[0,1]. Then, there exists ¥ € P(2) and c € [0,1]" such that

(X,c) € argmin {F1""(A,a) : A e P:(Q), ae[0,1]"}.

PROOF. The proof is very similar to that of Proposition 4.3. In particular, for a min-
imizing sequence (X*,c%) = ((ZF,...,2K);(ch, ..., ck)), we can take u¥ := Xy and work
exactly as in Proposition 4.3. Finally, from the convergence a.e. obtained from the lower
semicontinuity of the anisotropic total variation, we conclude that the weak limits in L?(£2),
u; are of the form u; = Xy, and that X := (X,...,3,) € P¥(Q). The rest of the proof is

analogous and we will omit it. O

THEOREM 4.21. Let ¢ = {¢;}I' ¢ satisfy 1 > ¢; = ¢i11 = 0 and let f € PCR(). Then
there exists a minimizer X of F1""( -, ¢) which satisfies the weak jump property.

Before proving this result, we present the following lemma, which can be derived from
[110, Lemma 2, Step 3]:

LEMMA 4.22. Let f € PCR(Q), and let E and F be two rectangular polygons such that
E C F. Define the functional

H(A) :=Peri(A; F) +,u/A(cf)2d:U

for all subsets A C F, where p,c > 0. Then, there exists a set E C F such that G(E) -
(GfUG(F)) and H(E) < H(E).

PRrROOF. Let G := Gy UG(F) and Ey := E. We suppose that G(E) & G. Let L be a
line of G(Ey) such that is not contained in G. For clarity, we assume that it is horizontal,
i.e. L:=R x {y}. By definition of E, we know that L N E' = C x {y} where C' = {C;}; is an
union of non-contiguous intervals. Now, we consider y_ < y < y; such that L_ =R x {y_}
and Ly = R x {y4} are contained in G N G(Ey) and there is no line in G N G(Ey) between
them (see Figure 4.5 for an illustrative example).

Let us fix the index ¢ and define Ej = Ep\C; x [y—,y+]. In this case, we note that f
is constant on Q; N (C; x [y—,y+]) = Cij x [y—,y+] # & for Q; € {Q;}}2, C Q. Now,
we define f; ; such that f(Ci; x [y—,y+]) =: {fi;} and y; € {y—,y+} such that C; x {y;} is
contained in Ejy. In this context, we define p;(t), v; ;(t) : [y—,y+] — [0, +00) as

pi(t) := Pery(C; x [y;, t] U E}; F),
v j(t) := ple — fi ) L3 (Cij % [y t]).

Observe that both are linear and monotone in (y_,y+) and they reach their minima in the
set {y_,y+}. Consequently, the function

Bi(t) = palt) + 3 i (1)
j=1
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has a minimum «; € {y—,y;}. Thus, the resulting set Ey := E{ U C; x [y;, ;] satisfies that
H(Ey) < H(Ep). In addition, E; has one less side contained in G with respect to E, at least.

Recursively on each k, we define a set Ej.1 applying the previous argument on G(Ey).
By finiteness, we conclude that there is a finite number k* such that G(Exx) C G and

(A) Graph of a function f, with the grid G projected onto the z = 0 plane.

P Cl,l CLZ w

(B) Grid Gy is the black one. F' C Q is the red- (c) Grid G := Gy N G(F) is the black one. Set
shaded region. Dashed lines are those that are in F C F' is the blue-shaded region. Note that L €
G(F)\Gy. G(E)\G and C = dE N L is split as in the proof.

FIGURE 4.5. Concept example in the proof of Lemma 4.22.
O
PROOF OF THEOREM 4.21. We define F{''(2) := F{""(-,c) and express it as follows:
n—1
P = X, (Persaini(in) 4 [ fw)an) + [ ptan
i=1 D] Q

where fi(z) = (¢; — cit1)(¢i + ciy1 — 2f(x)). Following the approach in [110, Lemma 2], and
given 3 € P} () and € > 0, we construct 3* € P(£) such that X} € R(G) and

Fle(®) < Fie(Z) +e.

We divide the proof into three steps:
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1. Smoothing: We construct a variant of 3, denoted by 3 such that 3 € P*() and their
components have smooth boundaries. For that, we define ¥; 5 as

i@g ={xeQ:s=* XgiZt},

where 95 is a standard smooth approximation of the identity, § is a positive parameter close
to 0 and t € (0, ). As a consequence of this definition and following the idea of [110, Lemma

2], we obtain that ii,é is smooth and it is possible to set values ¢ and § such that
FIN(E) < FI2(D) +e,

with 2 = {£;}7"'e P*(Q).

2. Squaring: Next, we construct a variant of i, denoted by S, such that 3 € Pir(Q) and
their components have rectangular boundaries. For this end, we apply a squaring process on
the components of 3 in each cell of G t, avoiding an increase of the energy at ]-"{f . So, we
consider a closed cell C of Gy and we suppose that

int(C) N (UL10%;) = int(C) N (U2, 05)).

We split {il}:'fml into those sets whose index satisfies f;(-) > 0 in the cell C' and the
rest, denoting them by {il}i":_nil and {iz}fflo respectively, providing a well defined division
thanks to the condition ¢; = ¢;41, and the fact that f is constant in int(C). To treat this
division, we define C; := ¥, N C and we use the idea of [110, Lemma 2, Step 2].

First, we work with the sets Y, € {iz}:'fm For each x € 0C;, we define an open square
U(z) such that C;NU(x) can be defined as the subgraph of a smooth function and that U(x)
intersects at most one edge of Q. As 0C; is compact and {U(x) : x € 0C;} is an open covering,
there exists a finite open covering {Uy},_; of 0C;.

On this covering, we define a covering of rectangles {Wg}kzl such that W} C C; is the
smallest closed rectangle which contains C; N Ug. Now, we can suppose without loss of
generality that Uy = (ak, bg) X (ck, dx) and that C; N Uy is the subgraph of a smooth function
9k : (ag,br) — (ck,dr). Then, we note that

ngﬁ&Cl

where oy, is the supremum of gg. Therefore,

by
! =/ (1 + lgh)de > o — gi(aw)] + [bx — axl + loe — g(be)]
ak

=

Per;(Cy; Q) = HY(0C;\Wy,) + / ‘ LdH' = Pery (C; UWY).

kaa(]i

Then, since C; C int(iiﬂ), we get that C; U (UpW}) = C; UW?" does not increase the

~

1-perimeter of C; in int(X;41) but its volume, i.e.

(4 14) Perl(Cl- U Wi; int(iiJrl)) < Per; (CZ, int(ii+1)),
' L2(C; UW?) = L£2(C).
Now, we apply a similar argument on {il}z(’:_mll In this case, we repeat the previous

approach on C;1\int(C;) instead of on Cj;, defining a finite rectangular covering {W,z}%zl of
d(Ci+1\int(C;)). Consequently, Ci\int(NpW}) = C;\int(W?) is a rectangular polygon and
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Perl(C'i\int(Wi); int(ii+1)) < Pery (Cj; int(iiﬂ)),

(4.15) LH(CA\nt (W) < L2(C)).

Then, we define

SA\nt(Wi) if i€ {my, ...,io — 1}
3¢ = {SF)iL = (S UWT e {ip, .., ma)
2 otherwise

which satisfies that }"ﬁf(f]c) < }'{ff(f}) given the behaviour of f; at each index i and the
above inequalities (4.14) and (4.15). Moreover, their components satisfy that their boundaries
are rectangular at cell C. Adjusting the covers W*, we assure the inclusion condition ZC
3¢ $11- If we repeat this process on each cell of Gy adding to the changes on Z we define a
collection 3 € P(£2) such that their components have rectangular boundaries and

FI(E) < FHE).

3. Aligning: All in a row, we define a collection, denoted by ¥*e P} (£2), whose compo-
nents are rectilinear polygons on R(Gy). For that, we modify the boundaries of the compo-
nents of 3 averting an increase of the energy at f{f o

Let be G := Gy UG(241) fori € {1,...,n—1}. First, we apply Lemma 4.22 on 3y, and
we obtain a set 53(1),1 such that G(i](l),l) C G?. Then, we define the collection fl(l), which is
equal to 3 with the exception of the first element that is replaced by X ;. As consequence
of Lemma 4.22, F{", (E(l)) Fr ().

Likewise, we apply a similar strategy to modify $o. By Lemma 4.22, we obtain a set 3(3)
such that G (2(2) 5) C G3. In this case, we apply a slight tweak in the above strategy. Now, we
modify Z( 1),1 With respect to E( 2),2- In particular, we modify each side s € G(E(l) DNG(22)
in the same way that it is moved from Sy to 2(2)72. Then, we obtain a modified version
¥(1),1, which we denote by () 1, with this adjustment if required. Consequently, we define
the collection 35y, which is equal to 3 with the exception of the first two elements that are
replaced by 3(9) 1 and ¥ (9) 9, respectively. In addition, the inequality

FI(E ) < FLr(Em) < FILE)

holds by the condition ¢; > ¢;11.

Rehashing this idea for each ¢ up to n — 1, we obtain a collection ¥,_;) such that the
boundaries of their elements are contained in G"~! and we have Fr f(g(n,l)) < Fi ().
Moreover, since G(in) = 00 C Gy, we get G"! = Gy.

As a result, the collection X* = {¥F} | := 3, ;€ P;(Q) satisfies that

A~

(4.16) Fio(Z) < Fl(ZE)+e and %7 C Gy for each i

We complete the proof as in [110, Theorem 3]. Let us consider a minimizing sequence
{Zkte C Pr(Q2). By the previous argument, there exist {Ej}p = {{¥} ;}i_}x such that
Yf; € R(Gy); and by (4.16), we have that F1''(2g) < Fi . (X)) +¢e. Thus, as Fi

bounded from below by 0 and R(Gy) is a finite set we conclude that {X;}k has a constant
subsequence {3} };, = {3*}, which minimizes F{',". O
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REMARK 4.23. Observe that given (i,c) a minimizer to Fi"", then S is a minimizer
to Fi""(-,¢) and that ¢ can be reordered in such a way that 1 > ¢; = ¢ip1 = 0 for all
i=1,...,n—1. Therefore, by Theorem /.21, we obtain that there exists X € P} () such that
its components 3; satisfy that 0%; C Gy and (3, ¢) is also a minimizer to F}"". Therefore,
the weak jump property is fulfilled.

4.4. Applications

In this section, we show that the previous analysis not only offers a characterization of
the minimizers of the CV and ROF problems, but also efficient segmentation algorithms,
leveraged by Theorem 4.4 in the 2-phases case and by Corollary 4.7 in the n-phases case. In
the existing literature, the CV and ROF models have been studied from different perspectives,
as we have commented previously in Sections 1.2.4.3 and 1.3.3. In our case, we provide
algorithms to find partial minimizers of F}" and Eg’n by means of a minimizer of & and &3,
respectively.

4.4.1. Algorithms. Using Theorem 4.4 and Corollary 4.7, we can derive partial mi-
nimizers of F}' and 8? " from the minimizer of £&. Building on this idea, we propose the
Algorithms 4.1 and 4.2. It is important to note that Algorithm 4.2 is formulated for any
anisotropy, as explained in the Corollary 4.7. Nevertheless, for this section, we use its variant
with ®(§) = [£|1 to ensure a consistent comparison between isotropic and anisotropic cases.

Algorithm 4.1 F}' approximate minimizer

initiation: k =0, 4 > 0, (c1,¢2) € [0, 1] such that ¢; > ca.
wo < 512“(01702) minimizer.
A« FY(-,c1, ) minimizer using wg via Theorem 4.4.
while (JAp A Ap_1)? > ct01) A (k < Nipae) do

c1 <—fAkfd:E, &) <—fQ\Akfd£L', k—k+1

Wy, «— 512“(61_62) minimizer.

A« F'(-,c1,c2) minimizer using wy via Theorem 4.4.
end while
return (Ag,c1,c2)

Algorithm 4.2 Eg’" approximate minimizer

initiation: k = 0, A > 0, {r}7- € [0,1]"! such that 7; >
Ti+1-
W o— 5£ minimizer.
0 — g,n minimizer via Corollary 4.7.
while (37 [SF ASF2 > 6,0) A (k< Nunaz) do
Ti <—f2§+1\2§fdl’, k<—k+1.
¥F Eg’" minimizer via Corollary 4.7.

end while
return XF
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Algorithm 4.3 F!"" approximate minimizer.

initiation: k = 0, u > 0, ¢ = {¢;}'-{ € [0,1]""! such that
Ci > Cjt1-

0« F""(-,c) approximate minimizer.
>#0 « variant of X via Theorem 4.21.

while (X7, [S5F ASH 25 60) A (k< Ninaz) do
c fEf,k\EikI fdx, k<—k+1;
sk« FI"™(. c) approximate minimizer.
>*F  variant of 3* via Theorem 4.21.

end while
return (X** c)

REMARK 4.24. In [3]], the convergence of the aforementioned algorithms is established
within the isotropic framework. This proof can be easily adapted to the anisotropic setting for
any anisotropic norm, thereby ensuring the convergence of the algorithms described above.

Similarly, Theorem 4.21 provides a method for constructing minimizers of F1“". While
this approach is not computationally feasible at present, we define a theoretical algorithm
4.3 due to its potential future relevance in numerical applications. To ensure the consistency
of Algorithm 4.3, we need to prove that the inequality ¢; = ¢;4+1 holds in every iteration, a
question which is treated in the next result:

PROPOSITION 4.25. Let ¢ = {c;}I"_, satisfy 1 = ¢; = cip1 = 0, and let 3 be the minimizer
of Fi""(-,c) obtained in Theorem J.21. If & is defined as

G = ][ f(z)de,
Zi\Zi—1

then it is satisfied that ¢; > ¢jy1 fori=1,...,n—1.

PROOF. First of all, note that, given ¥; 1 and X;,1, ¥; is a minimizer of
Perl(Ei_l; int(E)) + Perl(E; int(2i+1)) + /L(Ci - Ci+1)/ (Ci + Ciy1 — 2f> dl‘,
E

for all sets 22;1 - E - E¢+1.
Since ¥;_1 is an admissible set, and ¥; is a minimizer, it follows that

Perl(Ei_l; int(EZ-)) + Perl(Ei; int(2i+1)) + / (CZ‘ + Ci+1 — 2f) dz

i

< Perl(Ei_l; int(ZZ-)) + / (Cz‘ + Ciy1 — 2f) dz,
i1

which yields

Perl(Ei, int(E,-H\Ei_l)) + /L(CZ' — Ci+1) / (Ci + Cciy1 — Qf) der <0.
i1

In case that
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/ (ci +cip1—2f)dx =0,
Zi\Xi—1

then Pery(X;;int(3;41\2;—1)) = 0. Consequently, ¥; coincides either with ¥;_; or ¥;;; and
this phase is removed, passing from n to (n — 1) phases. Therefore, we can suppose that

~ G+ Civt
Ci>$'
2

By contradiction, if ¢; < ¢; 41, it follows that

/ (CZ‘ + Cij+1 — 2f) dxr < 0.
B\
This implies that

Pery (Si1;int(Si11) + ulci — i) / (¢i + cia1 — 2f) da,

Yit1

<Per1(2i_1; int(Zi)) + Perl(Zi; int(zi+1)) + / (Ci + Ciy1 — 2f) dz,

a contradiction with the fact X; is a minimizer. O

4.4.2. Examples. In the following series of examples, we compare the performance of
Algorithms 4.1 and 4.2 with analogous isotropic methods proposed in [34]. Additionally, we
demonstrate a potential application of Theorems 4.1 and 4.21. For these experiments, we set
Nmaz = 200 and e, = 1073, The parameters ¢; and 7; are initialized using fuzzy c-means
clustering, and €$ is solved in each case using the appropriate variant of the standard Split-
Bregman algorithm. In Figures 4.6, 4.7, 4.8, and 4.9 we present comparisons of the best
approximations (in the Frobenius norm) obtained by these algorithms and their isotropic
counterparts when applied to various noisy images. To assess segmentation quality, the
results of each model are compared to a reference segmentation derived from the original,
unaltered image. The isotropic and anisotropic results are denoted by ug and wuy, respectively.

The anisotropic model consistently outperforms the isotropic model across all noisy sce-
narios. Specifically, the two-phase anisotropic segmentation yields a more accurate parti-
tion, closely aligning with the reference segmentation, as highlighted in Figures 4.6 and 4.7.
Furthermore, the anisotropic multiphase segmentation exhibits greater robustness to noise,
resulting in more stable phase divisions, as illustrated in Figures 4.8 and 4.9. Specifically,
in Figures 4.6e and 4.7e, there is a noticeable reduction in misclassified pixels compared
to Figures 4.6d and 4.7d, where blue/red regions indicate pixels incorrectly segmented as
white/black. Moreover, the anisotropic multiphase model exhibits superior performance in
preserving finer image details, such as crosswalk lines (Figure 4.8) and window structures
(Figure 4.9), as evidenced by Figures 4.8d-4.8¢ and 4.9d-4.9e.

Overall, the improvement rates between models, summarized in Table 4.1, support these
observations, confirming that the anisotropic model is a reliable and robust option for image
segmentation in noisy environments.

Example Fig. 4.6 | Fig. 4.7 | Fig. 4.8 | Fig. 4.9

l[ue — wr||p/||te — ug||p | 0.8107 | 0.6257 | 0.859 | 0.8945

TABLE 4.1. Differences between isotropic and anisotropic approaches
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(D) Isotropic approach us (u = 73.6)

FIGURE 4.7. 2-phase comparison
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(c) Clear segmentation u.
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(D) Isotropic approach us (A = 4.7) (E) Anisotropic approach uy (A = 17.7)

FIGURE 4.9. 5-phases comparison

Universitat de Valencia Vicent Pallardé Julia
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Finally, we consider the application of Theorems 4.1 and 4.21 as tools for reliability
analysis. Based on the preceding results, segmentations obtained using the F} or F""
functionals can be considered effective if it closely aligns with the grid of cells, effectively
resembling the structure of an exact minimizer. While this alignment does not necessarily
guarantee an accurate approximation of the exact minimizer, it provides a clear indication
of the performance of segmentations, particularly highlighting cases where the segmentation
is inadequate.

To illustrate this application, we analyze Figure 4.10, where the image in 4.10a is seg-
mented using the F}" model with two different methods: the anisotropic version of Getreuer’s
implementation (based on the isotropic version described in [81]) and our proposed Algorithm
4.1. Upon comparing the results, we observe notable differences between the segmentations
in 4.10c and 4.10d. Specifically, 4.10c exhibits inaccuracies due to misalignment with the grid
structure of the image 4.10a, a discrepancy that could potentially be mitigated by refining
the initialization parameters. Notably, this inaccuracy remains evident even without direct
comparison to the exact minimizer shown in 4.10b.

(A) Original image (B) Exact F{' minimizer

I
I
Il |
(c) Anisotropic [81] approach (D) Algorithm 4.1 approach

FIGURE 4.10. Comparison between two F|' approaches, for p1 = 10. Segmen-
tations and input image grid are in black-white and blue, respectively.

Consequently, this application can be interpreted as a parameter setup test that identifies
incorrect parameter initializations without necessitating a comparison with the exact mini-
mizer. Similarly, while computing the exact minimizer of F* via brute force (i.e., minimizing
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4. Anisotropic (A, u)-linkage 81

the functional over the sets in R(Gy)) is computationally prohibitive, it serves as a valuable
benchmark for evaluating the performance of segmentation algorithms on simpler images,
provided the associated grid size of the image is sufficiently small.
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CHAPTER 5

Manifold-constrained ROF model

In this chapter we study the regularity of the minimizer of the ROF model in a manifold-
constrained setting, i.e. when the image to be denoised is modeled by a map between ma-
nifolds f : ¥ — N. More precisely, we consider that (X, g) is a compact surface (possibly
with smooth boundary 0¥ # ¢F), and (N, h) is a complete connected smooth n-dimensional
Riemannian manifold. Regarding the target space, we mention that we treat it as an embed-
ded submanifold in some Euclidian space R by Nash theorem [137]. Therefore, for a given
f e L33, N), we study the regularity of minimizers of the next functional

(5.1) /|du|dmg /d2(u f)dm, + /ydu|2dmg,

where A > 0, 0 > 0, dg4 denotes the geodesic distance on A, and dmy is the volume element
corresponding to g. In particular, if ¢ = 0 we define the ROF functional in a manifold-
constrained setting. Thus we denote E,)&’O as Eﬁ} to unify the notation along the thesis.

In this context, the results of this chapter can be regarded as the manifold-constrained
counterpart of [43, 143], with the additional technical challenge of considering non-flat sur-
faces ¥ (abstract 2-manifolds) as domains. This minimization problem leads to the following
nonlinear elliptic system with Neumann boundary conditions:

—Xexp, ! f in X,
0 on 0%,

(5.2) { 71(u) + o 7(u)

v-du
where 71 (u) and 7(u) denote the 1-tension and the usual tension (or rough Laplacian), i.e.

1 (u) = div, (|§Z|> L r(u) = divy(du).

Notice that these tensions can be defined in intrinsic and extrinsic ways, as we comment in
Section 2.4.1. Moreover, the precise definition of the function du|du|~' and the Neumann
condition are provided in Section 2.4.1 and Definition 5.16.

In Section 1.2.4, we show, in the scalar case, that the inheritance of the regularity of f
by a minimizer of £ is established under certain constraints. Thus it is natural that, in our
manifold case, the regularity results can be derived under natural curvature restrictions on
N and a topological condition on the range of f. In this sense, let us recall the following
bound of the convexity radius:

1
2min{injp./\/’,\7/%} if k>0
5.3 R, =
(53) inij .
5 if k<0

This chapter contains the results of [30, 31].
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where k is an upper bound for all sectional curvatures of the geodesic ball By(p, R) for
R < Ry, and injp(/\/ ) denotes the injectivity radius of the ball at its center p. In particular,
we note that By (p, R) is strongly convex provided that R < R, (cf. [57, Theorem IX.6.1]).

In this framework, we establish an analogous version of Theorem 1.3, which addresses
Lipschitz regularity of the minimizers of EJ{}, following the approach of [143] and employing a
Bernstein-type technique. We adapt this method to curved spaces, both in the domain and
the target. More precisely, we prove the following result:

THEOREM 5.1. Suppose that f(X) C By(p, R) for some R < R,,. Then there exists a
minimizer of the functional £, which also satisfies u(X) C By(p, R). If we further assume
that k < 0, then

(a) Sﬁ‘, is geodesically convex, and hence the minimizer is unique.
(b) If f € COY(S,N), then u inherits the same Lipschitz regularity.

Additionally, we provide a local version of previous result, extending Theorem 1.2:

COROLLARY 5.2. Assume that N is non-positively curved and f(X) is contained in a
strongly convex geodesic ball of N'. If we further assume that f € 0071(5, N), then u is also

loc

locally Lipschitz in 3.

In the case o > 0, we expect better regularity properties (see some Euclidean results
in this direction, but without boundary conditions, in [90] for convex scalar solutions, and
[155] in the vector-valued situation, removing the convexity assumption). This intuitive
expectation comes from the extra diffusivity (and thus ellipticity) coming from the Dirichlet
energy. In our case, it allows regularity results for x > 0. Indeed, we prove the next result:

THEOREM 5.3. Suppose that f(X) C Bp(p, R) for some R < R.. Then for any fived

o > 0, there exists a minimizer of the functional EY°, which also satisfies u(X) C By(p, R).

(a) If we further assume that k < 0, then Sﬁ}’g is geodesically convex, and hence the
minimizer is unique. If f € CYY(3, N), then u inherits the same Lipschitz reqularity.

(b) In the case k > 0 there exists a minimizer of Sﬁ‘/a which is also Lipschitz continuous,

provided that f(X) C By(p, R) for some R < min {mJ;N, ﬁ}
Notice that the stronger small range condition in (b) was also required in [79] to prove
regularity of stationary p-harmonic maps for p > 2.

To motivate this chapter, we discuss the interest of the aforementioned regularity study
from different perspectives in Section 5.1.

Once the framework is well-defined, we dedicate two sections to establish some technical
tools for the study of regularity: in Section 5.2 we provide a formal definition of total variation
on manifolds; relating it with the 1-energy (see Section 2.4.1). Then, we prove the convexity
of a family of energies. Then, the convexity of total variation is obtained. Complementarily,
in Section 5.3 we obtain a partial regularity result for weak solutions of a quasilinear elliptic
system, where, as intermediate step, we obtain a intrinsic Cacciopoli inequality of independent
interest (see Proposition 5.11).

Applying theses technical tools, in Section 5.4 we prove a range invariance result, as well

as the existence and uniqueness of minimizers of S,’\\/U. To obtain the regularity results, we
first prove, from a extrinsic viewpoint, the Holder regularity of a relaxed version of (5.2)
in Section 5.5. Then, to obtain the Lipschitz regularity and complete the above results, we
work intrinsically using the Bernstein technique in Section 5.6. We note that this interplay
of extrinsic—intrinsic approaches is essential to achieve the results.

To complete this chapter, we establish the corresponding regularity result for manifold-
valued signal denoising, i.e. in the case where the domain is one-dimensional. More precisely,
in Section 5.7 we prove the next result
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5. Manifold-constrained ROF model 85

THEOREM 5.4. Let f : T — N, where T is either an interval [0,1] or S!, so that f(T) is
contained in B(p, R) with R < inj,(N)/2. If f € CO%YD,N), then there exists a minimizer u

of EX° such that u e CONT, N).

REMARK 5.5. Hereafter, we adopt the Einstein convention that an index appearing as both
a subscript and a superscript in a product implies summation over its range. Specifically,
Latin indices range over {1,...,m}, while Greek letters take values in {1,...,n}.

5.1. Related works

At this stage, we place the results of this chapter in the context of existing regularity
studies on the ROF model. As far as we are aware, even the vectorial case (i.e., when ' = R")
has not been addressed, due to the lack of classical regularity results up to boundary. For the
case o > 0, if we think of the vector in the right-hand side of the PDE (5.2) as the gradient
of some pressure function, then this equation models an isothermal steady laminar flow of a
non-Newtonian (Bingham) incompressible fluid, where u stands for the flow velocity and X
is the cross-section of an infinitely long duct. In this context, our Neumann condition means
that there is no flux across the boundary, and the parameter o controls the plastic viscosity.
This is usually referred to as Mosolov problem [132]. We note that the manifold-constrained
setting represents a more versatile way to describe real data and apply ROF and Mosolov
models, as we explain in Section 1.1.

First, we notice that the regularity of (5.2) appears to be significantly more challenging
than its parabolic counterpart (see [84] for the case A = 0), as evidenced by the lack of prior
references. In a somewhat different spirit, (5.2) can be regarded as a shifted spectral problem
for the so-called 1-tension or rough 1-Laplacian (see Section 2.4.1 for technicalities of the
definition) associated with the eigenvalue A and with respect to a model map f, which was
introduced by Jost and Kourouma in [105] for the standard 2-tension or rough Laplacian.

In this sense, the A = 0 case corresponds to 1-harmonic maps, and hence our results can
be regarded as the extension to p = 1 of the regularity theory for p-harmonic maps, which
is extensively studied mainly for 1 < p < o0, and which is itself an extension of the classical
harmonic map theory (p = 2) started by Eells and Sampson [70] or Schoen and Uhlenbeck
[151, Corollary, p. 310], where the non-positive curvature (NPC) hypothesis and the small
range condition naturally pops up. Indeed, it is well-known (see e.g. examples in [145]) that
there is no hope of getting full regularity results unless we impose some topologic and/or
geometric restrictions on the target. Notice that our p = 1 case is analytically much harder
because the anisotropic diffusivity of the 1-tension, meaning that its ellipticity degenerates
in the direction of du, while it becomes singular in directions where u is constant.

Indeed, our small range condition was first considered for p = 2 by Hildebrandt, Kaul and
Widman [99] to prove some regularity results, which were extended top > 2 and 1 < p < 2
in [75] and [96], respectively. All of these papers deal with the friendlier scenario of Dirichlet
boundary conditions. Certainly, our results are closer to the Neumann problem for harmonic
maps studied by Hamilton in the NPC case [97]. Let us point out that the lack of any
harmonicity hypothesis is a constant technical difficulty in our work, because we have to
control tension terms overall which in these previous references did not play any role because
they vanish.

5.2. Properties of manifold total variation

5.2.1. Formal definition. In this subsection we extend the energy functional &; for
functions not necessarily in W' (3, A'). In particular, with the notation in (2.14), we define
for ue L1 (Z,N),
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86 5.2. Properties of manifold total variation

(5.4) TV (u) :=Z/ Qg|Vud:L‘—|—/ 0¢ d| DUl +/ oedp () ,uy )dHY,
7 oF Q

ZmJu

if uo qﬁé_l € BV (Q,N); and 400 otherwise. Note that, again, we are omitting composition
with gbzl inside the integrals. Here we are using an extrinsic concept of BV functions; i.e.
for an open set Q C R™,

BV(Q,N) := {ue BV(Q,RY) : u(z) e N for a.e. z € Q},

and .J, denotes the jump set of u € BV (Q,RY) while D is the Cantor part of the Radon
measure Du. Moreover, we say that u € BV (3,N) if uo ¢, € BV(Q, N) for all L€ 1.

Next we prove the next result, concerning functions valued on a geodesic ball By (p, R)
around a point p € N with radius R smaller than R, defined as in (5.3).

THEOREM 5.6. Let R < Ry. The following holds:

(a) Let {up}r € WHL(Z, By(p, R)) for some p € N such that u, — u in L' (2, By(p, R)),
then

TV(u) < liminf & (ug).
k—o0

(b) Given u e BV (X, By(p, R)) for some p e N, there exists u, € C1(X, Br(p, R)), such
that & (ux) — TV(u) as k — 0.

PROOF. First, we observe that it is enough to prove the result for € := ,. For simplicity
of notation, we also omit composition with (ﬁe_l. Under this notation, we observe that the
result is very close (except for the fact of the different open and closed geodesic balls) to
prove that 7V is the relaxed functional with respect to the L'-convergence of

LB ituec @B )
400 otherwise

In the case that the target space ) is a compact, orientable manifold without boundary
with trivial homotopy group, we could apply directly the results in [89] to obtain that this is
the case. However, in our case ) = By, (p, R) has a nonempty boundary. To fix this issue, we
argue as follows.

We take R < R’ < Ry. Since dBp(p, R') is geodesically convex, we can consider the
double of R := By(p, R'), R”, which is typically constructed by gluing together two copies
of R along the identity map of the boundary, but this will not give a regular enough closed
submanifold in general. To overcome this, we can argue as in [32, Proposition 4.1], that is,
roughly speaking, by perturbing the metric in a small inner neighborhood of the boundary
OR to form a cylindrical end so that the gluing is well defined and the submanifold (R”, §)
preserves its degree of regularity and the modified metric g satisfies Q‘Bg(nR) =g.

Then, [89, Corollary 6.4] applies with ) = R” and the lower semicontinuity in (a) is
a direct consequence. For (b), we observe that [89, Corollary 6.4] yields the existence of a
sequence {ug}r € CH(Q, RP) such that up — u e LY(Q,RP) and & (uz,) — TV(u) as k — 0.
By the strong convergence, we can take a subsequence, not relabeled, such that up — u a.e.
Therefore, we can suppose that ug € C1(€2, By (p, R)). O

Now we accurately define the functionals in (5.1) as
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5. Manifold-constrained ROF model 87

FIGURE 5.1. Schematic view of the doubling (RP, §)

A o
TV(u +/d2u,fdm +/ dul*dm, if ue HY(Z,N
ey | TV 4G [t nmg 5 [ auam, (2.

+00 if ue L2, N)\HY(Z,N)

for o > 0 and the ROF case o0 = 0 as

+00 if ue LY(Z,N)\BV(Z,N)

5.2.2. Geodesic convexity of a generalized p-energy. Let us work for this part
in a more general framework: (M™, g) a compact m-dimensional manifold with oM # .
Consider a C? function F' : M x R — R* such that

e F(x, -) is non-decreasing for all x € M.
o |F(x,s)] < C(1+|s]?) for (z,5) € M x R and some p > 1
o F(z,|-|%/2) is convex for all z € M.

Now we take &F : L2(M,N') — R defined as

 (u) = [ F () amg it we WML, u(M) € By (o )

400 otherwise.

In the above setting, the F-tension field is defined by
Tr(u) = Z (%ez (F' (:E, %) u*ei) —F (x, %)u*(veiei)) ,
i

being {e;}™, any local orthonormal basis of TM. Hereafter I’ and F” will denote first and
second partial derivatives of F'(z,s) with respect to s.

To prove the convexity of the functional &, one typically needs to derive formulas for
its first and second variation. However, unlike in the previous literature, we have no sort of
harmonicity condition which cancels out terms involving the F-tension and we have to keep
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88 5.2. Properties of manifold total variation

track all extra boundary terms. Taking these difficulties into account, after a tedious but
routine computation (which can be reproduced following the lines of [10, 156]), we obtain

4
dt

u2
F' (a:, ‘d2| ) (v, V), dmg,

tzo%(w) = — /M (V,7r(u)), dmg, +/a

where U : M x[0,1] — N is a one-parameter variation of u € C* (M, N) so that U(-,0) = u,
up = U(-,t) and V = Uy0y| 1—o- Moreover, g is the induced Riemannian metric on M. In
turn, the second variation formula reads as

M

d2
a2

~

)= /M (Ve Vere(u), + F' (2, 95) (VVE ~ RV, du))) dm,

(5.5)
‘2

+ /M (F” (:c 'd%) (VV,du): + F' <x u

‘ 2

) <%atV, u*u>h> dmg,

with
R(V,du) = Z "RV, ugei, uge;, V) = Z Secy (V, uxe;) |V A u*ei|z.
i=1 i=1

To prove the convexity of the energy functional we need the following result about density
of smooth functions into manifolds with boundary.

LEMMA 5.7. Let R < R,,. Then, for any q = 1 the space C*(M, By(p, R)) is dense in
Wh4(M, By(p, R)).

PROOF. Recall that we have an isometric embedding ¢ : N < R by Nash. Then for
any R' € (R, R,) we can modify the metric outside +(By(p, R')) € R™ by flattening it out
(see Figure 5.2) via a bi-Lipschitz ambient diffeomorphism which keeps the Euclidean metric
outside a larger ball so that we get a Riemannian metric on all of R™ for which the squared
distance to the origin is smooth and still strictly convex (for a proof, see [142, Theorem 5]).

(N, )

FIGURE 5.2. Schematic view of the idea of flattening the ends to construct a
global coordinate system outside a geodesic ball.

The latter implies that (N, h) can be covered by a global, normal coordinate chart cen-
tered at p, meaning that (N, h) can be regarded as R" endowed with a metric that can be
expressed globally in normal Cartesian coordinates, and hence the extrinsic definition (2.16)
of W(M, N) coincides with the intrinsic one W, (M, N) given by (2.17), cf. [142, The-
orem 4]. In this setting, given u € W4(M,N) with uw(M) C By(p, R), by [142, Corollary
7], we can find a sequence uy € C®(M,N) such that up — u in WH{(M,N) as k — oo.
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5. Manifold-constrained ROF model 89

Accordingly, up to extracting a subsequence, we can assume that the convergence is pointwise
a.e. and hence that ug(M) C By(p, R). O

THEOREM 5.8. If k < 0 and R < Ry, the functional F is geodesically conver.

ProOOF. We split the proof into several steps:
Step 1. Second variation estimate. In the case that £ < 0 and U is a variation along a
geodesic, then using (5.5) we deduce that

d2
dt?

T /M (F’ (av %) YV + F” (m %) a% du)>i) dmy > 0,

since F(z,|-|?/2) is convex.

Step 2. Conwvezity for smooth functions. Given u,v € C*(M,N) with u(M),v(M) C
By (p, R) for R < R, one can always construct (see [150, proof of Theorem 2.9]) a geodesic
homotopy U : M x [0,1] — Bx(p, R) with U(-,0) = uw and U(-,1) = v. Let us denote for
brevity U(t) = U(-,t) and recall that ¢t — U(t) are geodesics in NV for each fixed point in M.
Then, by the previous computations, since ¢t — F (U(t)) is a convex function, it holds:

(5.6) FUM) <tF(u)+(1—t)F () foralltel0,1].

Step 3. Convexity for WY94(M,N) functions. We now observe that, since By (p, R) is a
NPC-space for R < Ry, then L?(M, By,(p, R)) is also a NPC-space [91, §4.1.1]. Therefore,
given u,v € L?(M, By,(p, R)) there exists a unique geodesic U (t) with U(0) = u, U(1) = v. In
order to prove that (5.6) holds for u, v, it suffices to suppose that both belong to W14(M, )
since, otherwise, the right-hand side is infinite.

Accordingly, we apply Lemma 5.7 to ensure that we can take ug, vy € C*(M, By(p, R))
such that uy, vy — u,v strongly in W19(M, By (p, R)). Consider now Uy the geodesic such
that Ug(0) = u and Ug(1) = v. Then, since we are in a NPC space we have that

/dh(U(t),Uk(t))2dmg < (1—t)/ dp(U(8), up)? dmg
M M

+ 1 /Mdh(U(t% Uk)Z dmg — t(l — t) /Mdh(uk, ’Uk>2 dmg

and then, as kK — o0, we obtain that
(1-— t)/ dn(U (1), u)? dm, + t/ dn(U (1), ) dm, — t(1 — t)/ (1, v)? dm = 0
M M M

Therefore, by lower semicontinuity with respect to the L?-convergence of the energy and
strong convergence of the approximations, we can pass to the limit in (5.6) and show that
(5.6) is satisfied by u,v € W19(M, By (p, R)). O

5.2.3. Geodesic convexity of manifold total variation. This result permits to show
that the convexity also holds for the functional 7V given in (5.4).

THEOREM 5.9. If Kk < 0 and R < Ry, then the functional TV is geodesically convex with
N replaced by By(p, R).

PROOF. First, we define the following approximation of F:

e+ |dul2dm, if ue WHY(E, By(p, R
o | [V duPdm, (Z. Bu(p, B))

+00 otherwise.

Universitat de Valencia Vicent Pallardé Julia
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Then, by Sobolev embedding and Theorem 5.8, we have that &% is geodesically convex in
L?(3,N). Note that due to boundedness of both domain and target in the case when the
functional is finite, L' and L? topologies are equivalent.

Now we reason as in the last part of the proof of Theorem 5.8. By Theorem 5.6, if we
take u,v € BV (X, By(p, R)), there exist {uy,vi}r € C1(Z, By,(p, R)) such that ug, vy — u,v
in L1(Q) and TV(ug) — TV (u) as k — oo.

As before, consider U}, the geodesic in L?(X, By,(p, R)) such that Uy (0) = uy, and Uy (1) =
vr. Then, again since L?*(X, By(p, R)) is a NPC space, we obtain that Uy — U in the L?-
topology, with U being the geodesic joining u and v. Therefore, letting e = e, — 0 as k — oo,
by the lower semicontinuity given by Theorem 5.6 and by convexity of %, we have

TYU) < li;ri)icgf TV (Ug(t)) < limsup (%, (Uk(t))) <

k—o0

limsup (t%, (ug) + (1 — )%, (vg)) = tTV(u) + (1 — t)TV(v).

k—0o0

5.3. Partial regularity results for systems

In this section we provide some results of partial regularity for manifold constrained quasi-
linear elliptic systems under some assumptions. Let us consider (N, h) as before (possibly
with ON # ¢ and not necessarily compact). Given Q C R™ (m > 2) an open bounded
Lipschitz domain, we study the regularity of weak solutions u :  — N to the following
system of PDEs in extrinsic form:

(5.7) —div (a(x, u, Vu)Vu) = B(z,u, Vu).

Setting A(z,v,z) := a(x,v,2)z, we have two measurable vector fields A, B defined on Q x
RN x R™ and taking values in R™" and RY, respectively, while a is a scalar function on the
same domain. We remark that the interest in these systems of diagonal type comes from their
ubiquitous appearance in differential geometry and physics: isothermal coordinates, Plateau
and capillarity problems, minimal surfaces and harmonic maps on Riemannian manifolds, or
elliptic Monge-Ampére equations (see [101] for details).

It is well-known, since De Giorgi’s counterexample [65], that there is no hope to get
regularity of weak solutions in general. Accordingly, the goal is to focus on partial regularity,
including estimates on the size of the singular set. The point of this section is to prove that
a theorem in this spirit still holds in a suitable manifold constrained setting, which in fact
allows us to relax the so-called classical smallness assumption. Furthermore, we obtain an
intrinsic Caccioppoli type inequality (see Proposition 5.11), which is a tool of independent
interest.

In the Euclidean framework (cf. [69, 86, 102]), the following structural and regularity
conditions are often assumed:

(H1). 0 < ¢ < a(z,v,2) < L.
(H2). A has continuous derivatives with respect to z such that
B¢l < D-A(w,v,2)¢ @€ < B¢

(H3). |A(z + y,v + w, 2) — A(z,v, 2)| < L(|y| + |w])*(1 + |2|) for some a € (0,1).
(H4). B(z,u, Vu) is measurable for all v e H'(Q,RY) and |B(z,v, 2)| < C1|z|> + D;.
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where the above conditions hold for some ¢, L,9,0,C;, D > 0 and for all z,y € Q, v,w e RV,
z,& e R™Y. For any weak solution v e H*(Q, RN) N L®(Q,RY) of (5.7), under the smallness
condition

9
(5.8) |ull e @nr) < 20,

it is knowm that w is partially regular, in the sense that Vu is Holder continuous on an open
subset Qg C Q of full measure. We stress that condition (5.8) is crucial to get a Caccioppoli
inequality, which usually is a starting point for the regularity study.

In our manifold constrained setting, B is decomposed into two terms; the tangent and
normal components to A:

B(x,v,2) = t(z,v,2) + n(z,v,2) e LN @®TIN  for all (z,v,2) € Q x N x R™Y,

By using intrinsic methods, we show that assumption H4 can be relaxed (see Section 5.3.1
for details) by asking instead that there exist some constants Cy, D > 0 so that

(H4*). [t(z,v,2)| < Ci|z|? + D(1 + |z|), for all (z,v,2) € Q x N x R™V,

and we just require a smallness condition for Cy, i.e., about the growth of the leading order
term in the tangent part, cf. (5.9). We point out that the use of intrinsic methods allows to
impose no restriction on the size of the extrinsic n. As before, t(z,u, Vu) and n(z,u, Vu)
are assumed to be measurable for all u € H'(Q,RY).

Considering the function co, as follows,

VEcot(y/Kkt), k>0,
co(t) = 1/t, k=0,

V|| coth(\/|k|t), Kk <O,

we prove the next statement:

THEOREM 5.10. Let ue H*(Q,N) be a weak solution of (5.7) such that u(2) C By (p, R)
for somepe N and R > 0 with R < R,/2, and let assumptions H1-H3 and H4* hold, as well
as the following smallness condition

1
. in{ ——, cox(2 .
(5.9) C’t<£m1n{2R,co ( R)}
Then the first derivatives of u are Holder continuous on an open set Qo with L™(Q2\Qp) = 0.
Moreover, g = Q) for m = 2.

The above partial regularity result may be regarded as a natural extension of the already
classical regularity statements by Eells and Sampson [70], Hildebrandt, Kaul and Widman
[99] or Schoen and Uhlenbeck [151, Corollary] for harmonic mappings into Riemannian ma-
nifolds to the wider framework of F- or V-harmonic maps. In Section 5.3.3 we provide an
interpretation of (5.7) as the Euler-Lagrange equation associated to an F-energy.

About the assumptions on u(2), we point out that for F- and V-harmonic maps, there
holds a comparison principle, for instance, when coupled with Dirichlet boundary conditions
(see [103] and [58, Theorem 3]). In this case, if the Dirichlet constraint lies in a geodesic ball
with smaller radius than a threshold, then the solution does so too. Moreover, we highlight
that in case that A(x,v,z) = a(x,v)z our smallness condition (5.9) recovers that in [100]
for the case k = 0. Despite the condition u(Q2) C By (p, R) imposes certainly a restriction,
as it amounts to remove any (local) topological defects of the map u, such a requirement
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is nevertheless necessary in light of e.g. the construction by T. Riviere [145] of everywhere
discontinuous weakly harmonic maps into S? .

Concerning the strategy of the proof, under condition (5.9) and within half of the range of
strict convexity, we prove an intrinsic Caccioppoli inequality in Proposition 5.11. This result
is, to the best of our knowledge, the first inequality of this type where the so-called excess
function (that is, the right-hand side) is fully intrinsic. This is novel even for the previous
literature working on manifold constrained settings (compare with e.g. [64, Lemma 8] or [77,
Theorem 5.2]). Using this intrinsic inequality, we show that weak solutions of the system
belong to a Sobolev space W14(Q, RYV) with a ¢ > 2 in Proposition 5.12. As pointed out in
[86, Remark 2.4], we remark that the smallness condition (5.8) is only needed to provide the
integrability result. Therefore, applying [86, Theorem 2, Corollary 4.4] (in which no smallness
condition is used), we immediately get the proof of Theorem 5.10.

5.3.1. How to get hypothesis H4 from the weaker H4*. In this section, we aim to
show that the assumption H4 follows from the weaker requirement H4*. After proving this,
as a by-product of Theorem 5.10, we recover the classical regularity result, but with a milder
smallness condition.

Let us thus assume that H4* holds. First, if we split the right-hand side of (5.7) into a
tangent and a normal part, the extrinsic part n is completely characterized in terms of the
second fundamental form A, of N < RN at ve N as

m

n(z,u, Vu) = a(z,u, Vu) Z (Oatt, Oqut), in Tj(x)J\/'.

Next, we extend this expression to the whole of Q x RY x R™V in a way that H4 holds.
For this, we follow the ideas in [97, p. 108]. For a sufficiently small 6 > 0, we consider a
tubular neighborhood of By (p, R):

T5(Bu(p, R)) := {x e RV . dist(z, Ba(p, R)) < 5} ,

where dist denotes the Euclidean distance. Let 0 < 1 < 1 be a test function such that
»(Bp(p, R)) = 1 and supp(v)) C T5(By(p, R)). Observe that any point in T5(Bp(p, R)) can
be projected onto By (p, R) uniquely by a submersion 75 (e.g. see [161]). In this setting, we
can define the extensions

a(,0,2) Y Ary)(2a:2a), I (2,0,2) € Q x T5(By(p, R)) x R™Y

n(zr,v,z) = =

0 otherwise.

E(zv, 2) = Y(v) t(x,v, 2), if (z,v,2) € Q x Ts(By(p, R)) x RN
R ) otherwise.

Hence, by imposing just H4*, it follows that H4 holds for B = t + fi with
D
01 = Ct + 5 +L H'A”LOC‘(Bh(p,R)) and D1 = 3D/2

Here we have used the notation

I Al (B, (p.r)) = Inf{C € RT : Ay(X,X) < C|X|* for all ¢ € By(p,R) and X € T,N'}.
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F:inally, let us remark that u also solves (5.7) with B on the right-hand side, since f and
B coincide on (2 x N x R™N . Therefore, without loss of generality, we will work with the
extension B in the sequel (but we keep the notation B for clarity).

5.3.2. Caccioppoli inequality and integrability of solutions. Given zy € ) and
r < dist(xo, 092) we define the barycenter of u in the ball B,(z¢) as the barycenter of the
particular measure

m:= u#ﬁm’m,

whose support by the assumption about u(2) lies on By (p, R). Namely, the barycenter can
be regarded simply as the minimizer of

b— d2 (u(z), b)dz.
BT‘(IO)

PROPOSITION 5.11. Under the assumptions of Theorem 5.10, the following intrinsic Cac-
ctoppoli inequality holds:

(5.10) / |Vu|?dz < % (1 + d2 (u, by,))dz,
Br(z0) 7" J Bay(z0)

for some C > 0, for all xg € Q and for r satisfying

i Q
r< min{dlSt(mO’ﬁ ),1} ;

2

where ba, denotes the barycenter of w in the ball Ba,(z0).

PrOOF. First of all, we observe that the condition u(€2) C By, (p, R) permits to say that
bg, exists, and that vy := dp(u,ba) < R, for all zp € Q and r < dist(zg, 92)/2. Unless
otherwise stated, B, denotes hereafter a ball centered in zy with radius r.

Let us consider zp and r as above, and let n € C{°(2) be such that 0 <7 < 1, Mg, =1,
supp(n) € By, and |Vn| < ¢/r for a some ¢ > 0. We take

0 = —n?expy by, = n° X, € TN
Note that Xy inherits the regularity of the map u, and by [104, Theorem 6.6.1] it holds
2 2
Hess <%"> (Vu, -)jj =V (%) = —Vvu(exp;1 bgr)
(5.11) m .
= - Z vea(eXp;(x) bZr) = vaa

a=1

where {eq}h" ; is the canonical orthonormal basis and § is the musical isomorphism i.e. wh is
the vector field given by g(wf, -) = w(-) for any 1-form w.
Now, if we multiply (5.7) by ¢, we can write

—/ n*div(A(z,u, Vu)) - Xpda = / n*t(z,u, Vu) - Xy da.
Bgr B2r

Integrating by parts and using (5.11), we get
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2 2
/ n°a(x,u, Vu) Hess (7") (Vu, Vu)dz
B

2r

=/ n? t(z,u, Vu) - Xy dz — 2/ na(x,u, Vu)Vn Vu Xy dz =: J.
BQT‘ BQT‘

(5.12)

Concerning the left-hand side of equation (5.12), by means of the comparison theorem (see
[104, Theorem 6.6.1] or [147, p. 154]), we get

'C2
/ n? a(x,u, Vu) Hess (7") (Vu, Vu) dx
B

2r

> Z/ 17 tp con(tp)| Vu|*dz > £ min {1, 2Rco,§(2R)}/ 7| Vu|*dz.
B2 B2r
On the other hand, using Young’s inequality, we have, for any € > 0,

J < 2RC’t/ n?|Vu|?dz + D n?(1 + |Vul) tp da
B2’V‘ BZT

2 2 L*¢? 2
+e€ n°|Vul|dz + —— g do
Bar ree Bar
D
< 2RC’t/ n?|Vul*dz + / (1+1)da
Bay 2 Bay

L322 N D
r2 4

+E(1+D)/

1
| Vul*dz + = (
BQr €

Under the smallness condition, combining the expressions (5.12), (5.13), (5.3.2), and having

in mind that r < 1, we easily get (5.10). O

PROPOSITION 5.12. Let u € HY(Q,N) be such that u(Q)) C By(p, R) for some p e N
and R < inj,(N)/2, and satisfying (5.10). Then, there exists ¢ > 2 and C' > 0 such that
ue WH(Q,RN) and

2/q
7[ (1+|Vu)ide | <C (1 + |Vul?) de,
B (zo) Bar(z0)

for every o € Q and 0 < r < dist(xo, 092)/2.

PROOF. First, observe that the range condition u(Q2) € By(p, R), with R < inj,(N)/2
yields the existence of by, and the injectivity of the exponential map centered at bo,. in the
range of u. Therefore, we can choose polar coordinates centered at bo,., and we find that

uf — ][ uf dzx
B2’V‘

where uf is the radial component of u. Consequently, using Sobolev—Poincaré inequality we
note that

2
dp(u, 527-)2 = |up|2 =

)

1
— [ di(u,by)dz < Cr™ o [ufPPda
r B27‘ BQ'I‘
m+2 m+2
m—2 2 P 2m_ m m 2m_ m
<Cr™mcr |Vuf|m+zde <Cr |Vu|m+2da ;
BQT B2r
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where, in the last inequality we use that |Vu?| < |[Vu|. Therefore, from (5.10), we find

m+42

IVu|2dz < C (f 1+ w)i’l%dx) "
B, Ba,

Finally, the result is obtained by [87, Proposition 5.1]. [l

5.3.3. Examples. Quasilinear elliptic systems of constrained PDEs of type (5.7) natu-
rally arise when one minimizes the following energy functionals in H*(Q, N):

/F(Jc ldup® )da: if uwe HY(Q,N)
Q

+00, otherwise.

F(u) :=

In fact, the Fuler-Lagrange equation associated to & can be written in terms of the tension
field 7 as

(5.14) 0=r71p(u)=F (:B, ‘dgp) 7(u) + Vu -V <F/ <x, %)) ,

where 7(u) = P,(Au) such that P, : RY — T,N is the orthogonal projection and F’ the
partial derivative of F'(z,s) with respect to s. Notice that (5.14) includes the well studied
cases of F-harmonic maps ([10]), if there is no z-dependence, as well as f-harmonic maps
(introduced by Lichnerowicz in [115]) with F'(z,s) = £(x)s. We point out that (5.14) can be
written as

—div(F’ (m, ‘dg|2> Vu) ( ‘dul ) Z Ay (O, Oqu).

Therefore, as explained in Section 5.3.1, (5.14) can be put into the form (5.7) with right-hand
side satisfying H4.

Another example in which our study can be applied is the case of V—harmonic maps,
with V' a given smooth vector field on © ([58]). Then the system of PDEs reads as

7(u) — (V,Vu) = 0.

In this case, t'(z,2) := V(z) 2!, satisfies H4* with Cy = 0. Notice that, in the case that

(o2
F e C*(Q x R), such that 0 < ¢ < F'(z,s) < L and the function G(z,z2) := F (x, |2|*/2) is
uniformly convex in z, assumptions H1-H3 are satisfied.
5.4. Existence and uniqueness of minimizers

We begin this section with the following invariance principle for minimizers, which guar-
antees that the small range condition of the source is inherited by any minimizer.

PROPOSITION 5.13. Given o = 0, let u be a minimizer of Eﬁ‘/a. If f satisfies f(3) C
Bp(p, R) for some pe N and R < Ry, then u(X) C Bp(p, R).

PROOF. By assumption, we can introduce geodesic polar coordinates (r,6) in Bp(p,2R)
R

centered at p. We consider the following Lipschitz retraction: = : N' — By(p, R), with
(r,0) ifg=(r,0), r<R
(q) ;=< 2R—r,0) ifg=(r0),R<r<2R,
p if ¢ € N\Bh(p, 2R)
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We will show that 7 is length decreasing; i.e dp,(7w(q),7(q)) < di(q,q) for any ¢, € N as
in the proof of [104, Lemma 10.2.4]. First, observe that it is enough to prove

(5.15) dp(m(r,0),n(7,0)) < dp((r,8),(7,0)) for ¢,q€ Bp(p,2R).

By construction, 7 is clearly length decreasing in r; i.e. (5.15) holds with 6 fixed. Therefore,
we will only prove the case that r = 7, for which we take a curve v(s) := (r,0(s)). Now, for
each s fixed, cs(t) := (¢,0(s)) is a radial geodesic with ¢s(0) = p and ¢s(r) = v(s). Accordingly,
Js(t) = a%cs(t) is a Jacobi field with J5(0) = 0, Js(r) = 4/(s) and dn(vy/(s)) = Js(ry), with
(rz,0) =7(y(s)) (rr =2R—r < R<r <2R).

Thus, assuming without loss of generality that +/(s) # 0, by Rauch comparison theorem
and a straightforward computation, we obtain that

Yl ] sin)
jdr (v (s)] ~ alr)] ~ sing(2R 1)

> 1,

where sin,(-) = sin(y/max{x, 0} -). Hence 7 is also length decreasing in the 6 directions.

Consequently, Sji}’a(ﬂ ou) < Zﬁ’a(u), with strict inequality unless mowu = u. Thus, by the
minimality of u, we conclude that w(X) C By(p, R). O

As a by-product, under the hypothesis of the above statement, we can restrict the search
of admissible minimizers of E,’\\/U to the following set:

" {ue HY(S,N) : u(X) C By(p,R)} if 0 >0
AR = {

{ue BV(Z,N):u(X) C By(p,R)} ifo=0

PROPOSITION 5.14. Given o = 0, if [ satisfies f(X) C Bp(p, R) for some p € N and
R < Ry, then there exists a minimizer of Eji‘/g in A%.

PrROOF. We follow the direct method in the calculus of variations. However, we will only
give the proof in the case o = 0, the other case being similar, but easier.

We note that £3(u) > 0. Thus there exists a minimizing sequence {uy}y such that
EY(ug) — inf &Y as k — oo. Moreover, by Proposition 5.13, we can assume that ug(¥) C
B (p, R). Now, by (2.15) and the definition of 7V, we have that £ is coercive. Therefore,
there is a subsequence, not relabeled, and v € BV (X, RY) such that u;, — u e L'(X,RY).
Hence we may further assume that up — w a.e. in . This yields that u € A%. Finally, by
lower semicontinuity, we conclude that u is a minimizer of £ j‘/ U

As a direct consequence of the convexity results in Theorems 5.8, 5.9 and the fact that
d? is strictly convex in By(p, R) for R < R, we obtain the following result.

PROPOSITION 5.15. Under the hypothesis of Proposition 5.14, if k < 0, then 5’/’\\/0 has a
unique minimizer in A%,.
5.5. Regularity results for an approximate problem

For ¢ > 0, a minimizer u of 5,(\/0 is a weak solution to the corresponding Euler-Lagrange
System:

div,Z, = —Xexp,! in X,
(5.16) { I pu S

v-Z, = 0 on 0%,

where v represents the outer unit normal of 0%, and Z,, is given by
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1
Zy = | — .
(!du| +a>du

Even in the smooth case; i.e u € H*(X,N), we need to clarify the meaning of %. We

understand it as a multivalued function defined as
du(x)
x4 du(z)]’

Byzn(0,1) C TrY® Tu(x)./\/, if du(z) = 0.

du if du(x) # 0,

(5.17) T

Our definition of a (regular) solution to (5.16) is the following one:
DEFINITION 5.16. Given o = 0, we say that u € COY (X, N) is a (reqular) solution of
(5.16) if there exists Z € T*S @ u*TN with divyZ € L*(X,R") satisfying

d
divyZ = —)\explflf with Z — odu € ﬁ L2-a.e. in X,
u

and it fulfills the homogeneous Neumann condition
v-Z%=0 H-a.e. on 0%, forall a=1,...,n.

5.5.1. Setup of the regularized functional/system. In this section, we will study
the regularity of the minimizers of 8,’}’”. Firstly, we consider the next approximation to Sf\\/az

A
\ / Vdul? + g2 dmg + / d3 (u, f) dmg, + ”/ |du|?*dm, if ue H(Z,N)
5/\/;(“) = = 2Js 2 /s
+00 otherwise.

with €,0 > 0. As in Proposition 5.14, the existence of a minimizer for Eﬁ}g is guaranteed.

LEMMA 5.17. Given f € L*(X,N), there exists u € H(X, N') which minimizes Sﬁ}g

PRrOOF. Let {ui}x € H'(X,N) be a minimizing sequence. Then, identifying again N-
valued functions with their extension by Nash embedding, we obtain a subsequence, not
relabeled, and a function u € H'(X, RY) such that uj, — u in H'(X,RY) and u;, — u a.e. in
Y. Therefore, by lower semicontinuity, we conclude that w € H'(3, ) is a minimizer. O

Any minimizer of 5,’\\[‘; is a weak solution to the corresponding Euler-Lagrange system

(Sf ) { divgZ. , = —Xexpy ! f in ¥

v-du = 0 on 0%
such that Z. , is defined as

1

v |du|? + €2

Now the goal is to study the regularity of weak solutions to (ng +). In order to do this,
we write the system locally using extrinsic coordinates in the target, by Nash theorem and
isothermal coordinates in the domain, as described in Sections 2.4.1 and 2.4.2. Moreover,
since we want to obtain regularity estimates up to the boundary of ¥, we will focus on

Zeo = 2Zeo(x,du) := ( + U) du.
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neighborhoods around any point in 0%, the proofs for interior neighborhoods being similar,
but easier than the boundary case.

We now fix some notation. For z € ¥ and r > 0, B,(x) denotes the open ball in R? with
center x = (x1,x2) and radius r > 0. We consider the following sets:

Bj (f) = BT(IE) N {xg > 52}
0,(%) = B, (%) N B (0)

The first step towards regularity is to flatten 03 around a fixed point z € 03. As 0% is
smooth, there exists a smooth transformation ¥, for a some neighborhood U of z such that

\IIZ(UO E) = Bl(O) N {IEQ > 0} =: BT, \IIZ(L{O 82) = Bl(O) N {SEQ = 0} =:T.

(>

FI1GURE 5.3. Setup for the problem after locally flattening the boundary. The
blue area denotes the neighborhood U in the left figure and B;" in the right
figure. The striped area represents 2,.(Z), the red segment indicates I'y N 0<2,,
and the green segment marks the region where u = v.

Without loss of generality, we may assume that & = Uy and ¥, = ¢, for some ¢. For
simplicity we write ¢ := gy (recall the notation from Section 2.4.2). Therefore, any weak

solution to (Sg o) must satisfy

Z 0; A} (z,Vu) = B*(z,u,Vu) for z € Bf
(5.18) i
A3 (z, Vu)|r, =0
for a« € {1,..., N}, with
(5.19) A (z,8) = (a(z,8) + 0)&7,

whereas a and B are defined as

(5.20) a(a,£) = olr)

VIER + 202 (x)
Bz, p,§) = —(a(x,§) + o) ZAS(&,&)(JJ) — A (@) (expy, f(2))"

In particular, we note that A satisfies by definition that

(5.21) | Az, &) < (C/e + )[¢].
Moreover, the matrix A%ﬂ (z,8) := aAgg(;:,g) satisfies the following ellipticity condition:

J
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S A = g e e + (0.6 + el > ol
i,5,0,3
for all n € R?YN. Furthermore, for every pair p, q € R?V the next inequalities hold:
D (AL (@, 8) — A (@, ) (& —nf) = olé =,

(5.22) ZA“ (z, )X = o€,

2 A —A < -,
(523 A& = AW &) < ol
(5.21) A&~ Al < (ot o) el

. x, x,m)| < ming o n|.

Now, we observe that
B(x,p,€) = n(z,p,&) + t(z,p) € TN @ T, N,

with t(z,p) = —\o*(z) exp, ! (f(x)).

Therefore, we can unconstrain the problem by extending n and t to Bf" x RY x RV as
in Section 5.3.1. Thus, we assume that n, t (and therefore B) have already been extended
in such a way that the following holds:

(5.25) t(z,p)| < Clp|, |B(z,p,&)| < Cr+ Colél”.

We will also need a generalized Poincaré inequality for hemispheres. The proof of the
following result, which we omit, is an easy adaptation of the Poincaré inequality for balls in
[73, Theorem 2, p.291], combined with Lemma 2.1.

LEMMA 5.18. Let T € By and ro < dist(z,0B;\I'1). Then, there exists C > 0 such that,
for all r < rg, it holds

(@) [ulzi,) < CriVuliiq,), for any ue Wy 1 (@),
(b) |lu— (U)EJAHLI(QT) < CT”VU”LI(QT), for any u € Wl’l(Qr)

5.5.2. Higher integrability of solutions. Let Z € B and r < dist(Z, 0B; \I'1) and

suppose that u(Q,(z)) C By(p, R) with R < R,.. We define the barycenter of u in Q,(T) as
the barycenter of the measure p := u#[f’ﬂm; that is, the minimizer of

b— / df](u(af), b)dx.
Q- (T)

using the notation of Section 5.3.2. Moreover, we set the next radius

inij

(5.26) R* = i s
min{ = ,ﬁ} if k>0

Thus, using Propositions 5.11 and 5.12, we deduce the following result:
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PROPOSITION 5.19. Let f € L*(X,N) be such that f(X) C By(p, R) with some p € N

and R < R and let u € A, be a weak solution of (S f(,) Then the next intrinsic Caccioppoli
inequality is satisfied

(5.27) / Vulde < / (1+ d2(u, by,))da
Qr(T)

_ c i At
for all T € BIF and r < w, where C > 0 and by, denotes the barycenter of u in

Qo (T). Consequently, there exist ¢ > 2 and C > 0 such that u € Whe(B RY) and

1/q 1/2
(5.28) (f (1+ \Vu!)qd:r> <é (7[ (1+ yw)?dx>
2@ e

_ _ 5t dist(z,0 B \I
forallT e By andr < w

From now on, we will assume that f(X) C By(p, R) for some pe N and R < R.

5.5.3. Holder regularity of the approximate solutions. The next step is to prove
Holder regularity of weak solutions to (ngg)

THEOREM 5.20. Let u € HY(X,N) be a weak solution of (SI,). Then ue C%#(Z,N) for
all B e (0,1).

ProoF. Fix T € B} 4(0), with 0 < § < 1, take r < 2 < 1, and consider v a solution to
the system

DAY (T, V) =0, inQ.(T), a=1,...N,
(5.29) ~
AS(T,V)|oq, @nr, =0, vlaa, @\, = U

We note that it is easy to adapt [39, Theorem 3.I] to our case, which leads to the inequality

2
(5.30) / ]Vv]de<C<p)/ Vo[2da
e ) Jo,@

for all p < r and some C' > 0. Hereinafter, we will omit Z if it is not needed. As v is a weak
solution of (5.29), it satisfies

2/ A (z, Vv)o;p*de =0
2,00 Qr

for all p € H}, AT (Q) N L*P(Qy). If o =v—wu, by (5.21) and (5.22) one can estimate

a/ |Vo|2dx <Z/ AX(T, Vo)oju®dr < <g +0>/ |Vol||Vuldz,
Q, o Q,

which by means of Young’s inequality yields

(5.31) / Vol2dz < o/ Vul?da,
Q.- Q

for some C' > 0 which depends on ¢ and . On the other hand, from equations (5.18) and

(5.29), we deduce that u and v fulfill
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Z / (AF (T, Vu) — A (T, V) dipda
(5.32) ’

—Z B*(z,u, Vu)p“dzx +Z/ (7, Vu) — A (z, Vu))o;p*de,
for all p € H;Qr\rl(QT) N L*(9,). In particular, set w = u — v and take M > 0 so that
(539 ol 1m0, ) < M.

Let us consider ¢ = w - (T° — (|w| + M)*)4 with s € (0,1) and T > 0 to be specified later on.
Then, by (5.22) and (5.24) the left-hand side of (5.32) can be estimated as follows

2/ (A7 (T, Vu) — A7 (7, Vv))0ip®dx

0/ \Vw|*(T* — (Jw| + M)*) ydz — ( + U) s/ \Vw|?(|w| + M)*dz,
Q, Krp

min o

where K7 := {x € Q, : |lw(z)| < T — M}. Concerning the right-hand side of (5.32), from
(5.25) we deduce that

5 [ 187w wptis < [ (Cr+ IVl = (fu] + 1)),
Qp Qr

while (5.23) implies

min g

Z/ (A3 (7, Vu) — A (z, Vu))0jp*de < C/ |z — Z||Vp|dx
Qp Qr

7,0

< c/ & — 7|V (T — (Jul +M)S)+d:c+C’s/ & — || V| (jw] + M) da.

Kr

Now, plugging the above estimates into (5.32), taking into account that |w| + M < T on
Ky and |z — Z| < r, we derive

7 [ TP = (ul + M) sz

Qr
< (C+ J)STS/ \Vw|?dz +/ (C1 + Co|Vu))|w|(T* = (Jw| + M)®), dx
Kr Q

; C’r/ Vw|(T* — (jw| + M), de + cmrs/ Vu|de,
Q. Kr

Young’s inequality applied to the last two terms, joint with r, s < 1, yields
3 ] TRl )

< CSTS/ Vwlde + CT2 + O T | |wde + chs/ Vul2w]dz.
KT KT

Qr

Now we take T = 2571 M so that, by definition of M in (5.33), one gets

TS
a/ IVw|2(T* — (jw| + M)*) da = Z / |Vw|*dz.
QT 2 Qr/?
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102 5.5. Regularity results for an approximate problem

Then we deduce that

(5.34) / |Vw|?dz < Cs/ |Vw|?dz + C’l/ |w|dz + Cg/ lw||Vul*dz + Cr?,
Q) Qr Q, Kr

for some C' > 0. In the sequel we will estimate the integrals of the right-hand side. For the
first one, from (5.31) we reach

/ |Vw|*dx g/ (IVul? + |Vol*)dz < c/ |Vu|?da.
Qr Q. Q

To estimate the second integral, by means of Poincaré’s inequality, Lemma 5.18(a), Holder
and the previous inequality, we observe that

N 1/2
/ lwldz < CT’/ Vuwlde < Cr2 </ |Vu|2da?> < Cwr?,
Qr Q. Q-

where we have also applied the Caccioppoli inequality in (5.27). Finally, for the third integral

we have that
2 q=2
q q
/ || Val2dz < Cr? <][ \Vu]qu> <][ |w\qq2dx>
Ky Q, Q,

q—2

2 9 2 e
<CTar (1+ |Vul*)dx |w|dz
Q2r Q
q—2
2 2 20 2
< CTx |Vul“dz (1+|Vul*)dz
QT 927"

using Holder’s and (5.28) inequalities and the definition of K7. Thus, we deduce from (5.34)
that

=2
2 2 2
(5.35) / VwlPdz < C | |s+Ta </ |Vu|2da;> ’ / \Vul’dz + (1 + Ta)r? | .
Q2 Q, Qo

If we define ¢(p fQ |Vu|?dz, we deduce that

d(p) < C/ |Vw|*dz + C ) / |Vo|2dx
QT/Q

sc/% wa|2dx+c( ) o(r

<C(s+(p) +Tq¢ > o(2r) +01+Tq)

for all p < r/2, applying (5.30), (5.31) and (5.35) inequalities. Possibly increasing C' we
deduce, for p < r/4,

o)< s+ (%) +Tho)5 )t + C1 4 T2
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Observe that for r/4 < p < r, we obviously have ¢(p) < 16 (2 ) o(r). Then the
previous inequality holds for any p < r. Settlng p = Tr, ﬁ € ( 1) and s 2 with

302 =128 Be (8,1). Since ngﬁ(r)qf < 72, for ¢(r) < €1, we get

o(rr) < 7'23(;5(7') +C(1+ Tg)r2 < 725(;5(7“) +C(1+ T%)ﬂﬁ
Therefore, by induction, we get

$(rr) < PPRo(r) + C(1+ TH (1) 3 (26

s=0
24
_ 20T 9pk 28k
= ((;5(7“)+C(1+T0)726_T26~>7' < e1m"",

if we choose ¢(r) < 5 and C(1 + Tg)% < &, which holds for r < rg for some ¢ < 5

Then,

28
o(p) <C (p) , for every p <
70

Applying Poincaré’s inequality, Lemma 5.18(b), it leads to u € £Z2+28)(Q, , RN), and
thus C%#(Q,,, N) for all 8 € (0,1) thanks to [38, Theorem I1.2]. Therefore, u € C%#(Z, N)
for all g€ (0,1). O

5.5.4. Holder regularity of the gradient.

THEOREM 5.21. Let u be a weak solution of (Sf(,) Then u € CYP0 (S, N) for some
50 S (07 1)

PROOF. Again, for 0 < § < 1, we fix T € B] 4(0), and take r < §. Recall that Theorem
5.20 ensures that u € C%#(Z, N) for every € (0,1) and thus, u satlsﬁes

(5.36) osc u < CrP, / Vul? < Cr?,
Qr(T) Q- (z)

for r < % and B € (0,1). Let v be again a solution to (5.31), and set w := u —v. Now we
will apply (5.32) with ¢ = wmin{l,¢/|w|} for £ > 1. From the left-hand side of (5.32), we
deduce that

Z/ (z, Vu) — A (z, Vv))o;p® dx

20’/ ]Vw|2m1n{ : }daz (C+U)/ |Vw|?dz,
Q, "l K,

where Ky := {z € Q, : |w(x)| > ¢}. From the right-hand side of (5.32), by means of (5.25),
we have that

S [ 1B Vuelde < [ (Cu+ ClTuPlplda
— Ja, Qr

<C1 [ fulde+Co [ [Valmin (ful, ) d.
Q, o

Moreover, using (5.23) and Young’s inequality, we can write
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104 5.5. Regularity results for an approximate problem

2/ (A7, Vu) — AF (2, Vu)) 00" dz

< C/ |z — Z||Veldr < (/ \Vw|m1n{ }dx+/ |Vw]dx>
Qr | | Ky

< ér/ |Vw|dz < 0/ |Vw|?dz + C,rt.
Q, 4 Ja,

Consequently, plugging the above estimates into (5.32), we reach the next inequality

a/ |Vw|2m1n{ f,}dl‘

(5.37) < 01/ |w|dm+C’2/ IV min{|w], £}dz
Q, Qp

+C \Vw|dz + J/ \Vw|?dz + C,rt.
K, 4 Ja,

Now we note that, applying Lemma 5.18(a), Holder and Young inequalities for any 6 > 0,
it holds

(5.38) / wldz < C’r/ Vwlde < 9/ Vs + Cort.
QT Qr QT

On the other hand, notice that

/|Vw\2m1n{ }dx / |Vw\2dx:/ |Vw\2dx—/ |Vw|*dz.
] Kg Q, K,

Substituting this and (5.38) into (5.37) and taking C10 = %, we attain

(5.39) (’/ Vwlde < (C + a)/ Vwde + 02/ Vul min{|w|, e}z + Crt,
2 Q. K, Qr

Parallel to this, we recall that u satisfies

Z A (x, Vu)0;p*da = 2/ B (z,u, Vu)p®(x)dz,

« QT

for o € H' (2 U~y,) N L®(£2,.). By setting ¢ := (u — u(%T)) min{|w|, £} and using the notation
diw = (;w?, ..., d;w"), we have the equality

Z Aa (x, Vu)o;u® min{|w|, £}dx +Z/ A (z, Vu)(u® uo‘(f))iw - Qywdx

|wl

—Z/ BY(z,u, Vu)(u® — u*(Z)) min{|w|, £}dx
< oscu (C’l/ |lw|dz + Cg/ \Vu|2min{|w|,€}dx> ,
Qe Qr Qr

where the latter follows from (5.25). Thanks to (5.22) and (5.21), applied to the first and
second term on the left-hand side above, we reach

Universitat de Valéncia Vicent Pallardé Julia
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Z/ A?(x,Vu)&iuo‘minﬂwLE}dx20/ |Vu|? min{|w|, £}dz,
1,00 v Q-

-y AP (2, Vi) (u® — u(@) Y e < <C +0> oscu/ V|| Vw|de.

Then we deduce that there exists C' > 0 such that
(5.40) (0 — Cyoscu) / |Vu|? min{|w|, £}dz < oscu(Cl/ |w|dz + C’/ |Vu||Vw|dx>.
Qr Q Qr Q Q.

Applying Young’s inequality for any ¢ > 0 and both estimates in (5.36), we find for the last
term that

oscu/ |Vu||Vw|dz < C/ Vw[?dz + Cer?P.
& Ja, Qr

Consequently, (5.40) leads us to the next inequality

T

(0 — Co %scu)/ |Vu|? min{|w|, £}dz < C} %SCU/ |lw|dz + C/ |Vw|?da + Cer??,
T Q I3 Q

for all ¢ > 0. Let us choose 1o < 6/2 < 1 such that Cyo0scq, u < 0/2 . Then, arguing as in
(5.38) and using r < 1, we conclude that

(5.41) ;/ |Vu|? min{|wl|, £}dz < 2C/ IVw|?da + Cer,
Q Qr

for all ( > 0 and r < rg.
Combining (5.39) and (5.41) with ¢ = %, we have

0/ Vw|*dz < (C + 0)/ IVw|?dz + Cr?,
4 Jq, K
where C' does not depend on £. Thus, when ¢/ — o0 we obtain
2 48 0
|Vw|“dzx < Cr forr<r0<§.
Q.

Adapting [39, Theorem 3.I] to our case, we deduce that

2428
/ Vo — (Vo)g,2dz < C (3) ’

Vo — (Vo)z,[*de,
Q, r Qr

for some By > 0 and p < r. Thus,

J

|Vu — (Vu)57p|2d:z < 2/ |Vw — (Vw)57r|2dx + 2/ Vo — (Vv)f7r|2dx
Q Qr

p

2423
<o +o(?) / Vo — (Vo) [2de
Qp

2428
< Cp 120 <8> ’ (/ \Vu — (Vu)z,|*dz + r‘w) .
r

Set 8 = 1+2ﬁ 0. Accordingly, we get that
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1 2C
/ \Vu — (Vau)z p[2dz < 3C + / \Vu — (Vu)z,,|*de,
QP Qr

p2+2ﬁ0 r2+2ﬂ0

so Vu € £(2’2+250)(QT/2). By [38, Theorem 1.2], Vu € C%%(, ). Therefore, we can conclude
that u e CHP0(%). O

5.5.5. Higher regularity via continuity and bootstrapping methods. In order
to obtain a higher order of regularity, we need to smooth out the function f and to use
classical results in regularity theory. Since f is a Lipchitz function, we can approximate it
by a mollified sequence, which we call fs, as in Section 2.4.4. Thanks to the extra regularity
of this approximation, we can obtain the next statement.

PROPOSITION 5.22. Let u be a weak solution of (SI,) with f = f5. Then ue C*(Z,N).

PROOF. To avoid technicalities, we assume that ¥ is an open bounded set in R? (oth-
erwise, we argue by partition of unity subordinate to a cover by isothermal coordinates, as
usual). We note that u is a C1% (3, RY) solution to

> 0A (2, Vw) = Bf(z) in %
(5.42) i
Vw-v =20 on 0%,
for « € {1,...,n}, with

Bf(z) := —(a(z, Vu) + o) ZAZ“ (Osu, Oiu) () — Ao () (expy g f5(2))™ € C¥P(X).

and A and a as in (5.19) and (5.20), respectively. Moreover, by standard comparison tech-
nique, we can show that the solution to (5.42) is unique. We rewrite (5.42) as

Lw = ZAij(.%',Vw)aiij + E(:C,Vw) = Bgl in X

(5.43) i
Vw-v =20 on 0%,
with
4 NxN P; P NxN
Aji(x,P) = —————16;;1 — ® + 00,1 s
i F) \€e2? + |P|? [ ! <\/5292 +|P]2 /2% + |P|2>] ’
Py|PJ?

(€202 + |P|?)3

It is easy to see that the system (5.43) satisfies the classical Agmon-Douglis-Nirenberg
conditions [2]. Note that the system has at most one solution in €20 (%) due to uniqueness
for (5.42). Therefore, the following Schauder estimates hold for solutions [2, Remark 2]:

H’u)”c&,ﬂo (iRN) < C”BHC’OﬁO (iRN) .

As before, one can check that w = 0 is the unique solution to the homogeneous Neumann
problem for the system

tAw + (1 —t)Lw = 0.

Hence, by the continuity method (e.g. [85, Theorem 5.25]), we can prove that there exists a
solution to (5.43) w € C%50(%). By uniqueness, u = w. Finally, a bootstrap technique shows
that u e C*(X). O
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5.6. Lipschitz regularity

In this section and afterwards, we will use repeatedly the following notations:

sin(/kt)

— k>0
Vi ’
se(t) =141t k=0, Cr =S, ta, = z—n and €Oy = :—“
sinh(4/||[t) " "
—_— <0,

VIl

5.6.1. Energy density as a subsolution of an elliptic PDE. As in [143] we get
Lipschitz regularity for general (non-necessarily convex) domains, but we have the extra
difficulty of dealing with maps into a target manifold (instead of scalar-valued) and on a
curved domain. Typically, regularity follows from integral estimates as in [84], but with the
drawback of having to require convexity of the boundary. To overcome this, we adapt to our
setting the Bernstein technique used in [143]; let us highlight that this approach only works
arguing with the intrinsic version of our elliptic system (SZ%), namely, set w := |du|? where

U= ugja solves the system

—Xexp; ! fs in ¥

. 1
(szga) dlv9[<T+€2 Jra)du]
vedu = 0 on 0%

with f5 the mollified version of the initial f defined as in (2.18).

The goal is to get uniform bounds for w, which are independent of the parameters ¢, o
and 0 in order to allow a limiting process when any of these values goes to 0. As a prior
step, we derive an elliptic PDE for w to which we will apply a maximum principle argument.
With this aim, first notice that the system at the first line in (S:%,) can be rewritten as

(5.44) (\/ﬁ + U>T(u)a - 2(10‘:52)3/2 (Vw, Vu®), = —A(exp, ' f5)"

for « = 1,...,n and 7 be the 2-tension (recall Section 2.4.1).
We define the operator

1
(5.45) Fw = — ( + 0'> Agw + has © u) Vi (Vu®, Vu?).

\/w+52

Observe that taking normal coordinates around a fixed but arbitrary point € ¥ and corres-
pondingly around u(z) € N, it is easy to check & is an elliptic operator.

1
(v 2

LEMMA 5.23. Suppose that the supremum of the sectional curvatures of N within By (p, R)
18 non-positive. Then w as above satisfies

1 2
xlh
3w+)\w+2( w+62+a>(|v9 du|gh—9€)
3 {(dw ® (Vw, Vu), ,du) (dw ® 7(u), du) g, Vw2

2 (w + €2)>/2 (w + €2)3/2 2(w + 2)3/%’

(5.46)

4 Ndfs| -

X

where the curvature term X is given by
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108 5.6. Lipschitz regularity

2
R = Z <R”*h(ei,ej)ej,ei>u*h — Ricx (du, du),  with
(5.47) ij=1

RUMX,Y)Z = RM(ue X, uaY s Z,

for a local orthonormal frame {e;}i—12 of X.

PROOF. Recall that on T*X®@u*TN we have the natural bundle metric gxlh := g_1®u*h
so that (4, B) gz, : = g (hag ou)Af‘Bf , while V denotes the linear connection on uw*TA given
by (2.12). Differentiating (5.44) and multiplying with du, using the inner product induced
by g Xl h, we reach

1
<\/m +O'> <V ( ) du>g.h
. 1 <dw ® T(“)a du>gh + § <dw ® <V1U, Vu>g ? du>gh
2 (w+ 52)3/2 4 (w + 52)5/2

1 . 1 N

Replacing the first term on the left-hand side by means of Bochner-Weitzenbock formula (see
e.g. [139, p. 128]), we have

1 Agw Xh 2
<T — + a) <2 — ‘Vg du‘gh + R

(dw @ 7(u), du) s, 3 (dw® (Vu, Vu), du>g.h
2(w + e2)3/2 4 (w + €2)5/2
1

a 1 — —
— m ((haﬁ e} U)VQ'UJ(VU ,V'UJB) + §|V'UJ|3> = —)\<V(expu 1 f5),du>gh,

(5.48) _

where # is defined as in (5.47).
On the other hand, for any X € T3, by the chain rule we have

%X(expgl f5) :hvu*x(exp(__l) f5) + Dy, x exp;l(.).

Here notice that for each x € X, D stands for the standard directional derivative in the vector
space Tu(m)N . Hence, for the term on the right-hand side of (5.48), we can write

2
—<%(8Xp;1 f5)7 g.h Z <<hvu>;<eZ exp( f5) u*el> + <Df5*€i equ:l( : )7 u*ei>h>
=V? 7}1("%) (du, du) 221 D ~1(. ;
= 5 2 Fower XDy ( )’u*el>h

2
= W= Z <Df5*6i equjl( : )a U*€i>h,
i=1

which follows from the Hessian comparison theorem for the squared distance function for
k <0 (see e.g. (10.47) in [158, p. 266]). Moreover, the first equality is obtained as in (5.11).

Now, to further estimate the second term in the right-hand side, consider the geodesic on
N given by ¥;(t) := expy, () (tfssz€i). Then it is well-known (see, for instance, [106, p. 540])
that
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d _
pn expuég) (vi(t)) = J'(0) € TyyN,

t=0
where J(s) is the Jacobi field along the geodesic ((s) = exp, (s exp;(lx) f5(x)) determined
by J(0) = 0 and J(1) = v;(0) = fssxei € Tf, ()N (see Figure 5.4). Then one can reproduce
almost verbatim the proof of Jacobi field comparison in [112, Theorem 11.2], but for a non-

unit speed geodesic, as in our case |('|, = dp(u(z), fs(z)), and a non-necessarily normal
Jacobi field, to deduce that ¢|J'(0)| < |J(t)|. In particular, for ¢t = 1, we reach

[T < [TQ)] = [foxaeil

FIGURE 5.4. Setting to apply Jacobi field comparison.

Taking all the above considerations into account and using Young’s inequality, we get

1

~(V(expy f5) du) o, = w — |dfs| - [du] > - (w — |dfs[?).

O |

Substituting into (5.48) and rearranging terms, we can write

§<dw® <Vw,Vu)g,du>gh (dw ® 7(u), du) gz, Vw2
4 (w + £2)5/2 2(w + £2)3/2 4(w + £2)3/2
> §(w—\df5| )+§$w+ (m‘*“f) (‘V d“‘gh_‘% :

Further rearrangement of the terms and multiplication by 2 leads to the inequality in the
statement. O

Let us remark that, as ¥ is a compact surface, there is always a constant C|, so that
Ricy, > —C|, g, which hence does not introduce any further restriction in our current setting.
We keep the subindex to identify this constant. We conclude that w is a subsolution of an
elliptic equation. More precisely,
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COROLLARY 5.24. Assume that the upper bound k for the sectional curvatures of N within
Biu(p, R) is non-positive. Then w = |du|?, for u the unique solution of (S;‘L), satisfies the
inequality

3 [Vwl|g
2

+0>Czw < + \dfs|%.

1
Vw + €2

PRrROOF. Notice that, as V¥ dy is a symmetric TN -valued 2-tensor, for any orthonormal
basis {e1, e2} of X, we have

2
1 2 1
2 3 5[V autene], = gl
ij=1 i=1

2
’Vghdu’2 = Z ‘Vt"hdu(ei,ej)’2

On the other hand, by means of Cauchy-Schwarz and Young’s inequality, we can estimate

(@0 7). du) g _ Y ® 7()p v _ (sl i
(w+e2)32 T (w+e2)32 T (w+e2)/A (w+e2)5/4

xh 7,12
I (w)|2 Vwlw [V dul o, Vw2

T 20w+ e2)12 T 2w +e2)52 T (w+e2)2 T 2w+ £2)3/2

Similarly, for the first term on the right-hand side of (5.46), we get

<dw®<Vw,Vu>g,du>gh _ Vw2 w _ Vwl?
(w + £2)5/2 T (w4 e2)52 T (w4 e2)3/2°

(5.49)

Accordingly, we reach

1 2
Xh
3w+>\w~|—2< w+52+0) <|V9 du|gh—%>

2
Vw2 VI gy |2

< 3 [Vuly + Ndfs)? + 7| |gh.
2 (w+ €2)3/2 (w + e2)1/2

. . . . 1 h 2 .
Finally, discarding the non-negative term ( Joio T 20) |V9 du|gh on the left-hand side,

and using the curvature assumptions, we deduce the inequality in the statement. [l

5.6.2. Baby case: Lipschitz regularity in the convex case. At this stage, let us
point out that the above estimates can be applied directly to provide a uniform bound on
the Lipschitz constants of the approximating solutions in the convex case. With this goal,
let us denote by r, := dy(-,0%) the Riemannian distance to the boundary of our domain
surface. As 0¥ is smooth, the function r, is known to be smooth in the interior of ¥ out of
the cut locus of 0% (see [148, Proposition 3.10]). In addition, Vr,|sx = —v, where v is the
unit outward normal to 0%, and hence for any X € T'0% we have

(5.50) V2T0(X,X) = <vara,X> = —(Vxv, X>g = _ka|X|52;a

g

being k, the geodesic curvature of the boundary curve 0X. Consequently, for a convex
boundary, the distance function r, is concave.

PROPOSITION 5.25. Let N be a complete n-manifold with a non-positive upper bound
k for the sectional curvatures within Bp(p, R). Assume that f is a Lipschitz function with

f(X) C By(p, R) for some R < R,. Then the unique solution u of (S;f"g) s Lipschitz with
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constant only depending on the Lipschitz constant of f, under the extra assumption that the
boundary curve 0% is conver.

PROOF. A routine computation in local coordinates gives
(9kw = 2gijha5|u (@iu"‘ - 6gu°‘ ka +h1“§‘y]u &zﬂ 8ku5) ajuﬁ,

where the shortcut F'|, means composition with the map wu.

Now choose a chart {z!,2%} so that 22 = r,, and thus for the normal derivative we
have V, = —0;. By normalization of the first vector, we can assume that {01, 0>} is a
local orthonormal frame. Then, taking k£ = 2 in the above formula and using the Neumann
boundary condition to remove the last term, we reach

o g
8—15 = —Jow = —2g”ha5\uvg2ua6juﬁ = —2ha5|uV%2u°‘81u5.

On the other hand, notice that
Viu® = (Vo, Vu®, d2) = 01 (Vu®, d) — (Vu®,V,09) .

Moreover, by the Neumann boundary condition, (Vu®, 02) vanishes on the boundary, and thus
its gradient points in the normal direction. In addition, Vu? = d,u? 6, € TOX. Accordingly,
we can write

ow

(5.5 = = —0w = ~2hagh <v (Vu®, 0y) ,w5> + 2hogluru®dru’ (1, Vo, 0o)

=0—w(01,Vav)=—k,w<0,

which follows by applying the convexity hypothesis.

The latter estimate, by means of Hopf’s maximum principle, ensures that the maximum of
w cannot be attained at the boundary 0X. Let us then evaluate the inequality from Corollary
5.24 at a maximum interior point x, taking into account that Vw = 0 and Lw > 0. Then
discarding also the squared norm on the left-hand side, we reach

(A —20C,)w < 2 SCsw + Aldfs[* < 2C;vw + Aldfs|*.

1
vw +e¢
Without loss of generality, we can take o small enough so that cC, < A\/4 and assume that
w > 1 (otherwise we are done). This leads to

A A
SVw <20 + ﬁ!dﬁs!Q < 2C; + AC'Lip(f)?,

which implies the stated Lipschitz regularity of u in X. (]

5.6.3. Modification of the argument for a weighted energy density. To achieve
our main result removing the extra condition about convexity of the boundary, one needs to
work harder. The key idea comes from [113, Lemma 2.4] and amounts to multiply w by a
suitable test function so that for the product the nonnegativity in (5.51) still holds and we
can argue at a maximum interior point with an appropriate version of Corollary 5.24, which
we deduce in the following lines.

LEMMA 5.26. Set @ := pw for some positive function ¢ € C%(X). Then, under the same
assumptions and notation as in Lemma 5.23 and at a mazimum interior point of X2, it holds
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AW 2( ! + )C w
w — —_— g w
\/w+52 >

Vol? 1 Vo2
< Aoldfs|? + ow <2|;0|g - Ago) + 5\/6 <11|;0|g + 5|V280|g>.
PRrOOF. Taking into account that the Hessian of a product reads as

VAT = o Viw + 0w djp + jw dip + w Vi,

we can write

~ 1
Z=pLw— (m + O') <wA<p +2 (Vw,V@g)
w «
2

a B
+ m(hag ou) (Vw, Vu®), (Ve,Vu >g,

Then, we note that

]Vzgolgw 4 2’Vw‘g’v¢‘gw
(w + £2)3/2 (w+e2)3/2 7

3@<<p3w—< wA<p+2<Vw,V<p>g>+

1
L)
vw + €2 )
which follows by applying Cauchy-Schwarz arguing with normal coordinates both in the

domain and target, around a point z € ¥ and u(z) € N, respectively. Now multiply by ¢ the
inequality in Corollary 5.24 and substitute the above estimate to reach

1
LU+ AN -2 ——— + 0 |C.w
<\/w+€2 > >
3|Vl 1
9.93 < —————9 4 Noldfs|? — (+ >A
(5.53) 2(w + €2)3/2 eldfal” —w Jote 7)7F

!legIWIg'
Vw + g2

Evaluating (5.53) at a maximum interior point x € 3, we find that

1 2

(5.54) 0=V = (Vyo)w + ¢Vw, and hence Vw = —zpw.

By substitution of the latter, we get

1
LU+ — 2 —— + 0 |C.w
(\/w—I—es? > >
3W‘P‘527 2 2
< 2% Vw + A|dfs|? — cwAp + V2w |V
1 Vol Vel
+2 +0o Iw + |V? w+ 2 I/ w,
(Gt + o) 00w+ 1Pl + 25 2

where we have also used that (Ag)? < 2|V2p|?. Rearranging the right-hand side and taking
into account that £w > 0 at a maximum interior point, we deduce the estimate in the
statement. O
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5.6.4. Lipschitz regularity of the approximated minimizers.

PROPOSITION 5.27. Let u be the minimizer ofé'N e when k < 0. Then there exist constants

C >0 and C’Z, depending only on the domain surface 3, such that the following uniform
bound holds:

|du| < CLip(f)? + C,,.

PROOF. By the already mentioned regularity properties of the distance to the boundary
r,, we can find a constant ¢ > 0 so that r, is C® on the set {x € ¥ : r,(x) < ¢}. Then
consider a function n which coincides with r, if r, < £/2, and vanishes for r, > /.

Let us take in particular @ := e“"w with ¢ := 2maxgy |k,|. With the same conventions
as in the proof of Proposition 5.25 and using (5.51), on boundary points we have

ow ~

(5.55) F” =e“Mw(—k, —c) < (|ks| — ) <0,
being the latter true by the choice of ¢. Consequently, arguing as in the proof of Proposition
5.25, Hopf’s maximum principle ensures that the maximum of @ occurs at the interior of X.
By composing r, with any cut-off function in W?2% we have the following growth for the
derivatives of our concrete test function ¢ = e“":

(5.56) Vel

3 5 3 c?
*IVQ | < 5clVnl* + sDIVQnI Cs@(c + 7 ) < Cyp,
where C' comes from the bounds of the first and second derivatives of the cut-off function
and we have also used (5.50). The notation indicates that the constant only depends on X,
but is uniform in ¢ and €, and its concrete meaning may change from line to line.
We are now in position to apply Lemma 5.26 to reach

(A —20C,) < 2Coov/w + Aoldfs|? + (ow + vw)Cyp,

and rearranging terms, it leads to

(A —20C,, — 0Cy)vw < 2Cy + T |dfs]? + C.

Finally, taking o small enough so that o(2C, — 062) < % and arguing as at the end of
the proof of Proposition 5.25, we deduce the estimate and hence the regularity claim in the
statement. In fact, notice that we have a bound for max w, but the conclusion follows because
|du|? < @. O

5.6.5. Convergence and Lipschitz regularity of the original problem.

PropoOSITION 5.28. Let ¢ = 0 and u be the minimizer of E,i‘,’g

ue COLHZ,N).

when k < 0. Then

PROOF. Let {ex}r, {0k }r be such that e, d — 0, and let uy, be a weak solution of (Sgk k)
We can keep o > 0 fixed, because for the case when o = 0, we simply take o — 0 and
repeat all the computations. By Propositions 5.22 and 5.27, we have that the functions wug
are uniformly bounded in C%! (X, V).

Therefore, one can find a subsequence (which will not be relabeled for brevity) such that
ug — u strongly in L® (X, ) to some u € C%1(3, ). Moreover, working again in isothermal
coordinates for the domain and in extrinsic by isometric embedding in RY for the target, we
have that Vu,—~Vu in L®(Q, R?N) for all £.
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Remember from (5.18), that it holds that

Ag(x) = olz) + 0 | Vug(x) =: o(x)ak(x) + oVug(x).

N\ VIVu@)P + ()
Since |ak| (o, rev) < 1,
ap, = ‘a in L*(Qy;R*Y) and HZG/HLOO(QE) <1,
for a subsequence, not relabeled. Thus
Ay 27 = p'a+oVu in LP(Q,R?Y).

From (5.18), we deduce that div(Ay) is uniformly bounded in L?(Q,, RYY). Applying [72,
§5, Lemma 4], we deduce that

(Vug, Ay — (Vu, 0'a) + o|Vul> in L*(Q).

Furthermore, from the definition of a; we note that (Vuyg, ar) > |Vug| — e and by the lower
semicontinuity of the modulus with respect to weak convergence, we have that

o|Vul| + o|Vul* < li;ninf<Vuk,Ak> < o(Vu,‘a) + o|Vul?,
—00

which implies that (Vu,‘a) = |Vu|. Moreover, by the strong convergence to u we obtain
that ¢ Z(x) e Tyz)N, for a.e. x € Qp, which in turn leads to ta(r) e Ty)N, for a.e. x € Q.

We let now a := Y, x¢ - (‘@ o ¢¢) and define the 1-form Z as
Z(az) = ag,

which satisfies (5.17).
On the other hand, by strong convergence and boundedness of div(Z;,), we can take

limits in the weak formulation on (Scf ») and we obtain that w and Z satisfy the system of
equations in (5.16). Finally, as in [84, Theorem 2] we note that, for ¢ € C*(X),

/ divg(¢(a® + oVu®))dm, = / ¢ (a® + oVu®,v) dmg,
s ox

where ¢ is the induced Riemannian metric on 0%, and

/ divy(p(Ar®))dm, = 0.
2

Consequently, we have that

/ @ (a® + oVu®,v)dmg| = ’/ (boldsymbolh — hy,)dm,
[ x

with h = div(p(a® + oVu®)) and hy = div(o(A¢)). Then, since hy — h in L*(Z), we
conclude that the boundary condition in (5.16) holds. O
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LEMMA 5.29. Notice that with the same proof, but keeping € > 0 fized and letting §,0 — 0,
we also obtain Lipschitz reqularity for minimizers of &i}’g. Additionally, the local statement
in Corollary 5.2 follows by redoing similar computations, but choosing ¢ in Lemma 5.26 as

a suitable cut-off function within a fized ball.

5.6.6. Lipschitz regularity for the steady Mosolov problem. In this part the goal
is to prove claim (b) in Theorem 5.3. As before, the trick is to multiply w by a suitable
test function, which now has to depend on the target manifold in order to compensate the
quadratic terms in w arising from the positive upper curvature bound. Hereafter we will use
the following notations:

~_
p = ;
Yop

where ¢ = e is the test function coming from the proof of Proposition 5.27 and 1 will
be specified later on. Let us first compute the terms appearing in (5.52) with this new test
function. Unless otherwise stated, all Laplacians, gradients and inner products are computed
with respect to g, and % is always evaluated in p. Hereafter, C', does not have a specific
meaning as before, it just indicates any constant which only depends on the domain surface.

with p=rpou:=dy(p,u(-)), and w = Qw,

LEMMA 5.30. With the previous notation, let £ > 0 be an upper bound for the absolute
value of the sectional curvatures of By(p, R) C N. Set w = |du|? for u any solution of ( 5/"5)
Then w attains its maximum at an interior point of X. Moreover, at this point, the elliptic
operator & defined as in (5.45) for w > 1 satisfies

VLW < pLw+ @( + O‘) (¢'cok(p)w + 1/)”|Vp|2) — 2 ARW + acp|Vghdu|2

1
Vw + g2
w32

2
-I-Cz; (W(l_w/+(w/)2+|wll|) —¢'00n(p)\/a+410(¢¢) >’

provided that 0 < ¥ < 1 is a non-increasing function.

PROOF. After applying the chain rule several times and some algebraic manipulation, we
obtain that
~_Ap ¢ Y’ ~
Ag==F— (U Dp+¢"|Vp*) = 2--(Vp, V).
(I (4
On the other hand, let us check that (5.55) still holds in the current setting. In fact, choosing
again x? = r, so that V,, = —02, we obtain

ow 0 (eTw) Y Y orn o
57 3 ap) ol me ) < B Ghone <0

where we have applied the Neumann boundary condition and the same choice of ¢ from
Proposition 5.27. Once more by virtue of Hopf’s maximum principle, we can argue from now
on at a maximum interior point for w, at which as in (5.54) we have

(5.57) Vw = —wV(log @).
Next, using that

~ Vo ¢,
.58 Vo =—-—9Y'V

leads to

Universitat de Valencia Vicent Pallardé Julia



116 5.6. Lipschitz regularity

~ Vv ~ ' ~
2(Vw, V@) = —2w<?¢, V(log @) + Qwi (Vp, Vo).

Summing up, we have

— Ap+ 3 Ap +¢"|Vp|?) — 212 (Vo,Vp).

Doing similar computations for the remaining terms in (5.52), £ is equal to

L2 N Vol|?
—1 (Agp + (Vw, Vgp>) = 2‘5‘

+ % <(V290 — FUIV2p) (VU Vu®) — Gu" (Vp, Vu)® — 2(Vip, Vu ) (Vu, V/ @)
w 2

— Ap+ (W' Ap + 9" |Vp|?)

where we have taken normal coordinates around u(z) € N, being z the maximum interior
point of w, and we understand sum over repeated indices.

By choosing ¢ to be a positive non-increasing function, using (5.56) and taking into
account that |Vp| < y/w, we can estimate

~ ~ w 1 ~( 1 " d/
_wht U2 p(Vu®, Vu®) + 1y —r (Czapw + Pl |w? + 2¢LW‘ |V<z|w>.
(w + £2)2 (w+ e2)2 ®

On the other hand, by the composition rule and the Hessian comparison theorem as in
[147, Lemma 2.9] for sectional curvatures bounded above by &, we get

W Ap = ¢/ Alrp o w) = ' (V2 (Vue, Tu) + "Vl m(w),, ) < Weos(p)w — |7 ()

In turn, our equation (5.44) allows us to get a bound for the last term above as follows

(\/ﬁ + a>m (@)

It remains to estimate the term with V2p, for which we use that the sectional curvatures
of N are bounded below within the geodesic ball By(p, R) D u(X), say by —k. Then the
remaining bound of the Hessian comparison theorem leads to

M@ 9] -
(0 (G
W}JCO_ (p)w + @‘Vg-hdu‘ —i—go(zil) ,

which follows by Young’s inequality.
The last ingredient to bound Zw at an interior maximum is that

~ Vel | [¥] > |VSD| Y
5.59 Vuw| = <|Vy| <w 7+—V - —w7,

where we have applied (5.57) and (5.58).

1 ~
<1ﬂ<|Vw|\f+)\{expu f|h> < f|Vw| + 2RA\W.
2(w + €2)2 2

p(Vu*, Vu®) < (co_m(p)w + ‘VghduD
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Gathering all the above inequalities, taking into account that ¢ is by construction a
bounded function on ¥, and in case w > 1, after a lengthy but straightforward manipulation
we reach the claimed inequality. ([

LEMMA 5.31. With the previous notation, let k£ > 0 be an upper bound for the absolute
value of the sectional curvatures of By(p, R) C N with R < R¥. Set w = |dul?® for u any

solution of (SJ"O_) For the elliptic operator & defined as in (5.45) one has

1
Fw + 20|Vl < (m
w e
Vg [Vul
+——F - 4 2R——L.
2w + £2)2 Vw + €2

PROOF. From the proof of Lemma 5.23, as we have only used the curvature assumption
to estimate the term with A, we have the equality

+ a) (kw + Cy)w + 2 7|dfs|v/w

1 xlh 2 Vi -
Zw + 2(r — + 0) <|V9 du|gh — %) — 2)\<V(expu ! f5), du>gh
B §<dw ® (Vw, Vu) du>gh B (dw ® T(u), du) 4, B Vw2
2 (w + €2)5/2 (w + €2)3/2 2(w + £2)3/2’

A slight variation of the argument in the proof of Lemma 5.23, using Jacobi field com-
parison, allows the method to be applied in the case of positive curvature bounds. This is
achieved after reparametrizing to obtain a unit-speed geodesic and making slight modifica-
tions for not necessarily normal fields. Additionally, by employing Hessian comparison for
the squared distance function (see [104, Theorem 6.6.1]), we obtain

dh(u7 f)
s (dn(u, f))

where to discard the first term we have applied that dp(u, f) < 2R < ﬁ by the definition
of R¥ in (5.26).
Combining the latter with (5.49), we can write

—(V(exp, " f5), du) o, = dn(u, [) cog(dn(u, f)) w —2 |dfs|v/w = —ldfs|v/w,

Zw+2< R+ 2 7| dfs|vVw

Bh g, 2 1
+O'>|vg du|gh<2(m+0)
{(dw @ 7(u), du) gz, . [Vwlj

(w + £2)3/2 2(w 4 £2)3/2

1
\/w+€2

For the curvature term given by (5.47), we have

2
R < IﬁZZ ‘u*ei A u*ej‘h + Cyw

2%
K
< HZ (|u*ei|i|u*ej|% — (u*ei,u*eﬁi) +Cow < §w2 + C w,
i:j

which follows thanks to the standard estimates

1 L |
Z <”*eiv“*€j>i2l = XZ: |usesl), > 2(; |U*€i|%> = §w2.

i3
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. . . . . h
In turn, by applying Kato’s inequality, which yields |[Vwl|y < 24/w|V9 du|gh, to the
last term in (5.6.6), we obtain

1
Vw + €2

Finally, our equation (5.44) leads to

1 -1 |Vw|gy/w |Vwl|g
_— — g < — 2 — 4 2)\RV 2,
Vw + €2 +0> <2(w+62)3/2 2(w + £2)1/2 " we

which leads to the inequality in the statement. ([

[Vol, Ir(w)la

gixlh
3w+20}v du}g.h < ( w22

+ a) (w? + 2 Cgw) + Ar|dfs|v/w +

il < # Xdi(u )

By combining the estimates in the previous two lemmas, after some extra work and
an appropriate choice of the test function v, we can prove a Lipschitz regularity result for
constants uniform in e, but depending on o.

PROPOSITION 5.32. Let u be a minimizer of E,{‘,’g when k > 0 is an upper bound for the
absolute value of the sectional curvatures in Byp(p, R) C N for R < RY. Then there exist
constants C > 0, depending on the domain surface ¥, k, X and/or R (but are independent of
g,0), such that the following bound holds

o?|du| < C(Lip(f) +1).

PROOF. Setting again w = Pw and with the notation at the beginning of this subsection,
Lemma 5.30 ensures that @ attains its maximum at an interior point . We perform all the
computations at z hereafter. Let us multiply by @ the inequality from Lemma 5.31, which
joint with the one in Lemma 5.30 and further estimates using (5.59), allow us to write

~

© 1
s ?/J<Vw+62

/ /
+ 23| dfs|v/w — AR ECO_H(p)CE\/IZ + 2ARC, 3vw

< LW+ 900|V9.hdu| + a> ((w'co,{(p) + mﬂ)wQ + (Cgp + w”\Vp\Z)w>

Cs 3 o W)

G (1w w2 + o
By assumption, as p(z) < ﬁ, we set ¢ = c2. Thus, we may assume that w > 1;
otherwise, we are done since 1 is bounded from below. Taking into account that % = —2k ta,

and 1" < 0, we can estimate

0@ 2(p)w? < C, ;ldfs|vw + C(w*? + o7)

where C' is a constant that may depend on 3, A, k and/or R, but is independent of ¢, 0 and
has a meaning that may change from line to line. Notice that we have used that

|¢] . 1
?CO_ «(p) < 2sin(v/kp) (1 + \/Ep> <C.

Accordingly, we conclude
oldu| < C, oldfs| + C(1+071),

which leads to the Lipschitz regularity claimed. (I
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The same proof as that of Proposition 5.28, together with lower semicontinuity of &, yields
the following regularity result without further restrictions on the curvature of the manifold

N:

PROPOSITION 5.33. For any o > 0 there exists a minimizer u of 52‘/0, such that u belongs
to COL(S,N).

5.7. Regularity results for signal denoising

In this section, we establish the Lipschitz regularity of minimizers of %‘; for e,0 =2 0
and f € Lip(I'). We present the proofs explicitly for the case I' = [0, 1], since the case
I' = S! is simpler due to the absence of boundary conditions. In this setting, the system of
Euler—Lagrange equations takes the following form (where, as before, we identify manifold-
valued functions with their embedded representation provided by Nash’s theorem):

(Sf ) { (Zaofa(ux))z + (Au(ug, Ze o (ug)))® = —A(exp;l e in (0,1),
=7 uf = 0 at {0,1}

T

with

1
Z8 (ug) = | ——= +0 | ud.
5,0’( 17) (\/W ) x

In this case, we first show that weak solutions have better a-priori regularity that in the
case of the domain being a surface 3.

LEMMA 5.34. Let u be a bounded weak solution to (ng_(,) with e,0 > 0. Then uy €
c1([0,1]).

PRrOOF. First of all, we observe that since u € H'(0,1), direct from the system, one
obtains Z. ,(u;) € WH1(0,1). We consider now the transformation 4 : RY — R¥ given by

1
A() = <\/m +J> €.

Since its Jacobian is strictly positive on (0, 1), we can apply the inverse function theorem, and
obtain that A~! is well-defined and belongs to C*(R"). Therefore, as u; = A™Y(Z. ,(uz))
we obtain that u, € W11(0,1). Hence, by Sobolev embedding, u, is bounded. Then, once
again from the system, we get that Z. ,(u,) is a Lipschitz function, which implies that u, is
also Lipschitz. O

We are now in position to prove Theorem 5.3. We only sketch its proof since all the
arguments have been already shown in a more complicated framework.

Once the regularity of the solutions of the approximating problems has been obtained,
a mollification of the data f as in Proposition 5.22 yields smoothness of the approximating
minimizers. Then, the same Bernstein technique as in Proposition 5.25, shows that indeed
the Lipschitz constants of the approximations are uniformly bounded. Therefore, a passage
to the limit as in Proposition 5.28, together with lower semicontinuity of Sﬁ‘/g, proves the
result. In this aspect, we remark that the relaxation of the radius condition is given by the
simplicity of the 1-dimensional case (see [88]). O

Finally, we obtain a local estimate as in [82, 83| (see also [95]), which is stated as follows
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PROPOSITION 5.35. Suppose that f(I') C B(p, R) with R < R}. If u is a bounded weak
solution of (S({O), then the next pointwise estimate holds:

(5.60) luz| < C|fz|  for some C >0, a.e. inT

PROOF. As in [82], let us consider u to be a weak solution of (Sef .2)- We will prove that
for every T € T' it is satisfied that

(5.61) / luy [Pz < cpﬁ \fulPdz + peP|T| for pe [1,2],
N N
where C' > 0, and

(5.62) limsup/ |uz[Pde < Cp/ |fz|Pdz  for p e (1,2],
B, (CE()

E—E Br(xo)

for 0 <7 < R and o € I such that B r(zp) € I'. Thus, we define the following function

1 Uz

= —¢?|ualt”

’
|tz e

where ¢ is a Lipschitz function. From the system (Sg .2), we then have that

(5.63) )\/f‘/_? : (equjl(f))wdfv = /f(@)w : ((Zs,e2 (uz))z + Aul(a, 25,52 (um)))dx

The right-hand side of the above equation is equal to

(5.64) - ‘/1:(902|uz|la)_1)w ‘;Lajs ) ((Zz-:,e?(ux))w + AU(Urfc»Zs,s?(uw)))d33
565 = [P () (Eeun))e + A, Zea(ur)))

Firstly, we note that (5.64) can be computed as in [82, Lemma] since u, - Ay(-, -) = 0.
To analyze (5.65), we will use the technique from [84, Lemma 2|, obtaining

_ Ug
[ etz ( ) (2o (1)) adlz
I |u-73|5 x

_ / 1t P2 (0 + T () - (B 1t))add + / 1t [P (1 1) (1 - (B (1))l
T I

= /f 902|ux|§_2771f(umz) ) (Ze,zs? (uz))edr = /1;(,02|ux|§_2.,4u(ux,um) - Ay (U, (Zz-:,s2 (ug))e)de,

Furthermore, we observe that

ﬁ@2|uw’£_1 ( = ) - Ay (U, (25,52(uw>):v)dx = ﬁ SOQ,U:BVED_QUM - Ay (U, (Zaa? (ug))z)d
I T I

|ux’5

_ / P lual?? Ay itz ) - Au(t, (2.2 (1)) )de,
I

using that ug - A,(-, -) = 0. Thus, we conclude that
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_/f¢2|uz|§—1 ( ;ﬁm )x (Ze 2 (u2)) + Au (U, 2 2 (ug)))dz < 0.

|tz e

Therefore, as in [82, Lemma] for ¢ = 1, we deduce from (5.63) that
(5.66) [!Um|§2ux - Ou(expy (f))uzdr < / |1tz |22tz || O (exp () frl .
r r

Now, noting that for p < 2 we have |ug[2 ?|ug|2 = |ug|? — P, we employ the Hessian
comparison as in Lemma 5.31 and we deduce that

/f|ux|£dx | < /F 1 |22 1y 2

(5.67)
< [ Jual™ s 2ulexp ! (1) usd
r

with C' := max {1, m}. Additionally, as in Lemma 5.23, we obtain that

|af(exp171(f))fm| 7T|fx|

Consequently, we have

¢ /ruuz’?ruxnaf(expu( fulde < / 1 22 otz | ol

Cw/yux|p U lde < /| Pz + ¢ /|fx|pdx

using Young’s inequality in the last expression. Combining (5.66), (5.67), and (5.68), we
deduce (5.61) with C' = Cw. Moreover, we can adapt [82, Lemma] using (5.61) to deduce
(5.62). Finally, if we repeat [82, Theorem] using (5.62), we obtain the local estimate (5.60).

O

(5.68)
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