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Introduccid

El mén digital ha comportat ’aparicié de molts tipus de dades, de mida i complexitat
creixents. De fet, els dispositius moderns ens permeten obtenir facilment imatges de major
resolucid, aixi com recopilar dades sobre cerques a la xarxa, analisis sanitaries, xarxes socials,
sistemes d’informacié geografica, etc. En conseqiiencia, I'estudi i el tractament d’aquests
grans conjunts de dades té un gran interes i valor. En aquest sentit, els grafs ponderats
proporcionen un espai de treball natural i flexible on representar les dades. En aquest context,
un vertex representa una dada concreta i a cada aresta se li assigna un pes segons alguna
mesura de “semblanc¢a” adequadament triada entre els vertexs corresponents. Historicament,
les principals eines per a I’estudi de grafs provenien de la combinatoria i la teoria de grafs. No
obstant aix0, després de la implementacié de 'operador laplacia (discret) associat a un graf en
el desenvolupament de I'agrupacio espectral als anys setanta, la teoria d’equacions diferencials
parcials en grafs ha obtingut resultats importants en aquest camp (vegeu, per exemple, [63],
[115] i les seves referéncies). Aixd ha provocat un gran augment de la investigacié de les
equacions diferencials parcials en grafs. A més, U'interes s’ha vist reforcat per I'estudi de
problemes en el processament d’imatges. En aquesta area de recerca, els pixels juguen el
paper dels vertexs i els pesos estan associats a la “similitud” entre els pixels corresponents.
La forma en que es defineixen aquests pesos depen del problema que ens ocupa (vegeu, per
exemple, [79] i [114]).

En una altra nota, sigui J : RN — R una funcié no negativa, radialment simetrica i
continua amb {5y J(z)dz = 1. Equacions d’evolucié no local de la forma

(0.1) up(x,t) = JRN J(y — x)uly, t)dy — u(x,t)

i les seves variacions, han sorgit de manera natural en diversos camps cientifics com a mitja
per modelar una amplia gamma de processos de difusié. Per exemple, en biologia ([53],
[131]), sistemes de particules ([38]), models de coagulacié ([84]), models anisotropics no locals
per a transicions de fase ([1], [2]), finances matematiques mitjancant una teoria de control
optima ([36], [104]), processament d’imatges ([91], [109]), etc. Un raonament intuitiu que
explica el grau d’aplicabilitat d’aquest model prové de pensar en u(x,t) com la densitat d’una
“poblacié” en un punt z en el moment ¢ i en J(y — x) com a la distribuci6é de probabilitats
de passar de y a x en un “salt”. Aleshores, {ox J(y — x)u(y,t)dy és la taxa a la qual els
“individus” arriben a x des de qualsevol altre lloc i —u(z,t) = — {on J(y — z)u(x, t)dy és la
velocitat a la qual surten de la ubicacié x. Per tant, en absencia de fonts externes o internes,
ens conduira a l’equacié (0.1) com a model per a I’evolucié de la densitat de poblacié al llarg
del temps. Es pot trobar un ampli estudi d’aquest problema a [18].

En els dos paragrafs anteriors, hem avancat dos casos en qué hi ha un gran interés en
I'estudi d’equacions diferencials parcials en un entorn no local (o discret). L’analisi de la
formulacié peridinamica de la mecanica continua (vegeu [111] i [145]), aixi com lestudi
dels processos de salt Markov i altres models no locals, han augmentat aquest interes. Les
referéncies sobre tots els temes esmentats fins ara es donen al llarg de la tesi (vegeu també [48],
(64, [77], [79)], [87], [88], [92], [109], [114], [143], [155], [156], [161]).

L’objectiu d’aquesta tesi és unificar en un marc ampli ’estudi de molts dels problemes es-
mentats anteriorment. Per fer-ho, observem que hi ha una forta relacié entre alguns d’aquests
problemes i la teoria de la probabilitat, i és en aquest camp on trobem els espais adequats per
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xvi 0.0. Guio de la tesi

desenvolupar aquest estudi unificador. Sigui (X, B) un espai mesurablei P : X x B — [0,1]
un nucli de probabilitat de transicié a X (vegeu la seccié 1.1). A continuacié, es pot definir
una funcié de transicié markoviana de la seglient manera: per a qualsevol z € X i B € B,

t"
Py(x, —tﬁz —P"(@,B), teR.,
on P" denota el nucli de probabilitat de transicié al pas n. La familia d’operadors associada,
P.f(z) :=§ f(y)Pi(z,dy), satisfa
0

5Pl (@) = JPtf(y)P(x, dy) = P.f(z).

A més, si considerem un procés Markov (X;):=0 associat a la funcié de transicié markoviana
(P;)t=0, 1 si denotem per p; la distribucié de X;, llavors la familia (u)i=0 també compleix
una equacio lineal de la forma

;m=JPwﬁmww—

En aquest context, algunes eleccions especifiques de ’espai mesurable (X, B) i de P donaran
lloc a alguns dels problemes anteriors. Per exemple, si X = RY i P(xz,dy) = J(y — z)dy,
recuperarem ’equaci6 (0.1). A més, prenent X com al conjunt de vertexs d’un graf ponderat
i definint adequadament la funcié de probabilitat de transicié en termes de pesos (vegeu
I'Exemple 0.38), també podem recuperar ’equaci6 de la calor a grafs.

Les observacions anteriors suggereixen que els espais de passeig aleatori proporcionen el
marc adequat per complir els nostres objectius d’unificar una amplia varietat de models no
locals. Aquests espais estan constituits per un espai mesurable (X, ) i un nucli de probabil-
itat de transicié P en X que codifica els salts d’un procés de Markov. Adoptarem la notacié

« = P(z,-) € P(X,B) per a cada z € X (aqui P(X,B) indica I’espai de les mesures de
probabilitat en (X, B)). A més, requerirem una mena de propietat d’estabilitat per a aquests
espais, és a dir, l'existéncia d’una mesura invariant v (vegeu la Definici6 0.7). Aleshores, di-
rem que [X, B, m,v] és un espai de passeig aleatori. Degut a la generalitat d’aquests espais,
els resultats que obtindrem tindran un gran ventall d’aplicabilitat a una amplia gamma de
problemes d’evolucié sorgits en diversos camps cientifics. Malauradament, aquest marc no
cobreix problemes relacionats amb el nucli fraccionari degut a la seva naturalesa singular.

Durant els darrers anys i tenint en compte ’objectiu esmentat, hem estudiat alguns fluxos
gradient en el marc general d'un espai de passeig aleatori. En particular, hem estudiat el
flux de la calor, el flux per la variacié total i problemes d’evolucié del tipus Leray-Lions
amb diferents tipus de condicions de frontera no homogenies. Concretament, juntament amb
I’existéncia i la unicitat de solucions a aquests problemes i el comportament asimptotic de les
seves solucions, s’han estudiat una amplia varietat de propietats, aixi com els operadors de
difusi6 no locals que hi participen. Els nostres resultats s’han publicat a [123], [124], [125],
[126] i [146].

Guid de la tesi

A continuacié descrivim breument el contingut de la tesi. Per comencar, al capitol 1,
introduim el marc general d’un espai de passeig aleatori. A continuacid, a la seccié 1.1, la
relacionem amb nocions classiques de la teoria de cadenes de Markov i proporcionem una llista
de resultats que esperem que ajudin el lector a tenir una bona idea sobre les propietats que
gaudeixen aquests espais. Després d’introduir una propietat d’estabilitat per a espais de pas-
seig aleatoris, anomenada m-connexié, dediquem la seccié 1.2 a explorar les caracteristiques
que gaudeix aquesta nocio i la relacionem amb conceptes coneguts d’ergodicitat. A contin-
uacié, proporcionem una llista d’exemples d’espais de passeig aleatori d’interes particular,
com els que es van esmentar al comencament de la introduccid. La resta del capitol es dedica
a introduir els homolegs no locals de nocions classiques com les de gradient, divergencia,
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0. Introduccié xvii

limit, perimetre, curvatura mitjana i curvatura de Ricci, aixi com de 'operador de Laplace.
En fer-ho, obtenim resultats que imiten els resultats classics en el cas local i, a més, obtenim
més caracteritzacions de la m-connexié d’'un espai de passeig aleatori. També dediquem un
espai a trobar condicions suficients per a ’existéncia de desigualtats de tipus Poincaré i rela-
cionem aquestes desigualtats tant amb la bretxa espectral (o “gap”) de operador de Laplace
com amb desigualtats isoperimetriques. Finalment, la seccié 1.7 esta dedicada a la curvatura
Ollivier-Ricci i la seva relacié amb la desigualtat de tipus Poincaré.

El capitol 2 se centra en l'estudi del flux de la calor en espais de passeig aleatori. En
el nostre context, associat al passeig aleatori m = (mg)zex, 'operador de Laplace A, es
defineix com

Anf(z) = L(f(y) ~ f@)dma(y).

Suposant que la mesura invariant v compleix una condicié de reversibilitat respecte al passeig
aleatori (vegeu la Definici6 1.15), 'operador —A,, genera en L?(X,v) el semigrup markovia
(etAm) =0 (vegeu el Teorema 2.4) anomenat fluzx de la caloralespai de passeig aleatori. A més,
som capagos de caracteritzar la velocitat infinita de propagacié del flux de la calor en termes
de la m-connectivitat de l’espai de passeig aleatori (vegeu el Teorema 2.9). Aix{ mateix,
a la seccié 2.2, estudiem el comportament asimptotic del semigrup (e!m);~¢ i amb 'ajut
d’una desigualtat de Poincaré obtenim taxes de convergencia de (e!Am);~g. A la seccié 2.3
introduim la condicié de dimensié de curvatura de Bakry—Emery i estudiem la seva relacié amb
la desigualtat de Poincaré. Finalment, la secci6 2.4 es dedica a I’estudi de les desigualtats de
transport en relacié amb la condicié de dimensié de curvatura de Bakry—Emery i la curvatura
de Ollivier-Ricci.

Al capitol 3 estudiem el flux per la variacié total. Amb aquesta finalitat, introduim
I'operador 1-Laplacia associat a un espai de passeig aleatori i n’obtenim diverses caracter-
itzacions (vegeu el Teorema 3.13). A continuacié, procedim a demostrar l'existéncia i la
unicitat de solucions del flux per la variacié total en espais de passeig aleatori i a estudiar
el seu comportament asimptotic amb 'ajut d’algunes desigualtats de tipus Poincaré. Com
a resultat del nostre estudi, generalitzem els resultats obtinguts a [120] i [121] per al cas
particular de RY amb un nucli no singular, aixi com alguns resultats en teoria de grafs.

A més, al capitol 3 introduim els conceptes de conjunt de Cheeger i conjunt calibrable en
espais de passeig aleatori i caracteritzem la calibrabilitat d’un conjunt mitjancant I’operador
1-Laplacia. A més, estudiem el problema del valor propi del 1-Laplacia i el relacionem amb
el problema del tall optim de Cheeger. Aquests resultats s’apliquen, en particular, als grafs
ponderats connexos, i complementen els resultats donats a [57], [58], [59] i [99].

El capitol 4 esta dedicat a l'estudi de la descomposicié (BV,LP), p = 1ip = 2, de
funcions en espais de passeig aleatori. Per a aquesta tasca estudiem el model de Rudin-Osher-
Fatemi amb termes de fidelitat de tipus L? i L'. Obtenim les equacions d’Euler-Lagrange
d’aquests problemes de minimitzaci6 i procedim a obtenir un ampli ventall de resultats sobre
les propietats que gaudeixen els minimitzadors.

Finalment, al capitol 5, estudiem problemes d’evolucié del tipus p-Laplacia com el que es
doéna al segiient model de referéncia:

ut<t,x>=f lu(y) — w(@) P2 (uly) — u(e))dma(y), ze€Q, 0<t<T,
QuimQ

amb
condicions de frontera de Neumann no homogenies,

on Q€ Bidy,Q ésla m-frontera de Q (vegeu la Definici6 1.51). Aquest model de referencia
es pot considerar com l’equivalent no local al problema de ’evolucié classic:

up = div(|VuP™2Vu), zeU, 0<t<T,

—|VulP2Vu-n=¢, zedlU, 0<t<T,
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xviii 0.0. Guio de la tesi

on U és un domini suau i fitat a R™, i n és el vector normal exterior a dU. De fet, el
nostre estudi es desenvolupa amb una generalitat molt més gran que ens permet cobrir una
amplia varietat de problemes com: problemes d’obstacles, problemes similars al problema de
Stefan, problemes de difusié en mitjans porosos, problemes de tipus Hele-Shaw i el problema
d’evolucié per a un operador Dirichlet-a-Neumann no local.
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Introduction

The digital world has brought with it many different kinds of data of increasing size and
complexity. Indeed, modern devices allow us to easily obtain images of higher resolution, as
well as to collect data on internet searches, healthcare analytics, social networks, geographic
information systems, business informatics, etc. Consequently, the study and treatment of
these big data sets is of great interest and value. In this respect, weighted discrete graphs
provide a natural and flexible workspace in which to represent the data. In this context,
a vertex represents a data point and each edge is weighted according to an appropriately
chosen measure of “similarity” between the corresponding vertices. Historically, the main
tools for the study of graphs came from combinatorial graph theory. However, following
the implementation of the graph Laplacian in the development of spectral clustering in the
seventies, the theory of partial differential equations on graphs has obtained important results
in this field (see, for example, [63], [115] and the references therein). This has prompted a
big surge in the research of partial differential equations on graphs. Moreover, interest has
been further bolstered by the study of problems in image processing. In this area of research,
pixels are taken as the vertices and the “similarity” between pixels as the weights. The way
in which these weights are defined depends on the problem at hand (see, for instance, [79]
and [114]).

On another note, let J : RY — R be a nonnegative, radially symmetric and continuous
function with {n J(z)dz = 1. Nonlocal evolution equations of the form

(0.1) (1) = JRN Ty — 2)uly, )y — u(z, 1),

and variations of it, have naturally arisen in various scientific fields as a means of modelling
a wide range of diffusion processes. For example, in biology ([53], [131]), particle systems
([38]), coagulation models ([84]), nonlocal anisotropic models for phase transition ([1], [2]),
mathematical finances using optimal control theory ([36], [104]), image processing ([91],
[109]), etc. An intuitive reasoning for the wide applicability of this model comes from thinking
of u(x,t) as the density of a “population” at a point z at time ¢ and of J(y — x) as the
probability distribution of moving from y to x in one “jump”. Then, {ox J(y — )u(y, t)dy
is the rate at which “individuals” are arriving at x from anywhere else and —u(z,t) =
— g~ J(y — ®)u(z,t)dy is the rate at which they are leaving location . Therefore, in the
absence of external or internal sources, we are lead to equation (0.1) as a model for the
evolution of the population density over time. An extensive study of this problem can be
found in [18].

In the previous two paragraphs, we have brought forward two instances in which there
is great interest in the study of partial differential equations in a nonlocal (or discrete)
setting. Further interest has arisen following the analysis of the peridynamic formulation
of the continuous mechanic (see [111] and [145]), the study of Markov jump processes and
other nonlocal models. References on all of the topics mentioned thus far are given all along
the thesis (see also [48], [64], [77], [79], [87], [88], [92], [109], [114], [143], [155], [156],
[161]).

The aim of this thesis is to unify into a broad framework the study of many of the
previously mentioned problems. In order to do so, we note that there is a strong relation
between some of these problems and probability theory, and it is in this field in which we find
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XX 0.0. Structure of the work

the appropriate spaces in which to develop this unifying study. Let (X, B) be a measurable
space and P : X x B — [0,1] a transition probability kernel on X (see Section 1.1). Then, a
Markovian transition function can be defined as follows: for any x € X, B € B, let

¢
Pi(z —tZ] —P"(@,B), teRy,

Where P"™ denotes the n-step transition probablhty kernel. The associated family of operators,
P.f(x) :=§ f(y)Pi(z,dy), satisfy

%Pt f(z) = JPtf(y)P(x, dy) = P.f(z).

Moreover, if we consider a Markov process (X¢);>0 associated to the Markovian transition
function (P;)i=0, and if we denote by p; the distribution of Xy, then the family (u:)i=0 also
satisfies a linear equation of the form

;m=JPwﬁmww—

In this setting, particular choices of the measurable space (X, B) and of P will lead to some of
the previous problems. For example, if X = RY and P(z,dy) = J(y — x)dy, we will recover
equation (0.1). Moreover, taking X to be the set of vertices of a weighted discrete graph
and appropriately defining the transition probability function in terms of the weights (see
Example 1.38) we are also able to recover the heat equation on graphs.

The previous remarks suggest that the appropriate setting in which to fulfill our goals
of unifying a wide variety of nonlocal models into broad framework is provided by random
walk spaces. These spaces are constituted by a measurable space (X,B) and a transition
probability kernel P on X which encodes the jumps of a Markov process. We will adopt
the notation m, := P(z,-) € P(X,B) for each € X (here P(X,B) denotes the space of
probability measures on (X, B)). Additionally, we will require a kind of stability property to
hold for these spaces, that is, the existence of an invariant measure v (see Definition 1.7).
Then, we will say that [X, B, m,v] is a random walk space. Owing to the generality of these
spaces, the results that we obtain will have a wide range of applicability to a large spectrum
of evolution problems arising in a variety of scientific fields. Unfortunately, this framework
does not cover problems related with the fractional kernel due to its singular nature.

During the last years and with the aforementioned goal in mind, we have studied some
gradient flows in the general framework of a random walk space. In particular, we have
studied the heat flow, the total variation flow, and evolutions problems of Leray-Lions type
with different types of nonhomogeneous boundary conditions. Specifically, together with the
existence and uniqueness of solutions to these problems and the asymptotic behavior of its
solutions, a wide variety of their properties have been studied, as well as the nonlocal diffusion
operators involved in them. Our results have been published in [123], [124], [125], [126]
and [146].

Structure of the work

Let us shortly describe the contents of the thesis. To start with, in Chapter 1, we
introduce the general framework of a random walk space. Then, in Section 1.1, we relate
it to classical notions in Markov chain theory and provide a list of results which we hope
aid the reader in getting a good idea about the properties which these spaces enjoy. After
introducing a stability property for random walk spaces, called m-connectedness, we devote
Section 1.2 to exploring the characteristics enjoyed by this notion and we relate it to known
concepts of ergodicity. We then provide a list of examples of random walk spaces of particular
interest, as those that were mentioned at the beginning of the introduction. The rest of the
chapter is dedicated to introducing the nonlocal counterparts of classical notions like those
of gradient, divergence, boundary, perimeter, mean curvature and Ricci curvature, as well

Universitat de Valéncia Marcos Solera Diana



0. Introduction xxi

as of the Laplace operator. In doing so, we obtain results which mimic classic results in
the local case and, moreover, obtain further characterizations of the m-connectedness of a
random walk space. We also spend some time in finding sufficient conditions for Poincaré
type inequalities to hold and relate them both to the gap of the Laplace operator and to
isoperimetric inequalities. Finally, Section 1.7 is devoted to the Ollivier-Ricci curvature and
its relation with the Poincaré type inequality.

Chapter 2 focuses on the study of the heat flow in random walk spaces. In our context,
associated with the random walk m = (my).ex, the Laplace operator A, is defined as

Bufta) = | (F6) = F(@)dms(y).
Assuming that the invariant measure v satisfies a reversibility condition with respect to the
random walk (see Definition 1.15), the operator —A,, generates in L?(X,v) a Markovian
semigroup (e'*m)io (see Theorem 2.4) called the heat flow in the random walk space. More-
over, we are able to characterise the infinite speed of propagation of the heat flow in terms
of the m-connectedness of the random walk space (see Theorem 2.9). In addition, in Sec-
tion 2.2, we study the asymptotic behaviour of the semigroup (e**m);~¢ and with the help
of a Poincaré inequality we obtain rates of convergence of (e!Am);~¢ as t — co0. In Section
2.3 we introduce the Bakry—Emery curvature-dimension condition and study its relation to
the Poincaré inequality. Lastly, Section 2.4 is devoted to the study of transport inequali-
ties in relation with the Bakry—Emery curvature-dimension condition and the Ollivier-Ricci
curvature.

In Chapter 3 we study the total variation flow. For this purpose, we introduce the 1-
Laplacian operator associated with a random walk space and obtain various characterizations
of it (see Theorem 3.13). We then proceed to prove existence and uniqueness of solutions of
the total variation flow in random walk spaces and to study its asymptotic behaviour with
the help of some Poincaré type inequalities. As a result of our study, we generalize results
obtained in [120] and [121] for the particular case of RV with a nonsingular kernel as well
as some results in graph theory.

Moreover, in Chapter 3 we introduce the concepts of Cheeger and calibrable sets in
random walk spaces and characterise the calibrability of a set by using the 1-Laplacian
operator. Furthermore, we study the eigenvalue problem of the 1-Laplacian and relate it to
the optimal Cheeger cut problem. These results apply, in particular, to locally finite weighted
connected discrete graphs, complementing the results given in [57], [58], [59] and [99].

Chapter 4 is dedicated to the study of the (BV, LP)-decomposition, p = 1 and p = 2, of
functions in random walk spaces. This is done by studying the Rudin-Osher-Fatemi model
both with L? and with L' fidelity terms. We obtain the Euler-Lagrange equations of these
minimization problems and proceed to obtain a wide range of results on the properties enjoyed
by the minimizers.

Finally, in Chapter 5, we study p-Laplacian type evolution problems like the one given in
the following reference model:

wltr) = | Jul) - @ ) - u(@)dmaly), e, 0<t<T.
QUM

with
nonhomogeneous Neumann boundary conditions,

where 2 € B and 0,2 is the m-boundary of Q (see Definition 1.51). This reference model
can be regarded as the nonlocal counterpart to the classical evolution problem

up = div(|VuP™2Vu), zeU, 0<t<T,

—|VulP2Vu-n=¢, zedl, 0<t<T,

Universitat de Valéncia Marcos Solera Diana



xxil 0.0. Structure of the work

where U is a bounded smooth domain in R™, and n is the outer normal vector to dU. In
fact, our study develops with a far greater generality which allows us to cover a wide variety
of problems such as: obstacle problems, the nonlocal counterpart of Stefan like problems,
diffusion problems in porous media, Hele-Shaw type problems, and the evolution problem for
a nonlocal Dirichlet-to-Neumann operator.
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Passeigs aleatoris

Aquest capitol és una traduccié al valencia del capitol 1.

El personatge principal dels espais marc sobre els quals es desenvolupa la tesi és el passeig
aleatori.

DEFINITION 0.1. Sigui (X, B) un espai mesurable on la o-algebra B esta comptablement
generada. Un passeig aleatori a (X, B) és una familia de mesures de probabilitat (my)zex en
B tal que x — my(B) és una funcié mesurable de X per cada B € B fixat.

La notaci6 i la terminologia escollides en aquesta definicié provenen de [134]. Com
s’assenyala en eixe article de Y. Ollivier, els geometres poden pensar en m, com un substitut
de la nocié de una bola centrada a x, mentre que, en termes probabilistics, podem pensar en
aquestes mesures de probabilitat com les generadores d’una cadena de Markov. En efecte, en
aquest darrer cas, la probabilitat de transicié de x a y en n passos és

dmz(g) = | dm (a0 G), 0>
zeX

i m*0 = §,, la mesura de dirac a x. A la segiient seccié aprofundirem en aquesta darrera

perspectiva que sera la principal al llarg del nostre treball, la primera perspectiva tindra un

paper important a la seccié 0.7. Per tant, prenem un descans momentani de la construccié

del que sera el nostre espai marc per tal de recordar alguns resultats de la teoria classica de

les cadenes de Markov que creiem que ajudaran a proporcionar motivacié.

0.1. Cadenes de Markov

En aquesta seccié ens submergim en la terminologia probabilistica que allotja el nostre
treball. Aixo sera especialment 1til per a lectors amb antecedents probabilistics, ja que servira
per aclarir on cau exactament el nostre treball en aquest camp. A més, recordem resultats ben
coneguts per proporcionar més informacié sobre la naturalesa dels passeigs aleatoris. Amb
aquest objectiu, comencem donant la definicié d’'una cadena de Markov en temps discret i
homogenia en el temps, i la propietat de Markov que satisfa. Els resultats d’aquesta seccid
es poden trobar a [76], [100] i [128].

DEFINITION 0.2. Sigui (2, F,P) un espai de probabilitat i (X, B) un espai mesurable
on la o-algebra B esta comptablement generada. Una cadena de Markov en temps discret i

homogenia en el temps és una successio de variables aleatories definides en €2 i amb valors en
X, {Xn,:n=0,1,2,...}, tal que

(0.1) P(Xnt+1 € B| X0, X1,...,Xn) =P(Xpnt1€B|X,) VBeB,n=0,1,...

La identitat (0.1) s’anomena propietat de Markov.

La propietat de Markov indica que el futur del procés és independent del passat donat el
seu valor actual, de manera que, intuitivament, podem dir que no té memoria. Es pot trobar
una gran varietat d’exemples de cadenes de Markov a [76], [100] o citeMeyn.

En aquesta tesi no treballarem mai directament amb les variables aleatories, sindé que

utilitzarem un enfocament diferent, pero equivalent, de les cadenes de Markov. Per cada
re X iBe B, sigui

(0.2) P(z,B) := P(Xp+1 € B|X,, = ).

1



2 0.1. Cadenes de Markov

Aixo defineix un nucli estocastic en X, el que significa que
e P(x,-) és una mesura de probabilitat en B per a qualsevol z € X i
e P(-, B) és una funcié mesurable en X per a qualsevol B € B.

El nucli estocastic P(z, B) també es coneix com a nucli de probabilitat de transicié. La
"homogeneitat en el temps” de la cadena Markov es refereix al fet que P(x, B), tal com es
defineix a (0.2), és independent de n. Aquest nucli estocastic és el que anteriorment hem
anomenat passeig aleatori, de manera que, en la nostra terminologia, m,(B) = P(z,B).
De la mateixa manera, denotem per m2"™ el nucli de probabilitat de transicié en n passos
P"(z,B) := P"(Xpt+1 € B| X0 =), x € X, B € B que, com abans, es pot definir recursiva-
ment mitjancant la seglient equacio

PaB) = [ P B)P(edy) = | P.B)P" ady)

X X

peraBeB,re Xin=12,...,amb P%z,-) = d,(-). Tingueu en compte que, com es pot
demostrar facilment per induccio,

) () = f dm?* (2)dm*™(y)
zeX

per a tot n, k € N.

Aleshores es pot demostrar que, de fet, comencant amb un passeig aleatori (o nucli es-
tocastic) a X, podem construir una cadena de Markov (X,) de manera que els nuclis de
probabilitat de transicié coincideixin amb el passeig aleatori donat (vegeu [128, Teorema
3.4.1]). En particular, esta demostrat que per a una distribucié de probabilitat inicial donada
p a B es pot construir la mesura de probabilitat P, a F de manera que P,(Xo € B) = u(B)
pera BeBi,amés, peratotn=0,1,...,xe X i BeB,

Py(Xy41 € B| X, = x) = mg(B).

Quan g és la mesura de Dirac a x € X, denotem P, per P,. De la mateixa manera, els
operadors esperanca corresponents es denoten ), i I, respectivament.

Ara definirem alguns conceptes generals d’estabilitat per a les cadenes de Markov que
s’utilitzaran durant tot aquest treball. Aquestes nocions d’alguna manera oferiran una visié
del comportament a llarg termini del procés a mesura que evoluciona amb el temps. Amb
aquest objectiu introduim els conceptes segiients.

DEFINITION 0.3.
(i) Sigui A € B, el temps d’ocupacié n4 és el nombre de visites de la cadena de Markov a A
després del temps zero ':

o8]
NA = Z X{X,eA}-
n=1

(ii) Per a qualsevol conjunt A € B, la variable aleatoria
Ta:=min{n > 1 : X, € A},
s’anomena el temps de primera tornada a A. Assumim que inf § = co.

El primer i menys restrictiu concepte d’estabilitat és el de p-irreductibilitat, on ¢ és
una mesura en B. Amb aquest concepte exigim que, independentment del punt de partida,
siguem capacos d’assolir qualsevol conjunt “important” en un nombre finit de salts. Els
conjunts “importants” s’entendran com aquells que tenen una mesura positiva respecte a la

IDenotem la caracteristica d’un subconjunt A d’un conjunt X per Xa, i.e., X4 : X — {0, 1} esta definida
per
1 sizeA,
Xa(w) = { 0 siz¢A.
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0. Passeigs aleatoris 3

mesura ¢. També podem entendre que estem demanant que la cadena Markov no estigui
realment constituida per dues cadenes. Definim

Uz, A) = > mi"(A)
n=1

= E[nal.

DEFINITION 0.4. Sigui ¢ una mesura en B. Un passeig aleatori m és p-irreductible si,
per a tot x € X,
p(A) >0 = U(z,A) > 0.

Alternativament (vegeu [128, Proposici6 4.2.1]), també podem entendre aquest concepte
utilitzant 74. Llavors, m és p-irreductible si, per a qualsevol x € X,

©(A) >0 = P(t4 <) >0,

és a dir, a partir de qualsevol punt x € X tenim una probabilitat positiva d’arribar a qualsevol
conjunt de mesures positives en temps finit.

En lloc de prendre alguna mesura possiblement arbitraria per definir la irreductibilitat
del passeig aleatori, podem prendre la mesura d’irreducibilitat mazimal que defineix I’abast
de la cadena de manera més completa. Aixo es fa a través de la segiient proposicid. Sigui

0
1 kN
Ka%(x,A) = nzzjo Sl e (x,A), zeX,Ae B(X);

aquest nucli defineix per a qualsevol x € X una mesura de probabilitat equivalent? a m*0(-) +
U(x,-) (que pot ser infinit per a molts conjunts).

PRrOPOSITION 0.5. ([128, Proposition 4.2.2]) Donat un passeig aleatori p-irreductible m
en (X, B), ezisteix una mesura de probabilitat ¢ a B tal que
(i) m és -irreductible;
(i) per a qualsevol altra mesura ¢, el passeig aleatori m és ¢ -irreductible si, i només si,
o < P;
(111) sip(A) =0, llavors Y({y : Py(ta < ) > 0}) =0;
(iv) la mesura de probabilitat ¢ és equivalent a

V)= | Koy (0.2 0),
X 2
per a qualsevol mesura de irreductibilitat finita ¢'.

Una mesura que compleix les condicions de la proposicié anterior s’anomena mesura
d’irreductibilitat maximal. Per comoditat de notacid, direm que m és -irreductible si és
p-irreductible per a alguna mesura ¢ i la mesura ¢ és una mesura d’irreductibilitat maximal.

Es pot obtenir una nocié d’estabilitat més forta demanant, no només que U(x, A) > 0,
siné que U(x, A) = o per a qualsevol x € X i cada conjunt mesurable A amb p(A) > 0.
Com a alternativa, podem reforcar el requisit que hi hagi una probabilitat positiva d’arribar
a tots els conjunts de mesura @-positiva independentment d’on comencem i, en canvi, exigir
que, de fet, aixo acabi succeint. Aquests enfocaments condueixen als diversos conceptes de
recurrencia.

DEFINITION 0.6.
(i) Sigui A € B. El conjunt A s’anomena recurrent si U(z, A) = Ez[na] = oo per a tot z € A.
(ii) La cadena de Markov és recurrent si és -irreductible i U(z, A) = E;[na] = oo per a tot
xe X itot Ae B(X) amb ¢(A) > 0.

2Dues mesures 11 v son equivalents si p € vi v « pu, és a dir, si coincideixen en quins conjunts tenen
mesura zero.
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4 0.1. Cadenes de Markov

(iii) Sigui A € B. El conjunt A s’anomena Harris recurrent si
Pina=mw] =1

per a tot x € A.
(iv) La cadena de Markov és Harris recurrent si és ¢-irreductible i tot A € B(X) amb ¢(A) > 0
és Harris recurrent.

Es dedueix que qualsevol conjunt Harris recurrent és recurrent. De fet, per a la recurrencia
necessitem que el nombre esperat de visites sigui infinit, mentre que la Harris recurrencia
implica que el nombre de visites és infinit gairebé segur. En particular, per [128, Teorema
9.0.1] tenim que una cadena recurrent difereix per un conjunt de ¥-null d’una cadena Harris
recurrent.

A més, es demostra que hi ha una dicotomia en el sentit que les cadenes irreductibles de
Markov no poden ser “parcialment estables”, o bé posseeixen aquestes propietats d’estabilitat
de manera uniforme en z o la cadena és inestable de manera ben definida (pero no entrarem
en aix0, vegeu [128] per obtenir més informacid).

Una altra propietat d’estabilitat que utilitzarem ve donada per ’existencia d’'una mesura
invariant. Es tracta d’una mesura que proporciona una distribucié tal que, si la cadena
comenca distribuida d’aquesta manera, queda distribuida aixi en tot moment. A més, aque-
stes mesures resulten ser les que defineixen el comportament a llarg termini de la cadena.

DEFINITION 0.7. Un mesura o-finita v és invariant amb respecte a el passeig aleatori m
si

v(A) = JX mg(A)dv(x) per atot Ae B.

Per descomptat, si una mesura invariant és finita, es pot normalitzar a una mesura de
probabilitat (estacionaria). Per tant, al llarg d’aquesta tesi, sempre que requerim la finitud
de la mesura invariant, considerarem directament una mesura de probabilitat invariant.

REMARK 0.8. Tingueu en compte que, si m és un passeig aleatori a (X, B), llavors m*"
també és un passeig aleatori a (X, B) per a qualsevol n € N. A més, si v és invariant respecte
a m, v és invariant respecte a m*" per a qualsevol n € N.

Unint la irreductibilitat i 'existencia d’una mesura invariant obtenim els segiients resul-
tats.

PROPOSITION 0.9. ([128, Proposition 10.0.1]) Si el passeig aleatori m és recurrent, admet
una mesura invariant unica (sense tenir en compte la multiplicacié per constants).

PROPOSITION 0.10. ([128, Proposition 10.1.1]) Si el passeig aleatori m és ip-irreductible
1 admet una mesura de probabilitat invariable, llavors €s recurrent; aixi, en particular, la
mesura de probabilitat invariant és unica.

A més, donem el segiient teorema relacionant les mesures d’irreducibilitat invariants i les
maximals per a cadenes recurrents.

THEOREM 0.11. ([128, Theorem 10.4.9]) Si el passeig aleatori m és recurrent, la unica
mesura invariant (sense tenir en compte la multiplicacié per constants) v respecte a m és
equivalent a ¢ (per tant, v és una mesura mazximal d’irreductibilitat).

Un altre concepte ben conegut és el de la mesura ergodica.

DEFINITION 0.12. Es diu que un conjunt B € B és invariant (o absorbent o estocasticament
tancat) (respecte a m) si my(B) = 1 per a qualsevol = € B.

Es diu que una mesura de probabilitat invariant v és ergodica (respecte a m) si v(B) = 0
o v(B) = 1 per a qualsevol conjunt invariant B € 5.
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0. Passeigs aleatoris )

Es pot trobar un estudi profund de la teoria ergodica aplicada a les cadenes de Markov
a [76, Capitol 5|. Alla podem trobar la construccié d’un sistema dinamic associat a una
cadena de Markov de manera que la nocié anterior d’ergodicitat sigui equivalent a la nocié
classica d’ergodicitat per a aquest sistema dinamic ([76, Teorema 5.2.11]). El resultat segiient
garanteix que la unicitat de la mesura invariant implica la seva ergodicitat.

ProPOSITION 0.13. ([100, Proposition 2.4.3]) Sigui m un passeig aleatori en X. Sim té
una mesura de probabilitat invariant unica v, v és ergodica.

Que juntament amb la Proposicié 0.10 i el Teorema 0.11 implica el segiient.

COROLLARY 0.14. Sim és un passeig aleatori ¥-irreductible que admet una mesura de
probabilitat invariant, la mesura de probabilitat invariant és unica, ergodica i equivalent a ).

Finalment, 1'iltima propietat que introduim és 'existéncia d’una mesura reversible re-
specte a la cadena de Markov. Aquesta condicié de reversibilitat en una mesura és més forta
que la condicié d’invariancia. Primer definim el producte tensorial d’una mesura o-finita i
d’un nucli estocastic.

DEFINITION 0.15. Si v és una mesura o-finita a (X, B) i N és un nucli estocastic a (X, B),
definim el producte tensorial de v i N, denotat per v@ N, que és una mesura de (X x X, B x B)
per

v®N(A x B) = J N(z,B)dv(x), (A,B) € B x B.
A
Utilitzant la nostra notacié m per al passeig aleatori, designem el producte tensorial de v i
m per v my.

Una mesura o-finita v a B és reversible respecte al passeig aleatori m si la mesura v ®m,
a B x B és simetrica, i.e., per a tot (A, B) € B x B,

v@®mgz(Ax B) =v®mg(B x A).

Equivalentment, v és reversible respecte a m si, per a totes les funcions mesurables i
fitades f definides a (X x X, B x B)

fffxydmx Yz Jny Y, (y)dv (z).

Tingueu en compte que si v és reversible respecte a m, llavors és invariant respecte a m
(vegeu [76, Proposition 1.5.2]).

Associat a una cadena de Markov podem definir el segiient operador que tindra un paper
molt important en molts dels nostres desenvolupaments.

DEFINITION 0.16. Si v és una mesura invariant respecte a m, definim I'operador lineal
M,, a L'(X,v) de la manera segiient

~ [ swimw. 7oLy,
X
M, s’anomena operador mitjana a [X, B, m] (vegeu, per exemple, [134]).

Tingueu en compte que, si f € L'(X,v) llavors, usant la invariancia de v respecte a m,

|| 1t@m. @) - | 1r@lavta) <o

aixi f € L'(X,m;) per a v-quasi tot z € X, per tant, M,, esta ben definit de L'(X,v) en si
mateix.
REMARK 0.17. Sigui v una mesura invariant respecte a m. Se segueix que

Ml < Iflix Ve LX),

de manera que M,, és una contraccié a L'(X,v). De fet, com que M,,f = 0si f > 0, tenim
que M, és una contracci6 positiva a L'(X,v).
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6 0.1. Cadenes de Markov

A més, per la desigualtat de Jensen, tenim que, per a f € L}(X,v) n L?(X,v),

| M fli2x,) = JX <JX f(y)dmx(y))Q dv (x)
§&LF@WM@W@

=mewmw=um@w
X

Per tant, M,, és un operador lineal a L?(X,v) amb domini
D(M,,) = LY(X,v) n L*(X,v).

En conseqiiencia, si v és una mesura de probabilitat, M,, és un operador lineal i fitat de
L?*(X,v) en si mateix que satisfa 1Ml Br2(x ), L2(x0)) < 1.

Tingueu en compte que, fent s d’aquest operador, tenim que B € B és invariant respecte
a m (Definicié 0.12) si, i només si, M, Xp = Xp. Podem debilitar lleugerament aquesta nocié
de la segiient manera.

DEFINITION 0.18. Diem que B € B és v-invariant (respecte a m) si M,,Xp = Xp v-gairebé
pertot.

De la mateixa manera, definim la nocié d’una funcié harmonica (o v-invariant).

DEFINITION 0.19. Es diu que una funcié f € L'(X,v) és harmonica (respecte a m) si
M, f = f v-gairebé pertot.

Per tant, podem recordar un resultat classic que caracteritza I'ergodicitat de v (vegeu,
per exemple, [100, Lemma 5.3.2]).

PropPoOSITION 0.20. Sigui v una mesura de probabilitat invariant. Aleshores v és ergodica
st, © només si, cada funcid harmonica és una constant v-gairebé pertot.

0.1.1. ¢-Essential Irreducibility. Es pot prendre una direccié diferent per definir la
irreductibilitat d’un passeig aleatori (vegeu [133] o [142, Definition 4.4]).

DEFINITION 0.21. Sigui ¢ una mesura a B. Un passeig aleatori m és ¢-essencialment
irreductible si, per a ¢p-quasi tot x € X,

p(A) >0 = U(z,A) > 0.

Tot i que aquest canvi pot semblar petit, en realitat condueix a una classe més amplia i
més salvatge de models “irreductibles”. No obstant aixo, hi ha un bon resultat de dicotomia:

PROPOSITION 0.22. ([133, Proposition 2]) Sigui v una mesura invariant respecte al pas-
seig aleatori m de manera que m és v-essencialment irreductible, llavors només es pot produir
un dels dos casos segiients:

(i) ezisteir X1 € B tal que v(X\X1) =0, X1 és invariant respecte a m i

v<U(z,.) peratotzreX;

i.e., la restriccio de la cadena de Markov a X, és v-irreductible;
(i) existeiz Xo € B tal que v(X\X2) =0, Xo és invariant respecte a m i

v 1 U(z,.) peratotze X

Com que la majoria d’exemples d’aplicacié dels nostres resultats entraran en la primera
categoria d’aquest teorema, seran aplicables els resultats anteriors d’aquesta secci6. No ob-
stant aixo, alguns exemples extrems entraran en la segona categoria, un cas que la literatura
classica no sol cobrir (vegeu [142, Capitol 4] per a una discussi6é d’alguns dels resultats amb
I'is d’aquesta forma debilitada). Per tant, ara procedirem a desenvolupar alguns dels resul-
tats que hem donat per a cadenes de Markov ¢-irreductibles pero per a cadenes de Markov
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0. Passeigs aleatoris 7

p-essencialment irreductibles (suposant, a més, que ¢ és una mesura invariant). En aquest
punt, tornem al treball de la tesi i recuperem la nostra terminologia en que les cadenes de
Markov es denominen passeigs aleatoris i la nocié d’irreductibilitat essencial de ¢ s’anomenara
m-connectivitat.

0.2. Espais de passeig aleatori

Seguim desenvolupant els espais en qué treballarem.

DEFINITION 0.23. Sigui (X, B) un espai mesurable on la o-algebra B esta comptablement
generada. Sigui m un passeig aleatori a (X,B) i v una mesura invariant respecte a m.
L’espai mesurable juntament amb m i v s’anomena espai de passeig aleatori i es denota per
[X,B,m,v].

Sigui [X, B, m, v] un espai de passeig aleatori. Si (X, d) és un espai metric polones (espai
topologic completament metritzable i separable), B és el seu Borel o-algebra i v és una
mesura de Radon (és a dir, v és interiorment regular ® i localment finita *), llavors diem que
[X, B, m,v]| és un espai metric de passeig aleatori i el denotem per [X,d, m,v]. A més, tal
com es fa a [134], quan calgui, també assumirem que cada mesura m, té primer moment
finit, és a dir, per a alguns (per tant, qualsevol) z € X i per a qualsevol z € X es té

Sy d(z,y)dm.(y) < +o0.

DEFINITION 0.24. Sigui [X, B, m,v] un espai de passeig aleatori. Diem que [X, B, m, V]
és m-connex si, per a tot D € B amb v(D) > 0 i v-quasi tot x € X,

e@]
>, myM(D) >0,

n=1

i.e., m és v-essencialment irreductible.

Tingueu en compte que, en aquesta definicid, exigim que el passeig aleatori sigui v-
essencialment irreductible amb el requisit addicional que v sigui en realitat una mesura in-
variant (com es va fer a la Proposicié 0.22) . Tanmateix, la mesura d’irreductibilitat i la
mesura invariant solen introduir-se per separat, tal com es veu a la seccié anterior. Tot i
aixo, aquesta definicié proporciona una nocié unificadora més senzilla, ’eleccié de la qual es
justifica a més a més amb el Teorema 0.11. Observeu que, tal com es va esmentar breument
a la seccié anterior, el concepte fonamental és que es pot arribar a totes les parts de ’espai
després d’'un cert nombre de salts, independentment del punt de partida (excepte, com a
maxim, d’un v-conjunt nul de punts).

Recordarem ara com es va introduir originalment aquesta nocié a [123]. Aix0 ens servira
per introduir una notacié que utilitzarem en alguns resultats.

DEFINITION 0.25. Sigui [X, B, m, ]| un espai de passeig aleatori. Donat un conjunt v-
mesurable D, definim

Np :={ze X : mJ"(D) =0, VneN}.
Per a n € N, també definim

Hp, = {rxe X : m;"(D) > 0},

o)

Hp = | HE, = {:z:eX : > mE(D) >0}.
neN n=1

3y és interiorment regular si, per a qualsevol conjunt obert U, v(U) és el maxim de v(K) en tots els

subconjunts compactes K de U.
4y és localment finita si cada punt de X té un entorn U per al qual v(U) és finit
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8 0.2. Espais de passeig aleatori

Amb aquesta notacié tenim que [ X, B, m, | és m-connex si, i només si, v(N}}) = 0 per
a tot D € B tal que v(D) > 0. Tingueu en compte que N3 i H}} sén disjunts i

X =NpgoHD

També cal tenir en compte que N7y, H}Y i Hj} pertanyen a B. Al segiient resultat veiem
que N} és invariant i H}} és v-invariant (recordeu les Definicions 0.12 i 0.18).

PROPOSITION 0.26. Sigui | X, B, m,v]| un espai de passeig aleatori i D € B. Si Nj} # &,
aleshores:
(i)
my (Hp) =0 (per tant mi"(NJ}) =1) peratotze N ineN,
i.e., Ny és invariant respecte a m.
(it)
mat(Hp) =1 (per tant mi"(N7}) =0) per a v-quasi tot x € H}, i per a tot n € N.

i.e., HfY és v-invariant respecte a m.
Consegqiientment, per a tot x € Ny i v-quasi tot y € H}Y tenim que mzLlmy, i.e. my 1
my sén mituament singulars’.

PROOF. (i): Suposem que m**(H®) > 0 per a algun x € N7 i k € N, aleshores, com
Hp = v, Hfy, existeix n € N tal que m;k(Hgn) > 0 perd en aquest cas tenim

mE D) = [ Dyt > [ Dyt e) > 0
zeX zeH}:’}m
ates que mZ"™(D) > 0 per a tot z € HJy
de (i) és llavors immediata.
(i1): Fixeu n € N. Utilitzant la invariancia de v respecte a m*" i Pafirmaci6 (%) tenim
que

> 1 aixo contradiu que x € N7J. La segona afirmacié

V(NE) =L WA (N dv(z) = m;"<N3>du<w>+f dv(z)

Hpy Np'
= | m"(Np)dv(z) + v(Np).
Hpy
Conseqiientment, m}"(N7) = 0 per a v-quasi tot z € HJ}.
Aleshores, es segueix la primera afirmacié de (ii). O

Aquest resultat exemplifica com un passeig aleatori m que no és m-connex en realitat es
compon de dos (o més) passeigs aleatoris separats, un amb salts a H}} i l'altre a NjJ. A
més, podem restringir la mesura invariant a qualsevol d’aquests subconjunts per tal d’obtenir
mesures invariants per als passeigs aleatoris restringits tal com es veu al segiient resultat.

PROPOSITION 0.27. Sigui | X, B, m,v]| un espai de passeig aleatori i D € B. Per a tot
neNiAeb,

v(An Hp) = mi"(A)dv(z),
Hpy
1
v(An Np) = my"(A)dv(z).
N

SDues mesures positives p i v sén mutuament singulars si hi ha dos conjunts disjunts A i B a B la unié
dels quals és X de manera que u és zero en tots els subconjunts mesurables de B mentre que v és zero en tots
els subconjunts mesurables de A.
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0. Passeigs aleatoris 9

PROOF. Per la invariancia de v respecte a m*” i la Proposicié 0.26 tenim que, per a
qualsevol A € B,

v(An Hp) = f mi"(An Hpy)dv(z) = my"(An HE)dv(z) = mi"(A)dv(z).
b's H™ H™

De la mateixa manera, un demostra 1’altra afirmacié. O

En el resultat segiient veiem que, donat un espai de passeig aleatori [X,B,m,v], si
comencem a v-casi qualsevol punt z en un conjunt D € B de v-mesura positiva, hi ha una
probabilitat positiva que eventualment tornem a D. En els termes de la seccié anterior, tenim
que Py(tp < o) > 0 per a v-quasi tot z € D.

COROLLARY 0.28. Sigui [X, B, m,v] un espai de passeig aleatori. Per a tot D € B, tenim
que
v(D n Npy) =0.
En conseqiiéncia, si v(D) > 0, llavors D < H}} excepte, com a molt, a un conjunt v-nul; per
tant, per a v-quasi tot v € D existeix n € N tal que mi"(D) > 0.

PROOF. Se segueix de la Proposicié 0.27 que

v(Dn NP = my"(D)dv(z) = 0. O
Nm
D
Finalment, donarem un altre enfocament per definir un espai de passeig aleatori m-
connex. Aquest enfocament requereix la nocié de m-interaccié entre conjunts i és molt til
per proporcionar intuicié no només per al concepte de m-connexid, siné també per a la
condicié de reversibilitat d’una mesura.

DEFINITION 0.29. Sigui [X, B, m, ] un espai de passeig aleatori i A, B € B. Definim la
m-interaccid entre A i B com a

Lin(A, B) := L JB dmg(y)dv(z) = L my(B)dv(z).

Tingueu en compte que, sempre que L,,(A, B) < 400, si v és reversible respecte a m,
tenim que

Lin(A, B) = Lin(B, A).

Una possible interpretacié d’aquesta nocié és la segiient: per a una poblacié que es
distribueix originalment segons v i que es mou segons la llei proporcionada per la caminada
aleatoria m, L,,(A, B) mesura quants les persones passen de A a B en un sol salt. Aleshores,
si v és reversible respecte a m, L,,(A, B) també és igual a la quantitat d’individus que passen
de B a A en un salt.

Per tal de facilitar la notacié fem la segiient definicié.

DEFINITION 0.30. Sigui [X, B, m, | un espai de passeig aleatori. Diem que [X, B, m, V]
és un espai de passeig aleatori reversible si v és reversible respecte a m. A més, si [ X, d, m, V]
és un espai metric de passeig aleatori i v és reversible respecte a m, direm que [ X, d, m,v] és
un espai metric de passeig aleatori reversible.

El resultat segilient proporciona una caracteritzacié de la m-connexié en termes de la
m-interaccié entre conjunts.

PROPOSITION 0.31. Sigui [X, B, m,v] un espai de passeig aleatori. Les segiients afirma-
cions son equivalents:

(i) [X,B,m,v] és m-connex.
(ii) Si A, B € B satisfan Au B =X i Ly (A, B) =0, aleshores v(A) =0 o v(B) = 0.
(i1i) Si A € B és un conjunt v-invariant, aleshores v(A) =0 o v(X\A) = 0.
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10 0.2. Espais de passeig aleatori

PROOF. (i) = (ii): Suposem que |X,B,m,v]| és m-connex i siguin A, B igual que a
I'enunciat (7). Si

0=Ln,(A B) = J J dmg(y)dv(zx),
aleshores existeix Ny € B, v(N7) = 0, tal que e
myz(B) =0 per a tot x € A\Nj.
Ara, com que v és invariant respecte a m,
0= () = L ma(N1)di (),
i, en conseqiiéncia, existeix No € B, v(Ng) = 0, tal que

mx(Nl) =0 Vxe X\NQ.
Per tant, per a z € A\(N1 U Na),

mﬂmsz@wﬁsz(&m@mewma

~ [ o) = [ mB)an )+ [ mam

=0, atés que z € A\N;.

_ f ma(B)dmg(z) + | m.(B)dma(z) = 0
A\N1 JN1

. »

g v
=0, ja que z € A\N;. =0, perqueé = € A\N>.

»

Treballant com anteriorment, trobem N3 € B, v(N3) = 0, de manera que
mx(Nl ] NQ) =0 Vzxe X\Ng.
Llavors, per a x € A\(N; u N2 U N3), tenim que

mfwwianmwﬂwzf(Lxmwmﬁwﬁmmw

X

=L@%mm@<L@mwmw+Lgﬂmmm>

~
=0, ja que z € A\(N1 U Na).

< f m'%(B)dm,(z) +f m*2(B)dmg(z) = 0.
A\(N1UN2)

NiuUNo

. J -

v v
=0, ates que z € A\(N1 U N3). =0, perqué z € A\N3.

Inductivament, aconseguim que

*M

m>"(B) =0 perav-quasi tot z€ A1itot neN.

Conseglientment,
Ac Npg
excepte, com a molt, a un conjunt v-nul, per tant v(B) > 0 implica que v(A) = 0.
(i) = (iii): Tingueu en compte que, si A és v-invariant, llavors L, (A, X\A) = 0.
(111) = (i): Sigui D € B amb v(D) > 0. Aleshores, per la Proposicié 0.26, tenim que H}}
és v-invariant pero, pel Corol-lari 0.28, v(H}}) = v(D) > 0 i, per tant, v(N7}) = 0. O

Observeu que aquest resultat també justifica I’eleccié de la terminologia utilitzada, ja que
la caracteritzacié de la m-connexié donada recorda d’alguna manera la definicié d’un espai
topologic connex.

Utilitzem també aquest moment per introduir la nocié de m-connexié per a un subconjunt
d’un espai de passeig aleatori reversible.
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0. Passeigs aleatoris 11

DEFINITION 0.32. Sigui [X, B, m,v]| un espai de passeig aleatori reversible i 2 € B amb
v(2) > 0. Sigui Bg la segiient o-algebra

Bqo:={BeB: BcQ}.

Diem que Q és m-connex (respecte a v) si L, (A, B) > 0 per a qualsevol parell de conjunts
A, B € By que no siguin v-nuls tal que A u B = €.

Si un espai de passeig aleatori [X, B, m,v] no és m-connex, llavors podem obtenir de-
scomposicions no trivials de X com la segiient.

DEFINITION 0.33. Sigui [X, B, m,v] un espai de passeig aleatori reversible i {2 € B amb
0 < v(Q) < v(X). Suposem que 1,y € B satisfan: Q =0y U, U1 N Qe =G, v(Q) >0,
v(Q2) > 01 Ly, (Q1,Q2) = 0. Aleshores, escriurem Q = Qq L, Q.

Ara som capacos de caracteritzar la m-connexié d’un espai de passeig aleatori en termes
de l'ergodicitat de la mesura invariant (recorda el Corol-lari 0.14).

THEOREM 0.34. Sigui [X, B, m,v] un espai de passeig aleatori reversible i suposem que
v és una mesura de probabilitat. Aleshores,

[X,B,m,v] és m-connex < v és ergodic respecte a m.

PROOF. (=). Suposem que B € B és invariant. Aleshores, B és v-invariant; per tant,
per la Proposicié 0.31, tenim que v(B) =0 o v(B) = 1.
(). Sigui D € B amb v(D) > 0. Per la Proposicié 0.26, tenim que Njj és invariant
respecte a m. Llavors, com que v és ergodic, tenim que v(N7}) = 0 o v(N}') = 1. Ara, com
que v(D) > 0, pel Corol-lari 0.28, tenim que v(NN}) = 0 i, en conseqiiencia, [X, B, m,v]| és
m-connex. (Il

Finalment, donem una condicié suficient per a la p-irreductibilitat d’un passeig aleatori.
Per aix0 necessitem la segiient definicié (vegeu, per exemple, [100, Seccié 7.2]).

DEFINITION 0.35. Sigui [X,d, m, ] un espai metric de passeig aleatori reversible. Diem
que [X,d, m,v] té la propietat forta de Feller a xg € X si

Mg, (A) = nl_i)l}_loo mg, (A) per a tot conjunt de Borel A < X

sempre que x,, — xg en (X, d) a mesura que n — +00.
Diem que [ X, d, m,v] té la propietat forta de Feller si té la propietat forta de Feller a tot
punt de X.

PROPOSITION 0.36. Sigui [X,d, m,v] un espai métric de passeig aleatori reversible tal
que suppv = X. Suposem a més que [X,d, m,v] té la propietat forta de Feller i que (X,d)
és connex. Aleshores, m és v-irreductible (i, per tant, m-connez).

PROOF. Recordem que la “setwise” convergencia d’una successié de mesures de proba-
bilitat equival a la convergencia de les integrals de funcions mesurables i fitades. Per tant,
ates que [X,d, m,v] té la propietat forta de Feller i

xT

mk(4) = f m* =D (A)dm,(y), re X, AeB,
X

[X,d, m*k, v] també té la propietat forta de Feller per a qualsevol k € N.

Sigui D € B amb v(D) > 0. Vegem primer que H}} és obert o, equivalentment, que N}
és tancat. Si (zp)nz1 € N3 és una successié tal que limy, oz, = z € X, llavors

m*¥(D) = lim m;]j (D)=0
n—ao0

per a qualsevol k € N i, per tant, x € NJy.

Ara bé, H}} també és tancat. De fet, si my(H})) < 1 per a algun € H}}, com que
[X,d, m,v] té la propietat forta de Feller, existeix r > 0 tal que my(H}}) < 1 per a tot
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12 0.3. Exemples

y € B.(x) c HY. Per tant, per la Proposici6 0.26, v(B,(x)) = 0, cosa que esta en contradiccié
amb suppv = X. Per tant,
my(Hp) =1 < x e H.
Conseqiientment, donada una successié (z,)n>1 © H}Y tal que lim, o 2, = z € X, tenim
que
my(H) = lim m, (HE) = 1

i, per tant, x € H}y. Aleshores, H}} és tancat i, aixi doncs, com que X és connex, obtenim
que X = H7} el que implica que N7} = (. O

Tingueu en compte que aquest resultat proporciona una relacié entre la connectivitat
topologica i la m-connexié d’un espai metric de passeig aleatori.

0.3. Exemples

ExaMPLE 0.37. Sigui (RV,d, £Y) un espai metric mesurable, on d és la distancia eu-
clidiana i £V és la mesura de Lebesgue. Per simplificar, escriurem dz en lloc de dCV(z).
Sigui J : RY — [0, +oo[ una funcié mesurable, no negativa i radialment simetrica tal que
§pn J(z)dz = 1. Sigui m” el segiient passeig aleatori en (RY, d):

mJ(A) = JA J(x —y)dy per atot € RV i tot conjunt de Borel A ¢ RY.

Llavors, aplicant el teorema de Fubini, és facil veure que la mesura de Lebesgue £V és
reversible respecte a m”.

Una interpretacié similar a la que es déna a la seccié 0.2 per a la m-interaccié entre
conjunts, es pot donar per a m’. En aquest cas, si a RY considerem una poblacié tal que
cada individu que comenca a la ubicacié = salta a la ubicacié y segons la distribucié de
probabilitats J(x — y), aleshores, per a un conjunt de Borel A en RY, mJ(A) mesura la
proporcié d’individus que van comengar a i van arribar a A després d’un salt.

ExXAMPLE 0.38. Considera un graf ponderat i localment finit G = (V(G), E(G)), on V(G)
és el conjunt de vertexs, E(G) és el conjunt de arestes i cada aresta (x,y) € F(G) (escriurem
xz ~ysi(z,y) € E(G)) té assignat un pes positiu wzy = wy,.Suposem a més que wyy, = 0 si
(z,1) ¢ E(G).

Una successio finita {xk}zzo de vertexs del graf s’anomena cami si xx ~ Tpy1 per a tot
k=0,1,...,n— 1. La longitud d'un cami {z}}_, es defineix com el nombre n de arestes del
cami. Amb aquesta terminologia, es diu que G = (V(G), E(G)) és connex si, per a qualssevol
vertexs x,y € V, hi ha un cami que connecta x amb y, és a dir, un cami {x; }_, tal que
2o = x 1z, = y. Finalment, si G = (V(G), E(G)) és connex, la métrica del graf dg(z,y)
entre dos vertexs diferents x,y es defineix com al minim de les longituds dels camins que
connecten x amb y. Tingueu en compte que aquesta metrica és independent dels pesos.

Per a x € V(G) definim el pes de z com a

ds = Z Way = Z Wy,
y~z yeV (@)

i 'entorn de  com a Ng(z) := {y € V(G) : = ~ y}. Observeu que, per la definicié de un graf
localment finit, els conjunts Ng(x) sén finits. Quan tots els pesos sén iguals a 1, d, coincideix
amb el grau del vertex x en un graf, és a dir, amb el nombre d’arestes que contenen .

Per a qualsevol z € V(G) definim la segiient mesura de probabilitat:

¢._ 1
my 1= — Z Wy Oy -
dy
Y~z
No és dificil veure que la mesura v definida per

va(A) = Y ds, A V(G),
TEA
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0. Passeigs aleatoris 13

és una mesura reversible respecte a aquest passeig aleatori. Aleshores, [V (G), B,m%, vg] és
un espai de passeig aleatori reversible (B és el o-algebra de tots els subconjunts de V(G)) i
[V(G),da, m%,vg] és un espai metric de passeig aleatori reversible.

PROPOSITION 0.39. Sigui [V(G),dg, mY, vg] Uespai de passeig aleatori associat a un graf
ponderat, localment finit i connex G = (V(G), E(G)). Llavors, m® és vg-irreductible.

PROGOF. Agafeu D c V(G) amb vg(D) > 01 vegem que Ng‘c = (&. Suposem que existeix
y € Njy , aixo implica que

(0.3) (m®);"(D)=0 VneN.
Ara bé, donat x € D, existeix un cami {z,z1,22,...,2k 1,y} (T ~21 ~ 20 ~ -+~ 21 ~Y)

de longitud k connectant x amb y i, per tant,

G\xk Wyzp—1 Wzp_q2p—2 * " Wapzn Wi
m i) =
( )y ({ }) = ddek_ld . .dzdel

cosa que esta en contradiccié amb (0.3). O

> 0;

Zk—2

A la teoria de 'aprenentatge automatic ([87], [88]), un exemple de graf discret ponderat
pot venir donat per un nivol de punts a RN, V = {z1,..., 2}, amb pesos Wy, o; donats per
Wy, = 77(|I'1 - xj|)7 1<4,j<n,

on el nucli 7 : [0,00) — [0,00) és un perfil radial que satisfa:
(i) m(0) > 01in és continua a 0,

(ii) 7n és no-decreixent,

(ili) la integral §° n(r)r™dr és finita.

ExAMPLE 0.40. Sigui K : X x X — R un nucli de Markov en un espai comptable X, i.e.,

K(z,y) >0 Vz,ye X, ZK(w,y)zl Vre X.
yeX
Llavors, si
mE(A) := Z K(z,y), re X, Ac X
yeEA

i B és la o-algebra de tots els subconjunts de X, m’ és un passseig aleatori en (X, B).
Recordem que, en la terminologia de la teoria de les cadenes de Markov discretes, una
mesura ™ en X que satisfa

2 m(x) =1 and =(y) = Z m(x)K(z,y) VyeX,

zeX zeX
s’anomena mesura de probabilitat estacionaria (o estat estacionari) a X. Per descomptat, 7
és una mesura de probabilitat estacionaria si, i només si, m és una mesura de probabilitat
invariant respecte a m’. En conseqiiéncia, si 7 és una mesura de probabilitat estacionaria a
X, llavors [X, B,m’, 7] és un espai de passeig aleatori.

A més, es diu que una mesura de probabilitat estacionaria m és reversible respecte a K

si es compleix la segiient equacié:

K(z,y)m(z) = K(y,z)r(y) per a tot x,y € X.
Aquesta condicié es equivalent a
dmX (y)dr(z) = dmf(w)dﬂ(y) per a tot x,y € X.

Tingueu en compte que, donat un graf ponderat i localment finit G = (V(G), E(G)) com
a I’exemple 0.38, hi ha una definicié natural d’una cadena de Markov als vertexs. De fet,
definiu el nucli de Markov K¢ : V(G) x V(G) — R per

1

Kg(z,y) := d—wxy.
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& i mK¢e defineixen el mateix passeig aleatori. Si vg(V(G)) és finit, 1'inica

G ve donada per

Aleshores, m
mesura de probabilitat reversible respecte a m

1
7TG(LU) = T 2 Wy

EXAMPLE 0.41. A partir d’un espai metric de mesura (X, d, ) podem obtenir un passeig
aleatori, ’anomenat passeig aleatori de pas € associat a p, de la seglient manera. Suposem
que les boles de X tenen una mesura finita i que Supp(u) = X. Donat € > 0, el passeig
aleatori de pas € en X, comencgant a x € X, consisteix a saltar aleatoriament a la bola de radi
€ al voltant de x, amb probabilitat proporcional a u; és a dir,

e . pl B(z,€)
0 w(B(z,e)

on pul B(z,¢€) indica la restriccié de p a B(wx,€) (o, més exactament, a Bp(, .y, on B és la
o-algebra de Borel associada a (X, d).).

Si u(B(x,e)) = u(B(y,e)) per a tot x, y € X, aleshores u és una mesura reversible
respecte a m#€ i, per tant, [X,d, m*<, u] és un espai metric de passeig aleatori reversible.

EXAMPLE 0.42. Donat un espai de passeig aleatori [X, B, m,v] i Q € B amb v(2) > 0,
sigui

mi(A) = J dmg(y) + (J dmx(y)> 0z(A) peratot Ae Boize.
A x\Q

Llavors, m® és un passeig aleatori en (€, Bg) i és facil veure que v és invariant respecte

a m®. Aleshores, [, Bo, m®, v Q] és un espai de passeig aleatori. A més, si v és reversible
respecte a m, v és reversible respecte a mf. Per descomptat, si v és una mesura de
probabilitat, podem normalitzar L €) per obtenir I'espai de passeig aleatori

1
Q
[Q,Bg,m ,V(Q)VLQ:| .

Observeu que, si [X,d,m,v] és un espai metric de passeig aleatori i 2 és tancat, llavors
[, d, mf, v Q] també és un espai metric de passeig aleatori, on hem abusat de la notacié i
denotat per d la restriccié de d a 2.

En particular, en el context de 'exemple 0.37, si © és un subconjunt tancat i fitat de R,
obtenim 'espai metric de passeig aleatori [Q, d, m”?, LV Q] on m” := (m”)?; aixo és,

J’Q = xr — xr — zZjaz
miA) i | Jo =y + ( fRn\Q Iz - 2)d )daz

per a tot conjunt de Borel A < Qi x € Q.

Utilitzant aquest darrer exemple podem caracteritzar els conjunts m-connexos de la
segiient manera (recordeu la Definicié 0.32).

PROPOSITION 0.43. Sigui [ X, B, m,v] un espai de passeig aleatori i Q € B amb v(2) > 0.
Aleshores,

Q és m-conner < [Q,Bg,mﬂ, v Q] és m®-conne.
PROOF. Siguin A, B € B conjunts disjunts. Llavors, per a tot € A,

mi{(B) = mg(B) + me(X\Q)d,(B) = my(B)

xT

i, per tant, L, o(A, B) = L;,(A, B). En conseqiiéncia, el resultat se segueix per la Proposicié
0.31. [l
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0. Passeigs aleatoris 15

0.4. El gradient, la divergencia i I’operador de Laplace no locals

Introduim les nocions homologues no locals d’alguns conceptes classics.

DEFINITION 0.44. Sigui [X, B, m,v] un espai de passeig aleatori. Donada una funcié
u : X — R definim el seu gradient no-local Vu : X x X — R per

Vu(z,y) == u(y) —u(zr) Vz,yeX.
Altrament, donat z : X x X — R, la seua m-divergéncia div,,z : X — R es defineix com

(divp,z)(x) = ;fx(z(x,y) —z(y, x))dm,(y).

Definim 'operador de Laplace (no local) de la segiient manera (recordem la definicié de
l'operador mitjana donada a la Definicié 0.16).

DEFINITION 0.45. Sigui[X, B, m,v] un espai de passeig aleatori, definim [’operador de
Laplace (o Laplacia) de L'(X,v) en si mateix com A,, := M, — I, i.e.,

Apu(z) = L w(y)dima(y) — u(z) = L<u<y> u(@))dma(y), ue LNX,v).

L’operador de Laplace també s’anomena operador drift (vegeu [128, Chapter 8]). Tingueu
en compte que
A () = diven(V ) (@),
REMARK 0.46. Tenim que |Ap, f|1 < | f]1 1

JX A f(@)dv(z) =0 ¥ f e LI(X,v).

Com a la Observacié 0.17, obtenim que A,, és un operador lineal a L?(X,r) amb domini
D(A,) = LY(X,v) n L3(X,v).

A més, si v és una mesura de probabilitat, A, és un operador lineal i fitat en L?(X,v) que
satisfa | Ay, < 2.

En el cas de l'espai de passeig aleatori associat a un graf ponderat i localment finit G (tal
com es defineix a ’Exemple 0.38), 'operador de Laplace coincideix amb el Laplacia del graf
estudiat per molts autors (vegeu, per exemple, [26], [27], [75] o [105]).

PROPOSITION 0.47. (Férmula d’integracio per parts) Sigui [ X, B, m,v] un espai de passeig
aleatori reversible. Aleshores,

1

| t@ng@iive) = =5 [ Vi)V pie ©m) )
X XxX

per a f,ge LY(X,v) n L*(X,v).

PROOF. Ates que, per la reversibilitat de v respecte a m,

j j f(x)(g(y)—g(x))dmx(y)dV(w)=J f £ () (9(x) — gly))dma (y)du(a)
X JX X JX

obtenim que

J f(@)Amg(z)dv(z) = J J F(@)g(y) — g(x))dmg (y)dv(z)
X X Jx
1 1
=5 | | @6 - s@yimava) + 5 | o) - ge)in @i
=5 || @6 - s@yim a5 [ 1)o@ - sw)im. )
1

- _5 JXXX Vf(x,y)Vg(x,y)d(V@mm)(m,y)' =
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16 0.4. El gradient, la divergencia i 'operador de Laplace no locals

De fet, podem demostrar, de la mateixa manera, el segiient resultat més general que sera
util al capitol 5.

LEMMA 0.48. Siguiq > 1. SiQ < X xX és un conjunt simétric (i.e., (x,y) € Q < (y,x) €
Q)iV¥:Q — R és una funcid antisimetrica v ® my-gairebé pertot (i.e., V(x,y) = —V(y,x)
per a v Q@ my-quasi tot (z,y) € Q) amb ¥ e LI(Q,v®@my) iue LT (X,v), llavors

| vemu@ie @ moe.y) == | W w)(ul) - u@)de @ m.)e.o).
Q Q

En particular, si Ve LY(Q,v @ my),

f (e, y)d(v ® my) () = 0.
Q

Ara podem caracteritzar la m-connexié d’un espai de passeig aleatori en termes de
Iergodicitat de 'operador de Laplace. Després de Bakry, Gentil i Ledoux cite BGL, donem
la seglient definicio.

DEFINITION 0.49. Sigui [X, B, m, ] un espai de passeig aleatori. Diem que A, és ergodic
si, per a u € D(A,,),

Apu = 0 v-gairebé pertot = wu és igual a una constant v-gairebé pertot

(sent aquesta constant 0 si v no és finita), és a dir, totes les funcions harmoniques en D(A,,)
(recordeu la Definicié 0.19) sén una constant v -gairebé pertot.

THEOREM 0.50. Sigui [X,B,m,v] un espai de passeig aleatori i suposem que v €s una
mesura de probabilitat. Aleshores,

[X, B,m,v] és m-connexr < A, és ergodic

PROOF. (<) Sigui D € B amb v(D) > 0 i recordeu que, pel Corol-lari 0.28, v(H}Y) >
v(D) > 0. Considereu la funcié

u(z) == Xpp(r), z€X,

i tingueu en compte que, com que v és finita, v € L'(X, ). Ara bé, com que, per la Proposicié
0.26, H}} és v-invariant, tenim que A,,u = 0 v-gairebé pertot. Per tant, per 'ergodicitat de
A, 1 recordant que v(H}Y) > 0, obtenim que u = X ap = 1 v-gairebé pertot i, aixi doncs,
v(N7) =0.

(=) Suposeu que [X, B, m,v] és m-connex i sigui u € L'(X,r) de manera que u no és
una constant v-gairebé pertot, vegem que A, u no és igual a 0 v-gairebé pertot.

Existeix U € B amb 0 < v(U) < 1 tal que u(z) < u(y) per a tot z € U iy e X\U.
Aleshores, com que L, (U, X\U) > 0,

= u\x 2m VT ulxr 2m v\x
Hm<u>—jXJXv () dm (y)dv( >>L o T ) >0

perd Hp(u) = —J u(z)Apu(z)dr(z) i, en conseqiiencia, Apu no és igual a 0 v-gairebé
X
pertot. U

Aquest resultat, juntament amb el Teorema 0.34 mostra que els dos conceptes d’ergodicitat,
el de la mesura invariant i el de 'operador de Laplace, sén equivalents. Aquesta relacié re-
cupera la Proposicié 0.20.
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0. Passeigs aleatoris 17

0.5. La frontera, el perimetre i la curvatura mitjana no locals

En aquesta seccié introduim les nocions homologues no locals dels conceptes de frontera,
perimetre i curvatura mitjana.

La segiient nocié de frontera no local tindra el paper de la frontera classica quan con-
siderem les equacions homologues no locals d’equacions classiques al capitol 5, és a dir,
s'imposaran condicions de frontera sobre aquest conjunt.

DEFINITION 0.51. Sigui [X, B, m,v] un espai de passeig aleatori i 2 € B. Definim la
m-frontera de €} com

= {r e X\Q : my(Q) > 0}
i la seua m-clausura com

Q= QU 0.
Al capitol 3 s’utilitzara ampliament la segiient nocié de perimetre no local.

DEFINITION 0.52. Sigui [X, B, m, v] un espai de passeig aleatori i E' € B. El m-perimetre
de E esta definit per

P, (E) :=L,(E,X\E) = IE JX\E dmg(y)dv(z).

Pel que fa a la interpretacié donada per a la m-interaccié entre conjunts (a sota de la
Definici6 0.29), aquesta nocié de perimetre es pot interpretar com a una mesura del flux total
d’individus que creuen la ”frontera” (en un sentit molt feble) d’un conjunt en un salt.

LEMMA 0.53. Sigui [X,B,m,v] un espai de passeig aleatori i E € B amb v(E) < o0.
Aleshores,

(0.4) P (E)=v(E)— JE JE dm(y)dv(zx)
A més a més, P, P (X\E) i
J J X () = Xe@ldm (@) = 5 [ [ 9 g)ldme(9)av(a).

PROOF. L’equaci6 (0.4) es prova de manera senzilla. Ara bé,
P, (E) — P (X\E) = JJ dmyg (y)dv(x f Jdmgﬁ Ydv(x
X\E X\E
ffdmx Ydv(x demx Ydv(x (demx Ydv(x demx Ydv(x )
- [t~ [ [ xewim v
E X Jx

=v(F)— JX Xg(z)dv(x)
v(E)—v(E) =0.

Per a la darrera afirmacid, tingueu en compte que

L L X () — X (@) |dma (y)dv(z) = Po(E) + Po(X\E) = 2Pn(E). 0

La nocié de m-perimetre es pot localitzar en un subconjunt de la segiient manera.

DEFINITION 0.54. Sigui [X, B, m,v] un espai de passeig aleatori i 2 € B amb v(Q2) < c0.
Aleshores, per a F € B, definim

Po(E, Q) i= Lip(E A Q, X\E) + L, (E\Q, O\E).
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18 0.5. La frontera, el perimetre i la curvatura mitjana no locals

Observeu que
Lyn(E,X\E) = Ly, (EnQ, X\E) + L,,(E\Q, O\E) + L,,(E\Q, X\(FE u Q))

i, en conseqiiéncia, tenim que

Fn(E,€) f L{\E dma () (@ JE\Q JX\(EUQ) dma () (),

quan ambdues integrals sén finites.

EXAMPLE 0.55. Sigui [RY,d, m”, £LV] I’espai metric de passeig aleatori donat a 1’Exemple
0.37. Aleshores,

- % JRN J]RN Xe(y) = Xp(2)|J (@ - y)dydz,

que coincideix amb el concepte de J-perimetre introduit a [120]. A més,

Psn(B) = 5 || o) = Xe@)|J@ - y)dyd,

Tingueu en compte que, en general, P, so(E) # P,;(E) (recordeu la definicié de m”

donada a ’Exemple 0.42).
Endemés,

P,o(E) =LNE) - JE JE dm?$}(y)dx

— JE JE J(x — y)dyds — L; (JRN\Q J(x — z)dz) dx

i, per tant,

P,io(E)=P,/(E)— JE <JRN\Q J(x — z)dz> de, VYEcCQ.

EXAMPLE 0.56. Sigui [V(G),dg, m%, vg] espai metric de passeig aleatori associat (com
a ’Exemple 0.38) a un graf ponderat i finit G. Donats A, B < V(G), Cut(A, B) es defineix
com

Cut(A4,B) := > way = L,c(A, B),
reA,yeB

i el perimetre d’un conjunt E < V(G) ve donat per

0E| := Cut(E,E) = ) way.
zeE,yeV\E

En conseqiiencia, tenim que
|0E| = P,c(E) per atot Ec V(G).
Ara donem algunes propietats del m-perimetre.

PROPOSITION 0.57. Sigui [X, B, m,v| un espai de passeig aleatori reversible i siguin A,
B € B conjunts amb m-perimetre finit tal que v(A n B) = 0. Llavors,

Pn(A U B) = Py(A) + Pp(B) — 2L (A, B).
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PROOF.

FnldvB) = LUB (JX\(AUB) dmg&(y)) W)
- L ( L\(AUB) dmm(y)) dv(x) + JB (JX\(AUB) dmx(y)) dv (x)
_ L ( JX\A dmy(y) — JB dmz(y)) dv(z)
" JB (JX\B dmal) = L dmx(?/)) v

aixi doncs, per la reversibilitat de v respecte a m,
P,(Avu B)=P,(A) + P,(B) — QJ (J dmI(y)) dv(z). O
A B

COROLLARY 0.58. Sigui [X, B, m,v]| un espai de passeig aleatori reversible i siguin A, B,
C € B conjunts amb interseccions v-nules per parelles. Aleshores,

Pu(AUBUC) = Pu(AUB) + Pu(AUC) + Pu(B U C) — Pou(A) — Pu(B) — Po(C).

PRrROPOSITION 0.59 (Submodularity). Sigui [X, B, m,v] un espai de passeig aleatori re-
versible i siguin A, B € B. Llavors,

Pr(A U B) + Pyu(A A B) = Pu(A) + Py(B) — 2L (A\B, B\A).

Per consegiient,
P,(AuB)+ P,(An B) < Py,(A)+ P,(B).

PROOF. Per la Proposicié 0.58,
Pu(AUB) = Pu((A\B) U (B\A) U (A n B))
= Pn((A\B) v (B\A)) + Pn(A) + Pn(B)

— P, (A\B) — P,,(B\A) — P,,(An B).
Aleshores,
Po(AuB)+ Pu(AnB) =P,(A)+ Pn(B)+ Pn((A\B) u (B\A))
— Ph(A\B) — P,,(B\A).
Ara bé, per la Proposicié 0.57,
P, ((A\B) u (B\A)) — P,(A\B) — P,(B\A) = —2L,,,(A\B, B\A). O

DEFINITION 0.60. Sigui [X, B, m,v] un espai de passeig aleatori i £ € B. Per a x € X
definim la m-curvatura mitjana de 0F a x com

ap(@) i=map(X\E) —mg(F) =1 - 2my(E).

Observeu que HJ(x) es pot calcular per a tot x € X, no només per als punts de 0E. A
més, si v(F) < o,

[ p@vta) - | (1 =i dmx<y>) in(e) = v(B) =2 || dmatyiva),

per tant, tenint present (0.4), obtenim que

(0.5) JE Hip(x)dv(z) = 2P (E) — v(E).
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20 0.5. La frontera, el perimetre i la curvatura mitjana no locals

Tingueu en compte també que
Hop(x) = _Hg(LX\E) ().

REMARK 0.61. Sigui [, Bq, mf, v Q] lespai de passeig aleatori donat a I’Exemple 0.42.
Aleshores,

M () = map(OE) + ma(X\Q)6, (ONE) — mu(E) — ma(X\Q)5,(E),

i, per tant,
no () { Mz (Q\E) — mg(E) + m,(X\Q) size Q\E,

= Me(Q\E) — ma(E) — ma(X\Q) size E.

En particular, per a I'espai de passeig aleatori [€2,d, m7S LN ] (vegeu també 'Exemple
0.42), obtenim que

f J(:c—y)dy—J J(x—y)dy—i—f J(x —y)dy sizeQ\FE,
O\E E RN\Q

J J(:E—y)dy—J J(a:—y)dy—f J(x—y)dy sizekFE.
O\E E RN\Q

Finalment, al teorema 0.63 donarem una altra caracteritzacié de l'ergodicitat de A, en
termes de propietats geometriques.

7,0
or (z) =

LEMMA 0.62. Sigui [X,B,m,v] un espai de passeig aleatori i suposem que v €és una
mesura de probabilitat. Aleshores, per a D € B, les segiients afirmacions son equivalents:

(i) D és v-invariant.
(i) ApXp = 0 v-gairebé pertot.
(iii) Pn(D) = 0.

(iv) JD Hip(z)dv(x) = —v(D).
PROOF. (i) © (ii) Se segueix de la definicié d’un conjunt v-invariant i de 'operador
Laplace.

(7) = (iii) Per hipotesi, m,(D) = M, Xp(x) = Xp(z) per a v-quasi tot z € X i, aix{
doncs, en particular, m,(X\D) = 0 per a v-quasi tot = € D i, per tant,

P, (D) = L,,(D,X\D) = 0.
(791) = (4i) Suposem que P, (D) = 0. Llavors, per (0.4), tenim que

J J dmg(y)dv(x J mg(D)dv(x

mg(D) =1 per a v-quasi tot x € D.

doncs,

A més, per la invariancia de v respecte a m, obtenim que
J my(D)dv(x J my(D)dv(x J my(D)dv(x) = v(D) —i—f mg(D)dv(z);
X\D X\D
per consegiient,
mz(D) =0 per a v-quasi tot x € X\D.
Aleshores,
M Xp(x) = my(D) = Xp(x) per av-quasi tot x € X.
(iv) < (v) Per (0.5), tenim que

| #ap@ivto) = 2Pu(D) - v(D),

Universitat de Valéncia Marcos Solera Diana



0. Passeigs aleatoris 21

doncs, P, (D) = 0 si, i només si, j Hip(z)dv(z) = —v(D). O
D

THEOREM 0.63. Sigui [ X, B, m,v]| un espai de passeig aleatori i suposem que v €s una
mesura de probabilitat. Les segiients afirmacions son equivalents:
(i) Ay, és ergodic.
(ii) Per a tot D € B, Ay, Xp = 0 v-gairebé pertot = v(D) =0 o v(D) = 1.
(#ii) Per a tot De B, 0 <v(D) <1 = P,(D) > 0.
(iv) Per a tot D € B,

1 m
0<v(D)<1= (D) JD Hip(z)dv(x) > —1

PROOF. (i) = (it) Directe.

(74) = (i13) Si Py (D) = 0 aleshores, pel Lemma 0.62, A,,Xp = 0 v-gairebé pertot, doncs
(#7) implica que v(D) =0 o v(D) = 1.

(#i7) = (i1) Sigui D € B. Si A, Xp = 0 v-gairebé pertot aleshores, pel Lemma 0.62, tenim
que Pp,(D) = 0 i, per tant, (i7i) implica que v(D) =0 o v(D) = 1.

(73) = (i) Suposem que A, no és ergodic. Aleshores, segons el Teorema 0.50, [ X, B, m, V|
no és m-connex, de manera que existeix D € B amb v(D) > 0 tal que 0 < v(NJJ) < 1
(recordeu el Corol-lari 0.28). Tanmateix, per la Proposicié 0.26, ApXym(z) = 0 i, per
hipotesi, aixo implica que v(N') = 0 o v(N}}) = 1, la qual cosa és una contradiccio.

(ii1) < (iv) Aquesta equivalencia se segueix per (0.5) i pel Lemma 0.62. O

0.6. Desigualtats de tipus Poincaré

Les desigualtats de tipus Poincaré com les definides a la Definicié 0.66 i la Definicié
1.80 (vegeu també I’Observacié 1.81) tindran un paper molt important en aquesta tesi. Su-
posant que es compleixi una desigualtat de tipus Poincaré, podrem obtenir resultats sobre
les taxes de convergencia tant del flux de la calor com del flux per la variacié total. A més,
també assumirem que es compleix una desigualtat d’aquest tipus per demostrar ’existéncia
de solucions a alguns dels problemes del capitol 5.

Primer introduim la segiient notacio.

DEFINITION 0.64. Sigui (X, B,v) un espai de probabilitat. Denotem la mitjana de f €
L'(X,v) (o el valor esperat de f) respecte a v per

v(f) = E(f) = JX f(@)du(z).

Altrament, donada f € L?(X,v), denotem la seva variancia respecte a v per
1

Var, () 1= | (@) = o PPar(o) = 5 | (F(@) = ) Pdvia)ivo).

En general, si v(X) < o0 també denotarem la mitjana d'una funcié f € L'(X,v) per v(f),
i.e.,

1
= L f(@)d(z).

Ara presentem ’equivalent no local de ’energia de Dirichlet.

DEFINITION 0.65. Sigui [X, B, m,v] un espai de passeig aleatori reversible. Definim el
funcional d’energia H,, : L*(X,v) — [0, +0] per

Hn(f) 1= ;LxXW)—f<y>>2dmx<y>du<x> sif e L'(X,v) n L*(X,v),

400 en cas contrari,

i denotem

D(Hp) = LY(X,v) n L*(X,v).
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22 0.6. Desigualtats de tipus Poincaré

Tingueu en compte que, per la Proposicié 0.47,
Hnlf) = —f f(@)Anf(x)dv(z) per atot fe D(Hy).
X

DEFINITION 0.66. Sigui [X, B, m,v] un espai de passeig aleatori i suposem que v és una
mesura de probabilitat. Diem que [X, B, m,v] satisfa una desigualtat de Poincaré si existeix
A > 0 tal que

AMVar, (f) < Hm(f) per atot fe L*(X,v),
0, equivalentment,
M F1320x0) < Hm(f) per atot f e L*(X,v) amb v(f) = 0.

Més generalment, diem que | X, B, m,v]| satisfa una (p, q)-desigualtat de Poincaré (p,q €
[1,400[) si existeix una constant A > 0 tal que, per a qualsevol u e L(X,v),
)

1
- <A<(j [ 1 = wpam )+ [ uar
X JX X
Jul oy < AIVUlzaGexdoeomsy)  Per a tot w € LI(X,v) amb v(u) = 0.

0, equivalentment, existeix un A > 0 tal que

Quan a [ X, B, m,v] es compleixi una (p, 1)-desigualtat de Poincaré, direm que [X, B, m, V]
satisfa una p-desigualtat de Poincaré.

La bretxa espectral de I'operador de Laplace esta estretament relacionada amb la de-
sigualtat de Poincaré.

DEFINITION 0.67. Sigui [X, B, m,v] un espai de passeig aleatori i suposem que v és una
mesura de probabilitat. La bretza espectral de —A,, es defineix com

gap(—A,,) :zinf{m . fe€DMHp), Var,,(f);éO}
—infd T e D), e #0. [ gav =0}
HfHL2(X7V) X

Tingueu en compte que, tal com s’esmenta a Observacié 0.46, ates que v és una mesura
de probabilitat, tenim que
D(Hnm) = L*(X,v).

REMARK 0.68. Sigap(—A,,) > 0, aleshores [ X, B, m, 1] satisfa una desigualtat de Poincaré
amb \ = gap(—A,,):
gap(—Ap)Var, (f) < Hin(f) per atot fe L*(X,v),
sent la bretxa espectral la millor constant en la desigualtat de Poincaré.

Per tant, ens interessa estudiar quan la bretxa espectral de —A,, és positiva.

REMARK 0.69. Suposem que X és un espai metric polones i que v és reversible respecte
a m. Es poden trobar condicions suficients per a l’existencia d’'una desigualtat de Poincaré
a, per exemple, [134, Corol-lari 31] o [151, Teorema 1]. A [134] se suposa la positivitat de
la curvatura de Ricci gruixuda (vegeu I’Observacié 0.95) mentre que a [151] la hipotesi és la
segiient condicié de Foster Lyapunov:

M,V < (1 =NV +bXg,
M 14(x) = apu(A)Xk, YVAe B

per a una funcié positiva V : R? — [1, infty), uns nombres b < 00, o, A > 0, un conjunt
K < X, i una mesura de probabilitat u. A més, en el teorema 2.19, en relacié amb una altra
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nocié de curvatura de Ricci fitada inferiorment, trobarem altres condicions suficients per a
I’existencia d’una desigualtat de Poincaré.

Si (X, d, ) és un espai de longitud, u és “doubling” i [X,d, m**, u] (recordeu I’'Exemple
0.41) és un espai metric de passeig aleatori, es poden trobar condicions suficients per a
I'existencia d’una desigualtat de Poincaré a [93, Section 2.3].

DEFINITION 0.70. Sigui (X,B,v) un espai de probabilitat. Denotem per H(X,v) el
subespai de L?(X,v) format per les funcions ortogonals a les constants, i.e.,

H(X,v):={feL*(X,v) : v(f) =0}.

REMARK 0.71. Sigui [X, B, m,v] un espai de passeig aleatori reversible i suposem que v
és una mesura de probabilitat. Atés que 'operador —A,,, : H(X,v) — H(X,v) és autoadjunt
i no negatiu, i |A,,| < 2 (vegeu el Teorema 2.4), per [44, Proposition 6.9] tenim ’espectre
o(—A,,) de —A,, en H(X,v) satisfa

J(_Am) = [aaﬁ] - [0? 2]5
on
o = inf {{(~Apu,uy : ue H(X,v), lullp2(x ) = 1} € o(—Ap),

B :=sup {(—Apu,uy : ue H(X,v), lull2(x ) = 1} eo(—Ap).
Vegem que gap(—A,;) = a. Per definici6, tenim que gap(—A,,) < « (recordeu que
Hom(u) = (=Anu,u)). Ara, per la desigualtat oposada, preneu f € L?(X,v) amb Var,(f) #
0. Llavors, u := f —v(f) # 0 pertany a H(X,v), doncs

agﬂm<| u >: Hon(w) _ H(f)

Wl )~ Tulagey,  Var(f)

i, per tant, gap(—A,,) = a.
Com a conseqiiéncia, obtenim que

gap(_Am) >0<0 ¢ U(_Am)'
Amb aquesta observacié a I’abast, podem obtenir el segiient resultat.

PROPOSITION 0.72. Sigui [X, B, m,v] un espai de passeig aleatori reversible i m-connex
1 suposem que v €s una mesura de probabilitat. Si —A,, és la suma d’un operador invertible
i un operador compacte en H(X, nu), aleshores gap(—A,,) > 0.

En conseqiiéncia, si l'operador mitjana M, és compacte en H(X,v) llavors gap(—A,,) >
0.

PROOF. Sisuposem que —A,, és la suma d’un operador invertible i un operador compacte
en H(X,v), llavors, si 0 € o(—A,,), pel teorema de la alternativa de Fredholm, tenim que
existeix u € H(X,v), u # 0, de manera que —A,,u = (I — M,,)u = 0. Llavors, atés que
[X,d, m,v] és m-connex, pel Teorema 0.50, obtenim que A,, és ergodic, de manera que u és
v-gairebé pertot igual a una constant. Per tant, com que u € H(X,v), hem de tenir u = 0
v-gairebé pertot, cosa que és una contradiccié. [l

EXAMPLE 0.73. Si G = (V(G), E(G)) és un graf ponderat, finit i connex, llavors, obviament,
M, és compacte i, en conseqiiéncia, gap(—Ag) > 0. En aquesta situacid, se sap que, si
8(V(G)) = N, Pespectre de —A,,c és 0 <A\ < Xg < ... < Ay_110 <\ =gap(—=AG).

De fet, podem demostrar facilment que [V (G), dg, m©, vg] compleix una (p, ¢)-desigualtat
de Poincaré per a qualssevol p, g € [1,0[. De fet, siguin p, ¢ € [1, o[ i suposem que no existeix
una (p, q)-desigualtat de Poincaré. Aleshores, existeix una successié (uy)neny < LP(V(G), vq)
amb |[un | Lo (v(@)ve) = 11 SV(G) up(z)dv(xz) = 0 ¥n € N, de manera que

lim > > way|un (@) — un(y)|? = 0.

n—0o0
zeV(G)y~z
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Per tant,

(0.6) nlglgo |un(z) —un(y)| =0 peratot z,ye V(G), z~y.

A més, com que |un|rr(v(a)vg) = 1, tenim que, agafant una subsuccessié si es necessari,
Jgrgoun(ac) =u(x) e R per a tot z € V(G).

Tanmateix, com que el graf és connex, obtenim que, per (0.6), u(z) = u(y) per a tot z,
y € V(Q), és a dir, existeix A\ € R tal que u(z) = X per a qualsevol z € V(G); per tant,
un, = X a LP(V(G),vg). Aixi doncs, ates que SV(G) un(x)dvg(z) = 0, obtenim que A = 0,
cosa que esta en contradiccié amb |[uy | ro(v(G)ve) = 1-

EXAMPLE 0.74. Sigui  un domini fitat a RY i sigui J un nucli tal que J € C(RYR) és
no negatiu i radialment simetric, amb J(0) > 0 i (o J(x)dz = 1. Penseu en l'espai metric
de passeig aleatori reversible [Q, Bo, m”t, £N] tal com es defineix a I’'Exemple 0.42 (recordeu

també 1’Exemple 0.37).
Aleshores, —A,, 50 és la suma d’un operador invertible i un operador compacte. En efecte,

~Aaf(e) = | Ja—n)duf@) = | 1)@=y, s
Q
on f— J J(- — y)dyf(-) és un operador invertible a H (2, £LV) (J és continu, J(0) > 01
Q

és un domini, per tant {;, J(z — y)dy > 0 per a tot z € Q) i f — J fW)J(- —y)dy és un
Q
operador compacte en H (2, LV) (aixd se segueix pel teorema d’Arzeld-—Ascoli). Per tant, en
aquest cas, tenim que gap(—A,,s.e) és igual a (vegeu també [18])
1
5 | @) - uw)Pdsdy
QxQ

2
JQ u(z)?dx

Assenyalem que la condicié J(0) > 0 és necessaria, ja que, en cas contrari, §;, J(- — y)dy pot
ser 0 en un conjunt de mesura positiva (vegeu [18, Remark 6.20]).

inf

S we IA(Q), Julzg > 0. Ju:O - 0.
Q

Un altre resultat en que proporcionem les condicions suficients per a la positivitat de
gap(—A,,) és el segiient.

PROPOSITION 0.75. Sigui | X, B, m,v| un espai de passeig aleatori reversible i suposem
que v €s una mesura de probabilitat. Suposem també que A,, és ergodic i que m, < vV per a
tot x € X. Si existeix p > 2 i una constant K tal que

)

PRrROOF. Com a conseqiiéncia d’un resultat de Miclo [129], tenim que gap(—A,,) > 0 si
A, és ergodic i M, és hiperfitat, és a dir, si hi ha ¢ > 2 de manera que M,, sigui fitat de
L*(X,v) en LY(X,v). Denotem f, := dg?j e LY(X,v), v € X. Vegem que M,, és hiperfitat.
Donat u € L?(X,v), per la desigualtat de Cauchy-Schwarz, tenim

HMmqu J | My u(z)|Pdr(x J U y)dmg(y)

[ sonaones
<l f ol (@),
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dv(z) < K < o0,
L2(Xw)

aleshores gap(—A,,) > 0.

p

dv(x)

dl/(a:)
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per tant
IMaaalp < K7 ] 2(x.0)-

Per tant, M, és hiperfitat com voliem. O

En els segiients exemples donem espais de passeig aleatori per als quals no es satisfa una
desigualtat de Poincaré.

EXAMPLE 0.76. Sigui [V(G), dg, m%, vg] 'espai metric de passeig aleatori associat al graf

ponderat i localment finit G amb conjunt de vertexs V(G) := {3,24,%5...,Tp,...} 1 pesos:
1 1 1
Wz, 3n+1 = 737 Wesnsr@ani2 = 15 Wasniazanes = 30

per an = 1,1 wy, »; = 0 en cas contrari (recordeu I'Exemple 0.38).

(i) Let

fnlx) =

{ n Sl & = T3p+1, T3nt2,

0 en cas contrari.

Tingueu en compte que vg(V(G)) < 4o (evitem la seva normalitzacié a una mesura de
probabilitat per simplificar). Ara bé,

f j — Fuly))2dmC () dvg (z)
V(G
= dmsn J (fn(x?m) - fn(y))Qdm%n (y)
Vv

(G)
+ dx3n+1 f (fn(x3n+1) - fn(y))2dngn+1 (y)
V(G)
by | (Ualomns) = Ful0) P, (0)
V(G)
oy | alansa) = foly) P, ()
V(G)
& & & x
=d 2 n d 2 n d 2 n d 2 n
mSnn daj3n + 1’3n+1n dx3n+1 + $3n+2n dm3n+2 + $3n+3n d,z’3n+3
4

doncs

on fem servir la notacid

o(n) = O((n)) < hmsup‘(n) =C#0
n—ao (n)
Conseglientment,
O(n?) Sl T = XT3n+1, T3n+2,
(@) —w(f))? ={
0] (#) en cas contrari.
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Finalment,

Var,, (fa) — J (Fa() = v fo))2dvics ()
V{(G)

~ (1 ~
=0 () Z de + O(n2)(d13n+1 + dm3n+2)

THEL3n+1,T3n+2

~ (1 x. 9 1 1 ~
Aixi doncs, [V(G), dg, mY, vg] no satisfa una desigualtat de Poincaré.
(ii) Sigui
n® st @ = 2301, Tang2,

fnlx) =

0 en cas contrari.

Amb calculs similars (vegeu també [124, Example 4.7]), aconseguim

J J | fr(2 fn(y)ldmf(y)dug(x) - é
V(G) n

| 1) = velh)ldva(a) = O
V(@)
Per tant, [V (G),dg, m%, vg] no satisfa una 1-desigualtat de Poincaré.

EXAMPLE 0.77. Considerem l’espai meétric de passeig aleatori [R,d,m”,£'] (recordeu
I'Exemple 0.37), on d és la distancia euclidiana i J(x) = %X[_Ll]. Definim, per a n € N,

1 1

Un = 2n+1x[2",2"“] T on+l

X[_2n+17_2n] .

Llavors, |uy1 := 1, f up(x)dxr = 0 1 és facil veure que, per n prou gran,
R

1 1
2 J]R JR [un(y) = Un(:v)|dmi(y)dx = on+1l

Aleshores, [R,d, m”, £'] no satisfa una 1-desigualtat de Poincaré.
Vegem ara que, si gap(—A,,) > 0, A,, és ergodic.

PROPOSITION 0.78. Sigui [X, B, m,v] un espai de passeig aleatori i suposem que v és
una mesura de probabilitat. Si [X, B, m,v] satisfa una desigualtat de Poincaré, llavors A,
és ergodic (i.e., [ X,B,m,v] és m-connex).

PROOF. Sigui f € D(A,,) tal que A, (f) = 0 v-gairebé pertot. Aixi,

Jf dv(z) = 0

i, per tant, si [X, B, m,v] satisfa una desigualtat de Poincaré, tenim que

Var,(f) == f ((2) = v())?di(z) = 0,

X
doncs f és v-gairebé pertot igual a una constant:

x) = f f(x)dv(x) per a v-quasi tot x € X. O
b's

L’Exemple 0.76 mostra que la implicacié inversa no es compleix en general. Finalment,
donem el resultat segiient que pot ajudar a trobar fites inferiors per a gap(—A,,).
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THEOREM 0.79. Sigui [ X, B, m,v| un espai de passeig aleatori reversible i suposem que v
és una mesura de probabilitat. Suposem també que A,, €s ergodic. Aleshores,

gap(—A,,;) = sup {)\ >0 : MHnp(f) < JX

(—Apf)2dv Yfe LA(X, u)}.
PROOF. Per I’Observaci6 0.71 sabem que gap(—A,,) = «, on
a = inf {{(~Apu,uy : ue H(X,v), lullp2(x ) = 1} e o(—Ap).
Denotem també, com en eixa observacio,

8 i= sup {(~Amu,uy : we H(X,v), Julpix,) = 1} € o(=An).

Definim

A:=sup {)\ >0 : Mn(f) < J (=Anf)2dv VfeL*(X, u)}.

X
Vegem que a < A. Sigui (Py)x>0 la projeccié espectral de I'operador autoadjunt i positiu
—A,, : H(X,v) - H(X,v). Pel teorema espectral [140, Theorem VIII. 6], tenim que, per a
qualsevol f € H(X,v),

B
Hon(f) = (D f, f) = f AP, £

8
L(—Amf>2du (A fo D) = f Nd(Pyf, ).

Per tant, per a tot f € H(X,v),

B
f (=D f)2dv > af ACPAS, £ = an(f).
X «

i obtenim que o < A (observeu que, per a qualsevol f € L?(X,v), podem agafar g :=
f—v(f)e H(X,v) i es compleix que A, (g9) = A (f))-

Finalment, vegem que a > A. Com que o € o(A,,;), donat ¢ > 0, existeix 0 # f €
Rang(P,¢) i, en conseqiiencia, Pyf = f per a A = a+e. Aixi doncs, com que A, és ergodic,
—An(f) #0 (0 # f € H(X,v) no és v-gairebé pertot igual a una constant), doncs

o< [ canpra = [Rans <@g |

« o

NP = (@ 4 OHon(P)
<A{a+26)Hn(f).

Aix0 implica que « + 2¢ no pertany al conjunt
(020 3000 < [ (-angPa vre o),
X
aixi doncs, A < a + 2¢. Per tant, com que € > 0 era arbitrari, tenim que
A<a. |

0.6.1. Desigualtats de tipus Poincaré en subconjunts. Considerem ara desigual-
tats de tipus Poincaré en subconjunts.

DEFINITION 0.80. Siguin [X, B, m,v| un espai de passeig aleatori i A, B € B conjunts
disjunts tals que v(A) > 0. Denotem @ := ((Au B) x (A v B))\(B x B). Diem que
[X, B, m,v] satisfa una (p, q)-desigualtat de tipus Poincaré generalitzada (p,q € [1,+[) en
(A, B), si, donat 0 < I < v(A U B), existeix una constant A > 0 tal que, per a qualsevol
ue LY(A v B,v) iqualsevol Z € By p amb v(Z) > 1,

J udu) .
z
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REMARK 0.81. Aquestes notacions ens permeten cobrir moltes situacions. Per exemple,
(i) Si A= X, B=g1i|X,B,m,v] satisfa una (2,2)-desigualtat de tipus Poincaré general-
itzada en (X, &) llavors [ X, B, m, v] satisfa una desigualtat de Poincaré tal com es defineix
a la Definicié 0.66.
(ii) Sigui Q € B. Si A := Q, B := 0,8 i suposem que se satisfa una (p, p)-desigualtat de tipus
Poincaré generalitzada en (A, B) llavors la desigualtat adopta la forma segiient:

1
Judu
z

lull oy, < A (J u(y) — U($)|pdmx(y)dV($)> +
(o X2 N0 QX 01 Q)

que s’utilitzara extensament al capitol 5. A més, si A :=Q,, i B := J obtindrem
J udv
z

Al Teorema 0.83 donem condicions suficients perqué un espai de passeig aleatori satisfaci
desigualtats d’aquest tipus. Primer demostrem el segiient lema.

1
p

Jull (g 0y < A <£Q Mzﬁu@)—uummmhunmxm) .

que també s’utilitzara ampliament al capitol 5.

LEMMA 0.82. Sigui [X, B, m,v] un espai de passeig aleatori reversible. Siguin A, B € B
conjunts disjunts tals que B < 0, A, v(A) > 0 i A és m-connez (recordeu la Definicié 0.32).
Suposem que v(A U B) < o0 i

v({fre AuB : (mgLA) L (vLA}) =0.
Donat q > 1, sigui {un}, < LY(A U B,v) una successid fitada en L*(A U B,v) tal que

(0.7) Jim JQ () — ()] () di () = 0

n—aeo

on, com a la Definicié 0.80, Q@ = ((Au B) x (A u B))\(B x B). Llavors, existeiz X\ € R tal
que
up(x) = X per a v-quasi tot € AU B,

|un — MlLa(ame) = 0 per a v-quasi tot € Au B,

lun — Al pa(aoBme) — 0 per a v-quasi tot x € A.

PROOF. Si B = J (o v(B) = 0) es poden ometre alguns passos de la prova. Sigui
Fo(z,y) = lun(y) —un(z)l,  (z,y) €Q,

hmm=£¢mw—%@me@,xeAua

gn(x) = L . |un(y) — un(x)|?dmy(y), ze€ A.

Preneu
Ni={xeAuB: (m;LA) L(vLA)}.
De (0.7), se segueix que
fn—0 en L'(AU B,v)

gn— 0 en L'(A,v).
Passant a una subsuccessié si cal, podem suposar que
(0.8) fn(z) >0 peratot xe(AuB)\Ny, on Nyc Au B és v-nul
i

(0.9) gn(z) > 0 per atot z € AANy, on Ny, A és v-nul.
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D’altra banda, per (0.7), també tenim que
F,—0 en LY Q,v®@myg).
Per tant, podem suposar que, agafant una subsuccessio si cal,
(0.10) Fo(z,y) > 0 peratot (z,y) e Q\C, on C c Q és v ®mg-nul.
Sigui N1 € A un conjunt v-nul que satisfaci
per a tot x € A\Ny, la secci6 Cp :={ye Au B: (x,y) € C} de C és my-nulla,
i Ny © Au B un conjunt v-nul que satisfaci
per a tot z € (A U B)\Na, la seccié C, := {y€ A: (z,y) € C} de C és my-nul-la.
Ara bé, com que A és m-connex i B < 0,,A, tenim que
D:={rxeAuB:m,(A) =0}

és v-nul. De fet, per la definicié de D, tenim que L,,(A n D, A) = 0 per tant, atées que A és
m-connex, s’ha de satisfer que v(A N D) = 0. A més, com que B < 0, A, my,(A) > 0 per a
tot x € B, per tant v(B n D) = 0.

Denoteu N := N| U Ny u N, u Ni U Np u D (tingueu en compte que v(N) = 0). Fixeu
xg € A\N. Agafant una subsuccessio si cal, tenim que wu,(xg) — A per algun \ € [—00, +0];
sigui

S:={re AuB : uy(z) > A}
i vegem que v((A v B)\S) = 0.

Per (0.10), com que uy(xo) — A, també tenim que u,(y) — A per a tot y € (A U B)\Cx,.
Tanmateix, com que zg ¢ N 1 my,(Cyy) = 0, s’ha de satisfer que v(A\Cy,) > 0; per tant
v(AnS) = v(A\Cy,) > 0. Tingueu en compte que, si z € (A n S)\N, per (1.18) de nou,
(AU B)\C, c S, aixi doncs m,((A U B)\S) < my(C;) = 0; llavors,

Ln(An S, (Au B)\S)=0.
En particular, L,,(A n S, A\S) = 0, pero, com que A és m-connex i v(A n S) > 0, s’ha de
tenir que v(A\S) =0, és a dir, v(A) =v(An S).

Ara, suposem que v(B\S) > 0. Preneu z € B\(S u N). Per (0.10), tenim que A\C!, c
A\S, és a dir, An S c C., per tant m,(A n S) = 0. Consegiientment, com que = ¢ N,
hem de tenir v(A\S) > 0, cosa que contradiu el que ja hem obtingut. En conseqiiencia, hem
obtingut que wu, convergeix v-gairebé pertot en A U B a A:

up(x) > X peratotxeS v((Au B)\S)=0.
Ja que {|[un]z1(auB,)}n esta fitada, pel Lema de Fatou hem de tenir que A € R. D’altra
banda, per (0.8),
Fy(z,-) >0 in LY(A,m,) ,
per a tot x € Q\Ny. En altres paraules, |un(-) — un()| ra(a,m,) — 0, doncs
|un — M racam,) = 0 per a v-quasi tot z€ Au B.
De la mateixa manera, per (0.9),
|un — Al acaoB,m,) = 0 per a v-quasi tot x € A. O
THEOREM 0.83. Siguin p = 1 ¢ [X, B, m,v] un espai de passeig aleatori reversible. Su-

posem que A, B € B son conjunts disjunts tals que B < 0, A, v(A) > 0 i A és m-connerz.
Assumiu que v(Au B) < o0 i

v({fre AuB : (myLA) L (vLA)}) =0.

Suposem també que donat qualsevol conjunt v-nul N c A, existeizen x1,xa,...,x;, € A\N 1
una constant C > 0 tal que vI_(AuB) < C(mg, +---+my, ) L(AUDB). Aleshores, [X, B, m, V]
satisfa una (p,p)-desigualtat de tipus Poincaré generalitzada en (A, B).
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PROOF. Siguin p > 110 < < v(A v B). Volem demostrar que existeix una constant

A > 0 tal que
1
[l ooy < A ((JQ July) - u<w>|pdmx<y>du<x>) " Lm)

per a tot u € LP(A U B,v) itot Z € Byop amb v(Z) > [. Suposem que aquesta desigualtat
no es compleix per a cap A. Llavors, existeix una successié {u,}nen © LP(A U B,v), amb
|lun]zr(auB,w) =1, 1 una successié Z, € Ba,p amb v(Z,) = 1, n € N, que satisfan

i | i (9) = (&) P () () = 0
nJQ

lim Uy dv = 0.
n Jg.
Per tant, pel Lemma 0.82, existeixen A € R i un conjunt v-nul N c A tal que

[|wn — )\HLp(AuBmz) 50 peratotze A\N.

Ara, per hipotesi, existeixen z1,x9, ...,z € AAN i C > 0 tal que vLL(Au B) < C(my, +
-+ 4+ my, ). Aixi doncs,

L
ltn = Alacpw) < C 25 lun = Mioaosn.) = O
=1

A més, ates que { 1z, }, esta fitada en LP (A U B,v), existeix ¢ € L (A U B,v) tal que,
agafant una subsuccessio si cal, Xz, — ¢ debil en L¥ (A U B, v) (debil-+ en L®(A U B,v) en
el cas p = 1)% A més a més, ¢ > 0 v-gairebé pertot en A U B i

0<i< lim v(Z,) = lim Xz, dv = J wdv.
n—+00 n—+90 JA,B AUB

Llavors, com que u, — A en LP(A U B,v) i Xz, = ¢ debil en LP (A U B,v) (debil-# en

L*®(Au B,v)enel casp =1),

0= lim u, = lim Xz, Un = )\f wdv,
n—+00 Zn n—+0o0 AUB AUB

doncs A = 0. Aco esta en contradiccié amb [|un|[rpaup,y) = 1 Vn € N, ates que uy, 5 Xen

LP(A U B,v). 0

REMARK 0.84. Observeu que el suposit
v{re AuB : (mgLA)L(wLA)})=0

significa que ens trobarem en el cas (i) de la proposicié 0.22, és a dir, sense tenir en compte
un conjunt v-nul, el passeig aleatori és v-irreductible.

REMARK 0.85.
(i) La suposici6 que, donat un conjunt v-nul N ¢ A, existeixen z1,x2,...,21, € AN 1 C > 0
de manera que vL(A v B) < C(mg, + -+ + my, )L(A U B) no és tan forta com sembla.
De fet, aix0o es compleix de manera trivial en grafs ponderats, localment finits i connexos; i
també es compleix a [RY,d, m”’, LV] (recordeu 'Exemple 0.37) si, per a un domini A < RV,
prenem B < 0,,s A tal que dist(B,RV\A4,,,) > 0. A més, en l'exemple segiient veiem que si
eliminem aquesta hipotesi, la tesi no és certa en general.

Considereu 'espai metric de passeig aleatori [R, d, m”, £!] on d és la distancia euclidiana
iJ:= %X[,M] (recordeu 'Exemple 0.37). Sigui A := [-1,1] i B := 0,74 = [—2,2]\A.
Aleshores, si N = {—1, 1}, és possible que no trobem punts a A\N que compleixin el suposit

6Tingueu en compte que, atés que v és una mesura o-finita i B es genera de manera contable, tenim que
L'(X,v) és separable.
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esmentat. De fet, la tesi del teorema no és certa per a cap p = 1 com es pot veure prenent
1 . .

Uy 1= %n? (X[_2’_2+%] — X[z_%’2]> i Z := AuB. De fet, noteu primer que HunHLp([,m]’g) =

1i 5[72’2] undCl = 0 per a tot n € N. Ara, supp(m?) = [z — 1,2 + 1] per a tot z € [—1,1] i,

per tant, per a qualsevol x € [—1, 1],

f in () — tn (@) PdmI(y) = j ndm? (y)
[-2,2]

[-2,-2+ L]n[z—Lz+1]

+ J ndm? (y)
[2—12]A[z—1,2+1]

n’

200,y @) [ i)
[2—,z+1]

1
=2n (a; -1+ n> X[1—%,1](x)-

Conseglientment,

J[Ll] f[m un(y) — un(z)|Pdml (y)dLH (z) = 2n J[l . (x —1+ i) ALt (@)

Finalment, per la reversibilitat de £ respecte a m”,
1
| ) - wepdmlwict@) =
[-2,2] J[-1.1] n
doncs
2 q
| ntw) = wnl)pim )act @) < = 2
Q

(ii) Tanmateix, en aquest exemple, com hem esmentat anteriorment, podem prendre B < 0, A
tal que dist(B,R\[—2,2]) > 0 per evitar aquest problema i assegurar-se que es compleixen les
hipotesis del teorema; de manera que [R,d, m”, £'] compleixi una (p, p)-desigualtat de tipus
Poincaré generalitzada en (A, B).

En l'exemple segiient, l'espai metric de passeig aleatori [X,d, m,v] definit, satisfa que
my L v per a tot € X (caient aixi en el cas ( i) de la Proposicié 0.22) i no compleix una
desigualtat de tipus Poincaré.

EXAMPLE 0.86. Sigui p > 1. Denoteu la circumferéncia com S* = {€2™ : o € [0,1)}
i prenem Ty : S* — S! la funcié de rotaci6 irracional Ty(z) = xe>™ on # és un nombre
irracional. A S! considerem la o-algebra Borel B i la mesura de Hausdorff 1-dimensional v :=
H1L S, Es ben sabut que Ty és una transformacié univocament ergddica sobre (S, B, v/).

Ara, definim X := S'im, := %(5T_9(x) + %(5T9(x), x € X. Llavors, [X,d, m,v] és un espai
de passeig aleatori reversible, on d és la metrica donada per la longitud d’arc. De fet, donada
una funcié mesurable i fitada f a (X x X, B x B), tenim que

|| f@winwane) =3 [ f o)) + 5 [ s T
Sl Sl Sl Sl

1

> | s, v + 5 [ o), )
St St

f £y, 2)dma () d ().
Sl Sl
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Vegem que [ X, d, m,v] és m-connex. Noteu primer que, per a tot z € X,

1
*2
m,” = 5(5;3 + Z(ste(x) + ZéTg(x) = Z(STgZ(x)

i, per induccid, és facil veure que

1
*Nn
mp, 2n
Ara, sigui A € B tal que v(A) > 0. Pel teorema ergoddic puntual obtenim que

n—1
lim 1 Z XA (Té“(x)) = v(4) >0
k=0

6T7L (1.) .

v(X)

per a v-quasi tot x € X. En conseqiiencia, per a v-quasi tot x € X, existeix k € N de manera
que
ok 1 1
M (A) > g (4) = 55X (TH@)) > 0,
doncs [ X, d, m,v| és m-connex.
Vegem que | X, d, m, | no satisfa una (p,p)-desigualtat de Poincaré. Per a cada n € N
definim

I = {627”“ : kO —d0(n) <a<kf+4d(n)}, —1<k<2n,
on d(n) > 0 es tria de manera que

Iy n I, =& per atot —1 < ki, ke <2n, ki # ko

1

(noteu que e2milk0=0(n)) - 2mi(k20-6(n)) por a qualsevol ky # ko ja que Ty és ergodic).

Considereu la segiient successié de funcions:
2n—1

fon— Z Xip, neN.
Aixi,
f up,dv =0, per atotnéeN,
X

J |un|Pdv = 4nd(n), per a tot n € N.
X

Fixat n € N, vegem que passa amb

|| 1uat) = wa@pdma v o).

X Jx
Sil<k<n—-2on+1<k<2n-2ixel} llavors

1 1
[ 1unto) = @) ) = FlunlT-0(0) = @) + G Tofe)) = wa @) =0
ates que T_g(z) € I}} | i Ty(x) € I} ;. Ara, si x € I}, aleshores T_g(x) € I"; doncs
1 1 1 1

[ 10 0) = 0@ (9) = Sl (T0 (@) = @) + 5 (Toe) = @) = 51 =19 = 5

iel mateix val si z € I3, | (llavors Tp(z) € 13,). Per a qualsevol z € I,,_; tenim que Ty(z) € I}}
i, per tant,

| )= @) Pdme9) = G (T-a() = @ + G o Toa)) =)l = 512 =27

i s’obté el mateix resultat per a x € I}, ;. De la mateixa manera, si x € I} o w € I3,

[ 10n) = wn@)Pame ) = Gl o) = wa @) + G hen(To@) = wnl@)P” = 5.
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Finalment, si x ¢ U™, I7 llavors T_g(z), Ty(z) ¢ Ui, 11 dones

| 1an0) = @) ma ) = 5 un(T-0(2)) = 0 (@) + 5 un (To(a)) = wn@)]” =0,
X

Conseglientment,

| 10n) = wnt)Pamawh @) = Sa-2800)) + 222 2800) = (442 )5,
X JX

Per tant, no existeix A > 0 tal que

1 p

- % X’U,ndy

Unp,

<A [ [ o) = un@)P i) dv(e), e
Lr(X,v) X JX

ja que aixo implicaria
4nd(n) < A4 +2P"He(n) =n <A +27! VneN.

Finalment, proporcionem un altre resultat en que donem condicions suficients perque es
satisfaci una (p, q)-desigualtat de Poincaré generalitzada.

THEOREM 0.87. Siguin 1 < p < q i considerem un espai de passeig aleatori reversible
[X,B,m,v]. Siguin A, B € B conjunts disjunts tals que B < 0, A, v(A) > 0 i A és m-connex.
Suposem també que V(AU B) < o i m, < v per a tot x € Au B. Assumim a més que, donat

un conjunt v-nul N < A, existeixzen x1,a,...,xr, € AAN i Q1,Qa,...,Qr € Baup, tal que
L

dm.... __p
AuB= UQZ i, 81 g; 1= ZZM en Q;, llavors g; ™" € LY(Qy,v), i =1,2,...,L. Aleshores,
i=1

[X, B, m,v| satisfa una (p, q)-desigualtat de tipus Poincaré generalitzada en (A, B).

PROOF. Sigui 0 < I < v(A u B). Comengant com en la demostracié del Teorema 0.83,
si suposem que no se satisfa una (p, ¢)-desigualtat de tipus Poincaré generalitzada en (A, B),
llavors existeix una successio {un}nen © LY(A U B,v), amb |un|raup,) = 1, 1 una successié
Zn € Baop amb v(Z,) =1, n € N, tal que

hmf () — tn () (y) () = O
noJQ

lim Uy dv = 0.
n Jz.

Per tant, pel Lemma 0.82, existeixen A € R i un conjunt v-nul N < A tal que

|wn — Al LagaoBma) 50 peratot ze A\N.

Ara, per hipotesi, existeixen x1,x9,...,x, € AAN i Q1,Q9,...,Qr € Baup, de manera
L
dmy, —-E
que Au B = U Q; i, sig; := dTmz on §;, aleshores g; " € L'(Q,v), i = 1,2,..., L. Per
=1
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tant,

b= Alpasmn <25 |l = APy

=1 i
P
9i(y)«
=2 | Jualy) = AP==5dv(y)
i1 9i(y)e
P 1 QZP
q
< (J |un(y) — Al%gi(y)dv(y) (J pdV(y)>
=1 QL Qz gl( )q—P
p q9-p
L , 2 1 <
=% ([ o) = At (0 -
i=1 Qi gz(y) ar LY(Q4,v)
q9—p
L 1 a
= Dl = Mgy y |~ — 0.
i=1 ' gg—p LY(Q,
¢ (,v)
Acabem la prova de la mateixa manera que per al Teorema 0.83. (]

0.6.2. Desigualtat isoperimeétrica. Sigui [X, 5, m,v] un espai de passeig aleatori on
v és una mesura de probabilitat. Suposem que [X,B,m,v] compleix una desigualtat de
Poincaré, és a dir, existeix A > 0 tal que

AVar, (f) < Hm(f) per atot fe L3(X,v).
Donat D € B, sigui f := Xp. Llavors, la desigualtat de Poincaré implica que
AVar, (Xp) < Him(Xp),

equacié que, recordant

= X m v\xr) = X 2 m vV x
P(D) = L fXWXD( )l (y)dv (@) L fxvxm ) (y)dv(a),

es pot reescriure com
(0.11) Av(D)(1—v(D)) < Pn(D) peratot DelBB

(observeu que, pel teorema 0.63, a¢o implica, en particular, que A,, és ergodic). Aixi doncs,
com que

min{z,1 —z} < 22(1 — z) < 2min{z,1 —x} per a qualsevol 0 <z < 1,
la desigualtat (0.11) produeix la segiient desigualtat isoperimetrica (vegeu [7, Theorem 3.46]):
2
(0.12) min{v(D),1 —v(D)} < XPm(D) per a tot D € B;

i, al contrari, la desigualtat isoperimetrica (0.12) implica que

A

5 v(D)(1 —v(D)) < P,(D) peratot DeB.
DEFINITION 0.88. Sigui [X, B, m,r]| un espai de passeig aleatori. Si existeix A > 0 tal

que (0.12) es compleix, direm que [X, B, m,v]| compleix una desigualtat isoperimétrica.

0.7. La curvatura d’Ollivier-Ricci

Una eina important per a l'estudi de la velocitat de convergencia del flux de la calor és la
desigualtat de Poincaré (vegeu [22]). En el cas de les varietats riemannianes i els semigrups de
difusié de Markov, una condicié necessaria habitual per obtenir aquesta desigualtat funcional
és la positivitat de la corresponent curvatura de Ricci de I’espai subjacent (vegeu [22] i [160]).
A [21], Bakry i Emery van trobar una manera de definir una nocié de curvatura de Ricci
fitada inferiorment a través del flux de la calor. A més, Renesse i Sturm [141] van demostrar
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que, en una varietat riemanniana M, la curvatura de Ricci esta fitada inferiorment per una
constant K € R si, i només si, I’entropia de Boltzmann-Shannon és K-convexa al llarg de
les geodésiques de 'espai 2-Wasserstein de mesures de probabilitat en M. Aquesta va ser
I'observacié clau, utilitzada simultaniament per Lott i Villani [113] i Sturm [147], per donar
una noci6 de curvatura de Ricci fitada inferiorment en el context general dels espais metrics
mesurables de longitud. En aquests espais, Ambrosio, Gigli i Savaré ([8]) van obtenir una
relacié entre la condicié de curvatura-dimensié de Bakry-Emery i la nocié de la curvatura de
Ricci introduida per Lott-Villani-Sturm, de fet, van demostrar que aquestes dues nocions de
curvatura de Ricci coincideixen sota certs suposits sobre I’espai metric mesurable.

Quan 'espai considerat és discret, per exemple, en el cas d’un graf, el concepte anterior
de curvatura de Ricci fitada inferiorment no es pot aplicar com en el cas continu. De fet,
la definicié de Lott-Sturm-Villani no és aplicable si ’espai 2-Wasserstein de 'espai metric
mesurable no conté geodesiques. Malauradament, aquest és el cas si ’espai subjacent és
discret. Per tant, utilitzarem el concepte de curvatura de Ricci fitada inferiorment donat per
Y. Ollivier a [134] que s’adapta bé al cas discret. Ens referim a [132] i les seves referéncies
per obtenir una visié general sobre el camp de recerca de la curvatura discreta.

Per introduir la curvatura de Ricci gruixuda definida per Y. Ollivier a [134], primer recor-
dem el problema del transport de masses de Monge-Kantorovich. Sigui (X, d) un espai metric
polones i p, v € P(X)". El problema de Monge-Kantorovich és el problema de minimitzaci6

min UXXX d(z,y)dy(z,y) : ve (g, V)} )

on M(p,v) = {yeP(X x X) : mo#y = p, m#y=v}¥imy: X x X - X esta definit per
Talz,y) := x + a(y — x) per a a € {0,1}.
Per a 1 < p < oo, la p-distancia de Wasserstein entre p i v es defineix com

El problema Monge-Kantorovich té una formulacié dual que donem a continuacié (vegeu,
per exemple, [159, Theorem 1.14]).
Teorema de Kantorovich-Rubinstein. Siguin p,v € P(X). Llavors,

W) =supd [ wde=0) e K00}

= sup {qud(u — 1) s ue Kg(X) n LP(X, y)}

KiyX):={u: X >R : |uly) —u(z)] <d(y,z)}.

En geometria riemanniana, la positivitat de la curvatura de Ricci es pot caracteritzar pel
fet que “les boles petites estan més a prop, en la 1-distancia de Wasserstein, que els seus
centres” (vegeu [141]). En el marc dels espais metrics de passeig aleatori, inspirat per aixo,
Y. Ollivier [134] va introduir el concepte de curvatura de Ricci gruizuda, substituint les boles
per les mesures my ¢ utilitzant la 1-distancia de Wasserstein per mesurar la distancia entre
elles.

DEFINITION 0.89. Donat un passeig aleatori m en un espai metric polones [ X, d] tal que
cada mesura m, té primer moment finit, per a qualsevol parella de punts diferents x,y € X,

"P(X) denota el conjunt de les mesures de probabilitat en X.
8, #~ denota el pushforward de v per 7w, doncs mo#y és el marginal de 7 sobre el primer component i
m1#y és el marginal de y sobre el segon component.
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36 0.7. La curvatura d’Ollivier-Ricci

la curvatura d’Ollivier-Ricci (o curvatura de Ricci gruizuda) de | X, d, m] al llarg de (x,y) es
defineix com
Wi (mg, my)
d(z,y)
La curvatura d’Ollivier-Ricci de [ X, d, m] esta definida per

fom (2, y) =1 —

KEm = inf  Kp(x,y).
z,y € X
T #y

Escriurem k(z,y) en lloc de kp,(x,y), i K = Ky, si el context no permet cap confusio.

Tingueu en compte que, en principi, la métrica d i el passeig aleatori m d’un espai metric
de passeig aleatori [X,d, m,v] no tenen cap relacié a part del fet que m esta definida a la
o-algebra de Borel associada a d i que cada my, v € X, té primer moment finit. Per tant,
no podem esperar obtenir resultats forts sobre les propietats de m imposant condicions només
en termes de d. Per exemple, com veurem a l’exemple 3.36, les boles en espais métrics de
passeig aleatori no son necessariament m-calibrables (vegeu la Definicid 3.33). Tanmateiz,
imposar condicions sobre k, com k > 0, crea una relacio forta entre el passeig aleatori i la

metrica, que ens permet demostrar resultats com el Teorema 0.93.

REMARK 0.90. Si (X,d, ) és una varietat riemanniana completa i suau, i (m%©) és el
passeig aleatori de pas € associat a pu donat a ’'Exemple 0.41, llavors esta demostrat a [141]
(vegeu també [134]) que, escalant per €2, Ku.ec(z,y) convergeix a la curvatura ordinaria de
Ricci quan € — 0.

EXAMPLE 0.91. Sigui [RY, d, m”’, L] I'espai metric de passeig aleatori donat a l'exemple
0.37. Vegem que s(z,y) = 0. Donats z,y € RY, 2 # 3, pel Teorema de Kantorovich-
Rubinstein, tenim que

Wfl(mi,m;) = sup{fRN u(z)(J(x —z)—J(y—2))dz : ue Kd(]RN)}

= sup {J (u(x +2) —u(y +2))J(z)dz : ue Kd(]RN)} .
RN
Ara, per a tot u € Kg(RY), es compleix que
| e +2) =ty + )T d= < o =y,

doncs Wld(mg,mg) < | —y|. D’altra banda, si u(z) := 2=y aleshores u € Kg(RN) i, per
tant,

Wimd ) > | (e +2) = uly + 2)I() dz = o —yl.
RN
Aixi doncs,
Wi(my,my) = |z —yl,
i, en conseqiiéncia, k(x,y) = 0.

EXAMPLE 0.92. Sigui [V(G),dg, m©, vg] I'espai metric de passeig aleatori associat a un
graf ponderat i localment finit G = (V(G), E(G)) tal com es defineix a 'Exemple 0.38 i
recordeu que Ng(z) := {z € V(G) : z ~ z} per a x € V(G). Llavors, la curvatura d’Ollivier-
Ricci al llarg de (z,y) € E(G) és
WldG (Mg, my)

on
Wldc(mx,my = 1nf 2 Z (21, 22)dc(z1, 22),

z1 ~T zg~Y
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sent A el conjunt de totes les matrius amb entrades indexades per Ng(x) x Ng(y) tal que
p(z1,22) =01
w w
Z p(z1,22) = ;Zl, Z p(z1, 22) = ;ZQ, per a (z1,22) € Ng(z) x Na(y).
T Y

zo~Y 21~T

Hi ha una extensa literatura sobre la curvatura d’Ollivier-Ricci en grafs discrets (vegeu,
per exemple, [27], [35], [62], [95], [105], [112], [134], [135], [136] i [138]).

En el seguent resultat, veiem que els espais métrics de passeig aleatori amb curvatura
d’Ollivier-Ricci positiva sén m-connexos.

THEOREM 0.93. Sigui [X,d, m,v] un espai meétric de passeig aleatori tal que v és una
mesura de probabilitat i cada mesura my té primer moment finit. Suposem que la curvatura
d’Ollivier-Ricci K satisfa k > 0. Aleshores, [X,d, m,v]| és m-connez.

PROOF. Sota la hipotesi £ > —o0 (recordeu que k < 1 per definici) Y. Ollivier en [134,
Proposition 20] demostra la segiient propietat de contraccié en Wi:

Sigui [X,d,m,v] un espai métric de passeig aleatori. Llavors, per a dues distribucions
de probabilitat qualssevol p iy,

(0.13) Wi (e m™™, il m*®) < (1= R)"Wi(u, 1),

Per tant, sota la hipotesi x > 0, en [134, Corollary 21] Y. Ollivier demostra que la mesura
invariant v (existeix i) és tnica llevat de constants multiplicatives i que, si v € P(X), es
compleixen les segiients afirmacions:

() Wiuxm*,v) < (1-R)"Wi(nv) ¥neN, Yue P(X),

0.14
( ) anl(5x7mx)

(44) Wdmin v) < (1 — k) - VneN, Vze X.
Per (0.14) i [160, Theorem 6.9]°, tenim que
(0.15) pxm* — v debilment com a mesures, Vu € P(X),

aixi, prenent u = é,, obtenim que

m>" — v debilment com a mesures, per a tot x € X.

Vegem ara que [X,d, m,v] és m-connex si k > 0. Sigui D < X un conjunt de Borel amb
v(D) > 0 i suposem que v(N}}') > 0. Pel Corol-lari 0.28, tenim que v(H}}) > 0. Definim

1 m
W= ST B)VLHDEP(X)a
i 1
. m
W= e VB € P

Ara, per la Proposicié 0.27,
poEm* = p,

phem* =yl
pero llavors, per (0.13), obtenim que
Wi, ') = Wi s m™, '« m™") < (1 - 5)"Wi(u, 1)
cosa que només és possible si Wi (u, ') = 0 ja que 1 — k < 1. Aleshores,
p=,
i aixo implica que 1 = p/(N7) = p(NJy) = 0 la qual cosa és una contradiccié. Per tant,
v(N7}) = 0 com voliem. O

9Teorema Sigui (X, d) un espai polones; la distancia Wassertein Wi metritza la convergencia debil en
Pi(X):={pe P(X) : §, d(wo,x)u(dr) < +00}, on zo € X és arbitrari.
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REMARK 0.94. Per la Proposicié 0.13, la unicitat de la mesura de probabilitat invariant
implica la seva ergodicitat. En conseqiiéncia, el Teorema 0.93 se segueix de [134, Corollary 21]
(vegeu també el Teorema 0.34). Tot i aixd, hem presentat el resultat per exhaustivitat i per
a utilitzar el concepte de m-connexio.

Tingueu en compte que, si D és obert i (D) > 0, llavors N7} = ¥, i.e.

Z m;" (D) >0 per atot z € X.

De fet, per a tot € N}, per (0.15), tenim que
0 <v(D) < liminf m}"(D) = 0.
n

REMARK 0.95. Per a un espai metric de passeig aleatori reversible [ X, d, m,v], Y. Ollivier
n [134, Corollary 31] prova que, sota el suposit

JJJ Y, 2)°dma (y)dm (2)dv(z) < +oo,

si la curvatura d’Ollivier-Ricci & és positiva i v és ergodical?, aleshores [X, d, m, ] satisfa la
desigualtat de Poincaré

wVar, (f) < Hm(f) per atot fe L*(X,v),

i, per tant,
Kk < gap(—An).

10pe] Teorema 0.93 (vegeu també I’Observaci6 0.94), aquesta suposicié és, de fet, redundant.
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CHAPTER 1

Random walks

The main character of the framework spaces on which the thesis is developed is the random
walk.

DEFINITION 1.1. Let (X, B) be a measurable space such that the o-field B is countably
generated. A random walk on (X, B) is a family of probability measures (mg)zex on B such
that x — my(B) is a measurable function on X for each fixed B € B.

The notation and terminology chosen in this definition comes from [134]. As noted in
that paper by Y. Ollivier, geometers may think of m, as a replacement for the notion of balls
around x, while in probabilistic terms we can rather think of these probability measures as
defining a Markov chain whose transition probability from x to y in n steps is

dm(g) = | dm () 0G), 0>
zeX

and mi° = §,, the dirac measure at x. In the next section we will deepen on this latter

perspective which will be the main one along our work, the former perspective will play an

important role in Section 1.7. We therefore take a momentary break from the construction

of what will be our framework space for the thesis to recall some results of the classic theory

of Markov chains which we believe will aid in providing motivation.

1.1. Markov chains

In this section we immerse ourselves in the probabilistic terminology which houses our
work. This will be particularly useful for readers with a probabilistic background as it will
serve to clarify where exactly our work falls in this field. Furthermore, we recall well known
results to provide further insight into the nature of random walks. To this aim we start by
giving the definition of a discrete-time, time-homogeneous Markov Chain and the Markov
property which it satisfies. The results in this section can be found in [76], [100] or [128].

DEFINITION 1.2. Let (£2, F,P) be a probability space and (X, B) a measurable space such
that the o-field B is countably generated. A discrete-time, time-homogeneous Markov Chain
is a sequence of X-valued random variables {X,, : n =0,1,2,...} defined on 2 such that

(1.1)  P(Xny1 € B| X0, X1,...,Xp) = P(Xps1 € B|Xn) VBeB, n=0,1,...
The identity (1.1) is called the Markov property.

The Markov property indicates that the future of the process is independent on the past
given its present value so that, intuitively, we can say that it is “memoryless”. A large variety
of examples of Markov chains may be found in [76], [100] or [128].

In this thesis we will never work directly with the random variables, instead we will use a
different, but equivalent, approach to Markov chains. For each x € X and B € B, let

(1.2) P(z,B) := P(X,+1 € B|X,, = x).
This defines a stochastic kernel on X, which means that

e P(x,-) is a probability measure on B for each fived x € X, and
e P(-,B) is a measurable function on X for each fixed B € B.
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40 1.1. Markov chains

The stochastic kernel P(x, B) is also known as a (Markov) transition probability kernel. The
“time-homogeneity” of the Markov chain refers to the fact that P(z, B) as defined in (1.2)
1s independent of n. This stochastic kernel is what we have previously called a random walk,
so that, in our terminology, my(B) = P(x,B). Similarly, we denote by m}i" the n-step
transition probability kernel P"(x,B) := P"(X,+1 € B|Xo = z), x € X, B € B which, as
before, can be recursively defined by

PaB) = [ P B)P(edy) = | P.B)P e dy)
X X
forBeB,ze X andn =1,2,..., with P°(z,-) = 6,(-). Note that, as can be easily proved
by induction,
dmi0) = [ am(E)ame()
zeX
for everyn, ke N.

It can then be shown that, in fact, starting with a random walk (or stochastic kernel) on
X, we can construct a Markov chain (X,,) such that its transition probability kernels coincide
with the given random walk (see [128, Theorem 3.4.1]). In particular, it is proven that for a
giwen initial probability distribution p on B one can construct the probability measure P, on
F so that P,(Xo € B) = pu(B) for B € B and, moreover, for everyn = 0,1,..., x € X and
BebB,

Py(Xyi1 € B| X, = x) = my(B).
When p is the Dirac measure at x € X we denote P, by P,. In the same way, the corre-
sponding expectation operators are denoted by E,, and E,, respectively.

We will now define some general concepts of stability for Markov Chains that will be
used all along this work. These notions will in some way offer an insight into the long term
behaviour of the process as it evolves with time. To this aim let us introduce the following
concepts.

DEFINITION 1.3.

1) Le € B, the occupation time 14 is the number of visits o e Markov chain to A after
i) Let A e B, th pation ti N4 is th b f visits of the Mark hain to A aft
time zero':

o8]
NA = Z X{XneA}-

n=1

(ii) For any set A € B, the random variable
T4 :=min{n > 1 : X,, € A},
is called the first return time on A. We assume that inf 5 = 0.

The first and least restrictive concept of stability is that of p-irreducibility, where ¢ is some
measure on B. With this concept we are requiring that, no matter what the starting point,
we will be able to reach any “important” set in a finite number of jumps. The “important”
sets will be understood as those which have positive measure with respect to the measure .
We may also understand that we are asking that the Markov chain does not in truth consist
of two chains. Let

1

Uz, A) = > mi"(A)
= Ey[nal-

lWe denote the indicator function (or characteristic function) of a subset A of a set X by Xa, i.e.,
Xa: X — {0,1} is defined by

1 ifxeA,
Xa(z) ':{ 0 ifzgA.
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1. Random walks 41

DEFINITION 1.4. Let ¢ be a measure on B. A random walk m is @-irreducible if, for
every r € X,
o(A) >0 = U(z,A) > 0.

Alternatively (see [128, Proposition 4.2.1]), we may also understand this concept by using
TA. Then, m is p-irreducible if, for every r e X,

©(A) >0 = P,(t4 <o0) >0,

i.e., starting from any point x € X we have a positive probability of arriving to any set of
positive measure in finite time.

Instead of taking some possibly arbitrary measure to define the irreducibility of the random
walk, we can take the mazximal irreducibility measure which defines the range of the chain more
completely. This is done through the following proposition. Let

0
1 n
Ka%(:z:,A) = n;ﬂﬁm; (x,A), ze X, AeB(X);

this kernel defines for each x € X a probability measure equivalent® to m*°(-) +U(x,) (which
may be infinite for many sets).

ProposITION 1.5. ([128, Proposition 4.2.2]) Given a g-irreducible random walk m on
(X, B), there exists a probability measure ¥ on B such that
(i) m is Y-irreducible;
(i) for any other measure ¢', the random walk m is @' -irreducible if and only if @' < 1;
(tit) if P(A) = 0, then Y({y : Py(ta <) >0}) =0;

(iv) the probability measure 1 is equivalent to

U(A) = J Ka, (y, A)d¢'(y),
X 2
for any finite irreducibility measure ¢’ .

A measure satisfying the conditions of the previous proposition is called a mazximal ir-
reducibility measure. For notation convenience we will say that m is y-irreducible if it is
p-irreducible for some measure ¢ and the measure v is a maximal irreducibility measure.

A stronger stability notion can be obtained by asking, not only that U(x, A) > 0, but
that U(x, A) = o for every x € X and every set A with p(A) > 0. Alternatively, we
may strengthen the requirement that there is a positive probability of reaching every set of
p-positive measure wherever we start from, and instead require that, in fact, this has to
eventually happen. These approaches lead to the various concepts of recurrence.

DEFINITION 1.6.
(i) Let A€ B. The set A is called recurrent if U(x, A) = Ex[na] = oo for all x € A.
(ii) The Markov chain is called recurrent if it is ¢-irreducible and U(x, A) = E;|na] = oo for
every z € X and every A € B(X) with ¢)(A) > 0.
(iii) Let A € B. The set A is called Harris recurrent if

Pyna =] =1

for all z € A.
(iv) The chain is Harris recurrent if it is ¢-irreducible and every A € B(X) with ¢(A4) > 0 is
Harris recurrent.

It follows that any Harris recurrent set is recurrent. Indeed, for recurrence we require
that the expected number of visits is infinite, meanwhile Harris recurrence implies that the

2Two measures u and v are equivalent if 4 « v and v « p, i.e., if they agree on which sets have measure
Z€ro.
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42 1.1. Markov chains

number of visits is infinite almost surely. Notably, by [128, Theorem 9.0.1] we have that a
recurrent chain differs by a ¥-null set from a Harris recurrent chain.

Moreover, it is proved that there is a dichotomy in the sense that irreducible Markov
chains cannot be “partially stable”, they either posses these stability properties uniformly in
x, or the chain is unstable in a well-defined way (we will however not enter into this, see
[128] for details).

Another stability property that we will use is given by the existence of an invariant mea-
sure. This is a measure which provides a distribution such that, if the chain starts distributed
i this way, then it remains like this. Furthermore, these measures turn out to be the ones
which define the long term behaviour of the chain.

DEFINITION 1.7. A o-finite measure v is invariant with respect to the random walk m if
v(A) = J my(A)dv(z) for every A e B.
X

Of course, if an invariant measure is finite, then it can and will be normalized to a
(stationary) probability measure. Therefore, all along this thesis, whenever we require the
finiteness of the invariant measure we will directly consider an invariant probability measure.

REMARK 1.8. Note that, if m is a random walk on (X, B), then m*" is also a random
walk on (X, B) for every n € N. Moreover, if v is invariant with respect to m then v is
invariant with respect to m*" for every n € N.

Bringing irreducibility and the existence of an invariant measure together we get the
following results.

PROPOSITION 1.9. ([128, Proposition 10.0.1]) If the random walk m is recurrent then it
admits a unique (up to constant multiples) invariant measure.

PROPOSITION 1.10. ([128, Proposition 10.1.1]) If the random walk m is ¥ -irreducible and
admits an invariant probability measure then it is recurrent; thus, in particular, the invariant
probability measure is unique.

Furthermore, we give the following theorem relating the invariant and maximal irreducibil-
ity measures for recurrent chains.

THEOREM 1.11. ([128, Theorem 10.4.9]) If the random walk m is recurrent then the
unique (up to constant multiples) invariant measure v with respect to m is equivalent to
(thus v is a maximal irreducibility measure).

Another well known concept is that of an ergodic measure.

DEFINITION 1.12. A set B € B is said to be invariant (or absorbing or stochastically
closed) (with respect to m) if m,(B) = 1 for every = € B.

An invariant probability measure v is said to be ergodic (with respect to m) if v(B) = 0
or v(B) =1 for every invariant set B € .

A profound study of ergodic theory for Markov chains can be found in [76, Chapter 5].
There we can find the construction of a dynamical system associated to a Markov chain such
that the previous notion of ergodicity is equivalent to the classical notion of ergodicity for this
dynamical system ([76, Theorem 5.2.11]). The following result ensures that uniqueness of the
mvariant measure implies its ergodicity.

PROPOSITION 1.13. ([100, Proposition 2.4.3]) Let m be a random walk on X. If m has
a unique invariant probability measure v, then v s ergodic.

Which together with Proposition 1.10 and Theorem 1.11 implies the following.

COROLLARY 1.14. If m is a ¥-irreducible random walk that admits an invariant probability
measure then the invariant probability measure is unique, ergodic and equivalent to .
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1. Random walks 43

Finally, the last property that we introduce is the existence of a measure which is reversible
with respect to the Markov chain. This reversibility condition on a measure is stronger than
the invariance condition. We first define the tensor product of a o-finite measure and a
stochastic kernel.

DEFINITION 1.15. If v is a o-finite measure on (X, B) and N is a stochastic kernel on
(X, B), we define the tensor product of ¥ and N, denoted by ¥ ® N, which is a measure on
(X x X,B x B) by

v®N(A x B) = JAN(JU,B)dV(:L‘), (A,B)e BxB.

Using our notation m for the random walk we denote the tensor product of v and m by
VR my.

A o-finite measure v on B is reversible with respect to the random walk m if the measure
v ®m, on B x B is symmetric, i.e., for all (A, B) € B x B,

v@®mgz(Ax B) =v®m,(B x A).

Equivalently, v is reversible with respect to m if, for all bounded measurable functions f
defined on (X x X, B x B)

fff:cydmz Y fffy, Yl (y)dv ().

Note that if v is reversible with respect to m then it is invariant with respect to m (see [76,
Proposition 1.5.2]).

Associated to a Markov chain we can define the following operator which will play a very
important role in many of our developments.

DEFINITION 1.16. If v is an invariant measure with respect to m, we define the linear
operator M, on L'(X,v) into itself as follows

- | feam. ). 1erxn)
M, is called the averaging operator on [X, B, m| (see, for example, [134]).

Note that, if f € L'(X,v) then, using the invariance of v with respect to m,

JJU )dma(y)dv(x J|f Y dv(z) < o0,

so f e LY (X, mg) for v-a.e. x € X, thus M,, is well defined from L'(X,v) into itself.
REMARK 1.17. Let v be an invariant measure with respect to m. It follows that
| Mo fllixy < Iflixny VFe LNX,v),

so that M, is a contraction on L'(X,v). In fact, since M,,f = 0 if f > 0, we have that M,,
is a positive contraction on L'(X,v).
Moreover, by Jensen’s inequality, we have that, for f € L'(X,v) n L?(X,v),

| M fli2x,) = JX <JX f(y)dmx(y))2 dv (x)
< L L F2(y)dma (y)dv(z)

= | f@)dv(@) = 1122 (x0)
X bl
Therefore, M,, is a linear operator in L?(X,v) with domain
D(M,,) = LY (X,v) n L*(X, ).
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44 1.2. Random walk spaces

Consequently, if v is a probability measure, M,, is a bounded linear operator from L?(X,v)
into itself satisfying | Mollg(r2(x,),02(x0)) < 1-

Note that, making use of this operator, we have that B € B is invariant with respect to
m (Definition 1.12) if, and only if, MuXp = Xp. We may slightly weaken this notion as
follows.

DEFINITION 1.18. We say that B € B is v-invariant (with respect to m) if M,,Xp = Xp
v-a.e.

Similarly, we define the notion of a harmonic (or v-invariant) function.

DEFINITION 1.19. A function f € L'(X,v) is said to be harmonic (with respect to m) if
M, f = f v-a.e.

We may therefore recall a classic result which characterises the ergodicity of v (see, for
example, [100, Lemma 5.3.2]).

PropoSITION 1.20. Let v be an invariant probability measure. Then v is ergodic if, and
only if, every harmonic function is a constant v-a.e.

1.1.1. p-Essential Irreducibility. A different direction may be taken to define the
irreducibility of a random walk (see [133] or [142, Definition 4.4] ).

DEFINITION 1.21. Let ¢ be a measure on 5. A random walk m is g-essentially irreducible
if, for p-a.e. x € X,
o(A) >0 = U(z,A) > 0.

Whilst this change may appear small it actually leads to a wider and wilder class of
“irreducible” models. However, there is a nice dichotomy result:

PROPOSITION 1.22. ([133, Proposition 2]) Let v be an invariant measure with respect to
the random walk m such that m is v-essentially irreducible, then only one of the following
two cases may happen:

(i) there exists X1 € B such that v(X\X1) = 0, X1 is invariant with respect to m and

v<U(z,.) foreveryxe Xy

i.e., the restriction of the Markov chain to X1 is v-irreducible;
(ii) there exists Xo € B such that v(X\X2) = 0, Xs is invariant with respect to m and

v 1 U(x,.) foreveryx e Xo.

Since most of the examples of application of our results will actually fall into the first
category in this theorem, the previous results in this section will be applicable. However, some
extremal examples will actually fall into the second category, a case which classic literature
does not usually cover (see [142, Chapter 4] for a discussion of some of the results of using
this weakened form). Therefore, we will now proceed to develop some of the results that we
have given for p-irreducible Markov chains but for p-essentially irreducible Markov chains
(assuming, in addition, that ¢ is an invariant measure). At this point we return to the work
of the thesis and recover our terminology in which Markov chains are referred to as random
walks and the notion of p-essential irreducibility will be called m-connectedness.

1.2. Random walk spaces
We continue developing the spaces in which we will work.

DEFINITION 1.23. Let (X, B) be a measurable space where the o-field B is countably
generated. Let m be a random walk on (X, B) and v an invariant measure with respect to

m. The measurable space together with m and v is then called a random walk space and
denoted by [X, B,m,v].
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1. Random walks 45

Let [ X, B, m,v]| be a random walk space. If (X,d) is a Polish metric space (separable
completely metrizable topological space), B is its Borel o-algebra and v is a Radon measure
(i.e. v is inner regular® and locally finite') then we say that [X, B,m,v] is a metric random
walk space and we denote it by [X,d, m,v]. Moreover, as is done in [134], when necessary,
we will also assume that each measure m, has finite first moment, i.e. for some (hence any)
ze X, and for any z € X one has §, d(z,y)dm,(y) < +c.

DEFINITION 1.24. Let [X, B, m,v] be a random walk space. We say that [X, B, m,v] is
m-connected if, for every D € B with v(D) > 0 and v-a.e. z€ X,

e 0]
> mi"(D) >0,
n=1

i.e., m is v-essentially irreducible.

Note that, in this definition, we are requiring that the random walk is v-essentially ir-
reducible with the additional requirement that v is actually an invariant measure (as was
done in Proposition 1.22). However, the irreducibility measure and the invariant measure
are usually introduced separately as seen in the previous section. Nonetheless, this provides
a simpler all-in-one notion whose choice is moreover justified by Theorem 1.11. Note that,
as somewhat mentioned in the previous section, the fundamental concept is that all parts of
the space can be reached after a certain number of jumps, no matter what the starting point
(except for, at most, a v-null set of points).

We will now recall how this notion was originally introduced in [123]. This will serve to
introduce notation which we will use in some results.

DEFINITION 1.25. Let [X, B, m,v] be a random walk space. For a v-measurable set D,
we set

Ny :={re X : m;"(D)=0, VneN}.
For n € N, we also define
Hpy,, i={re X : m;"(D) > 0},
and
o0
Hp = | HE, = {xeX : > mE(D) >o}.
neN n=1
With this notation we have that | X, B, m,v| is m-connected if, and only if, v(N) = 0
for every D € B such that v(D) > 0. Note that N} and H}} are disjoint and
X =N U HD.
Observe also that Ny, HFy, and HJy belong to B. In the next result we see that Npy is

invariant and H}} is v-invariant (recall Definitions 1.12 and 1.18).

PROPOSITION 1.26. Let [X, B, m,v] be a random walk space and let D € B. If N} # &
then:

()
my"(Hp) =0 (thus mi"(Njy) =1) for every x € N} and n e N,
i.e., N7} is invariant with respect to m.
(ii)
my(Hp) =1 (thus m}"(N7}) =0) for v-almost every x € H}y, and for all n € N.

i.e., HPY is v-invariant with respect to m.

3y is inner regular if, for any open set U, v(U) is the supremum of v(K) over all compact subsets K of U.

4y is locally finite if every point of X has a neighborhood U for which v(U) is finite
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46 1.2. Random walk spaces

Consequently, for every x € Ny and v-a.e. y € HY we have myLlm,, i.e. my and my
are mutually singular.

PROOF. (i): Suppose that m**(H%) > 0 for some x € N% and k € N, then, since
Hpy = un,HJy, there exists n € N such that m*k(HlT)”n) > (0 but in that case we have

#(nk) () J M (D)dm* (2) > J M (DYdm*™ (2) > 0
zeH™

since m}"(D) > 0 for every z € HJ} ,
statement in (7) is then immediate.

(i1): Fix n € N. Using the invariance of v with respect to m*™ and statement (i) we have
that

and this contradicts that x € N7. The second

V(NE) =me;”<N’5>du<x)= mE(NE) () + | dv(a)

Hpy Np

= my"(NB)dv(z) + v(ND).

Hpy
Consequently, m}"(NJ) = 0 for v-a.e. x € H}}.
The first statement in (i) then follows. O

This result exemplifies how a random walk m which is not m-connected is in reality
composed of two (or more) separate random walks, one whose jumps occur in Hp} and the
other in Np5. Moreover, we may restrict the invariant measure to any of these subsets in
order to obtain invariant measures for the restricted random walks as seen in the following
result.

PROPOSITION 1.27. Let [X, B, m,v] be a random walk space and let D € B. For every
neN and Ae B,

v(An Hpy) = ma(A)dv(z),
Hp
and
v(An Npy) = my"(A)dv(x).
Np

PROOF. By the invariance of v with respect to m*” and Proposition 1.26 we have that,
for any A € B,

v(An Hp) = J my" (A n HE)dv(z) = my"(An Hp)dv(z) = my"(A)dv(z).
X Hp Hp
Similarly, one proves the other statement. ([l

In the following result we see that, given a random walk space | X, B, m,v], if we start at
v-almost any point x in a set D € B of v-positive measure, then there is a positive probability
that we will eventually return to D. In the terms of the previous section we have that Py(tp <
w) >0 for v-a.e. x € D.

COROLLARY 1.28. Let [X, B, m,v] be a random walk space. For any D € B, we have that
v(D n Npy) =0.

Consequently, if v(D) > 0, then D < H}} up to a v-null set; therefore, for v-a.e. x € D there
exists n € N such that m*"(D) > 0.

ProoOF. By Proposition 1.27,

v(Dn Npy) = e my"(D)dv(z) = 0. O
D

5Two positive measures p and v are mutually singular if there exist two disjoint sets A and B in 3 whose
union is X such that u is zero on all measurable subsets of B while v is zero on all measurable subsets of A.
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1. Random walks 47

Finally, we will now give another approach to define an m-connected random walk space.
This approach requires the notion of m-interaction between sets and is very good at providing
intuition not only for the concept of m-connectedness but also for the reversibility condition
of a measure.

DEFINITION 1.29. Let [X, B, m,v] be a random walk space and let A, B € B. We define
the m-interaction between A and B as

L (A, B) := J J dmg(y)dv(z) = J my(B)dv(z).
AJB A
Note that, whenever Ly, (A, B) < 4+, if v is reversible with respect to m, we have that

A possible interpretation of this notion is the following: for a population which is origi-
nally distributed according to v and which moves according to the law provided by the random
walk m, Ly, (A, B) measures how many individuals are moving from A to B in one jump.
Then, if v is reversible with respect to m, this is equal to the amount of individuals moving
from B to A in one jump.

In order to facilitate notation we make the following definition.

DEFINITION 1.30. Let [X, B, m,v] be a random walk space. We say that [X, B, m,v] is
a reversible random walk space if v is reversible with respect to m. Moreover, if [ X, d, m, V]
is a metric random walk space and v is reversible with respect to m then we will say that
[X,d, m,v] is a reversible metric random walk space.

The following result gives a characterization of m-connectedness in terms of the m-
interaction between sets.

PROPOSITION 1.31. Let [X,B,m,v] be a random walk space. The following statements
are equivalent:
(i) [X,B,m,v] is m-connected.
(ii) If A, B € B satisfy Au B =X and L,(A, B) =0, then either v(A) =0 or v(B) = 0.
(i1i) If A € B is a v-invariant set then either v(A) =0 or v(X\A) = 0.

PROOF. (i) = (ii): Assume that [X, B, m,v] is m-connected and let A, B be as in state-
ment (i1). If

0=Ln(A.B) = | | dma()iv(o)
AJB
then there exists Ny € B, v(N7) = 0, such that
mg(B) =0 for every x € A\Nj.

Now, since v is invariant with respect to m,
0=u(N) = J ma(N1)di (@),
X

and, consequently, there exists Ny € B, v(N2) = 0, such that

ma(N1) =0 Vo e X\Ny.
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48 1.2. Random walk spaces

Hence, for x € A\(N1 U Na),

w2 = [ xamanz) = [ ([ xwtdn.w) an.

~ [ @) ~ [ B+ [ i

~
=0, since z € A\Nj.

_ f mo(B)dma(2) + | ma(B)dma(2) = 0
A\N; N1

v

0, since = € A\N, . 0, since = € A\Na.
Working as above, we find N3 € B, v(N3) = 0, such that
mg (N1 U Ng) =0 Ve X\NVs.
Hence, for x € A\(N; u N2 U N3), we have that

w(5) = [ o) = | (f Xp(y)dm <y>) dma(2)

~ [ m2@dna ) < [ wE)an j m22(B)dma 2)
=0, since z € A\(Nl U Na).

< J m*2(B)dmg(2) +J m*?(B)dmg(z) = 0.
A\(N1UN2)

NiuUNs

J

Y v
=0, since z € A\(N7 U N3). =0, since z € A\N3.

Inductively, we obtain that

*7N

My

(B) =0 for v-a.e x € A and every n € N.

Consequently,
Ac Npg

up to a v-null set thus v(B) > 0 implies that v(A4) = 0.

(i) = (iii): Note that, if A is v-invariant, then L,,(A, X\A) = 0.

(iii) = (i): Let D € B with v(D) > 0. Then, by Proposition 1.26, we have that H}} is
v-invariant but, by Corollary 1.28, v(H}}) = v(D) > 0 thus v(NJ) = 0. O

Note that this result also justifies the choice of the terminology used since the characteri-
sation of m-connectedness given is in some way reminiscent of the definition of a connected
topological space.

Let us also use this moment to introduce the notion of m-connectedness for a subset of a
reversible random walk space.

DEFINITION 1.32. Let [X, B, m, v] be a reversible random walk space, and let Q € B with
v(€2) > 0. Let Bq be the following o-algebra

={BeB: BcQ}.

We say that €2 is m-connected (with respect to v) if L,,(A, B) > 0 for every pair of non-v-null
sets A, B € Bg such that A u B = (.

If a random walk space [X, B, m,v] is not m-connected, then we may obtain non-trivial
decompositions of X as the following.

DEFINITION 1.33. Let [X, B, m,v] be a reversible random walk space and Q € B with
0 < v(2) < v(X). Suppose that 1, Qs € B satisfy: Q =Q1 UQa, Q1 N Qe = F, () >0,
v(Q2) > 0 and L,,(Q1,Q2) = 0. Then, we will write Q = Q L, Qo.
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1. Random walks 49

We are now able to characterise the m-connectedness of a random walk space in terms of
the ergodicity of the invariant measure (recall Corollary 1.14).

THEOREM 1.34. Let [X, B, m,v] be a random walk space and suppose that v is a probability
measure. Then

[X, B,m,v] is m-connected < v is ergodic with respect to m.

PROOF. (=). Let B € B be invariant. Then B is v-invariant thus, by Proposition 1.31,
we have that v(B) =0 or v(B) = 1.
(). Let D € B with v(D) > 0. By Proposition 1.26, we have that N} is invariant with
respect to m. Then, since v is ergodic, we have that ¥(N7}) = 0 or »(NJ}') = 1. Now, since
v(D) > 0, by Corollary 1.28, we have that v(IN/}) = 0 and, consequently, |X, B, m,v] is
m-~connected. O

Finally, let us give a sufficient condition for the p-irreducibility of a random walk. This
involves the following definition (see, for example, [100, Section 7.2]).

DEFINITION 1.35. Let [ X, d, m, v] be a metric random walk space. We say that [ X, d, m, V]
has the strong-Feller property at xg € X if

My, (A) = nlirfw myg, (A) for every Borel set A c X

whenever z,, — z¢ in (X, d) as n — +0.
We say that [ X, d, m, v] has the strong-Feller property if it has the strong-Feller property
at every point in X.

PROPOSITION 1.36. Let [ X,d, m,v]| be a metric random walk space such that suppv = X.
Suppose further that | X, d, m,v]| has the strong-Feller property and that (X,d) is connected.
Then, m is v-irreducible (thus m-connected).

PROOF. Recall that setwise convergence of a sequence of probability measures is equiva-
lent to the convergence of the integrals against bounded measurable functions (in fact, by [82,
Theorem 2.3|, convergence on open or closed sets is enough). Therefore, since [X,d, m,v]
has the strong-Feller property and

mik(A) = | mEE=D(A)dm,(y) X,AeB
x - Yy X y ) x E ) e Y
X
[X,d, m** ] also has the strong-Feller property for any k € N.
Let D € B with v(D) > 0. Let us see first that H}} is open or, equivalently, that N7} is
closed. If (zp)n>1 © N7} is a sequence such that lim,_, z, = z € X, then
m**(D) = lim m*(D) =0
n—oo "
for any k£ € N, thus € N} as desired.

However, H}} is also closed. Indeed, if m,(H}}) < 1 for some x € H}}, since [X,d, m, V]
has the strong-Feller property, there exists r > 0 such that m,(H}}) < 1 for every y €
B,(z) ¢ H}}. Therefore, by Proposition 1.26, v(B,(x)) = 0, which is in contradiction with
suppv = X. Hence,

mz(Hp) =1 < xe€ Hp.
Then, given (2, )n>1 < H}} such that lim,_,, x, = z € X, we have
mg(Hp) = lim m,, (Hp) =1,
n—o0

so x € Hfj. Consequently, H7} is closed and, therefore, since X is connected, we have that
X = H}} which implies that N}y = . ([

Note that this result gives a relation between the topological connectedness and the m-
connectedness of a metric random walk space.
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1.3. Examples

ExaAMPLE 1.37. Consider the metric measure space (RN .d, N ), where d is the Euclidean
distance and £V the Lebesgue measure on RY. For simplicity, we will write dz instead of
dCN(z). Let J : RY — [0, +oo[ be a measurable, nonnegative and radially symmetric function
verifying {n J(z)dz = 1. Let m’ be the following random walk on (RY, d):

T

ml(A) := J J(x —y)dy for every x € RV and every Borel set A c RY.
A

Then, applying Fubini’s Theorem it is easy to see that the Lebesgue measure £V is reversible
with respect to m?.

An interpretation, similar to the one given in Section 1.2 for the m-interaction between
sets, can be given for m”. In this case, if in RV we consider a population such that each
individual starting at location x jumps to location y according to the probability distribution
J(x — y), then, for a Borel set A in RY, mJ(A) is measuring the proportion of individuals
who started at x and are arriving at A after one jump.

ExaMPLE 1.38. Consider a locally finite weighted discrete graph G = (V(G), E(G)),
where V(G) is the vertex set, E(G) is the edge set and each edge (z,y) € E(G) (we will
write z ~ y if (z,y) € E(G)) has a positive weight w,, = wy, assigned. Suppose further that
wey = 0if (2,3) ¢ B(G).

A finite sequence {x}}}_, of vertices of the graph is called a path if x; ~ xp1; for all
k =0,1,..,n — 1. The length of a path {x;}}_, is defined as the number n of edges in the
path. With this terminology, G = (V(G), E(G)) is said to be connected if, for any two vertices
x,y € V, there is a path connecting 2 and y, that is, a path {z;}}}_, such that o = x and
xn, = y. Finally, if G = (V(G), E(G)) is connected, the graph distance dg(x,y) between any
two distinct vertices x, y is defined as the minimum of the lengths of the paths connecting x
and y. Note that this metric is independent of the weights.

For x € V(G) we define the weight at x as

d; = Z Way = 2 Wy,
y~T yeV (@)

and the neighbourhood of = as Ng(z) := {y € V(G) : =z ~ y}. Note that, by definition of
locally finite graph, the sets Ng(x) are finite. When all the weights are 1, d, coincides with
the degree of the vertex x in a graph, that is, the number of edges containing .

For each z € V(G) we define the following probability measure

1
G
my = € Z Wy Oy -
y~z
It is not difficult to see that the measure v defined as
va(A) = Y ds, A V(G),
TEA

is a reversible measure with respect to this random walk. Therefore, [V(G), B,m%, 1] is a re-
versible random walk space (B is the o-algebra of all subsets of V(G)) and [V (G), dg, m%, vg]
is a reversible metric random walk space.

PROPOSITION 1.39. Let [V(G),da, m®,vg] be the metric random walk space associated
with a connected locally finite weighted discrete graph G = (V(G), E(G)). Then m© is vg-
wrreducible.

Proor. Take D < V(G) with vg(D) > 0, and let us see that NBIG = (. Suppose that
there exists y € N’gc, this implies that

(1.3) (m®)"(D) =0 VneN.
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1. Random walks 51

Now, given = € D, there exists a path {z,z1,29,...,2k—1,y} (x ~ 21 ~ 20 ~ -+ ~ 2}_1 ~ ¥)
of length k connecting x and y, and, therefore,

(mG)Zk({a:}) > Wyzp_1Wazp_q25_0 ° " Wanzn Wi

R Y

which is in contradiction with (1.3). O

> 0,

z2p—1%2zK_o "

In Machine Learning Theory ([87], [88]) an example of a weighted discrete graph is a
point cloud in RY, V = {z1,...,2,}, with edge weights Wy, o; given by
We,,x; = n(lz; — $j|)> 1<i4,5<n,
where the kernel 7 : [0,00) — [0, 00) is a radial profile satisfying
(i) m(0) > 0, and 7 is continuous at 0,
(ii) 7 is non-decreasing,
(ili) and the integral § n(r)r™dr is finite.

ExXAMPLE 1.40. Let K : X x X — R be a Markov kernel on a countable space X, i.e.,

K(l’,y)ZO VLL‘,yEX, ZK(SE,y)Zl Vz e X.
yeX

Then, if
mE(A) := Z K(z,y), re X, Ac X
yeA

and B is the g-algebra of all subsets of X, m is a random walk on (X, B).
Recall that, in discrete Markov chain theory terminology, a measure m on X satisfying

Z m(x) =1 and mw(y) = Z m(x)K(x,y) Yye X,

zeX zeX
is called a stationary probability measure (or steady state) on X. Of course, 7 is a stationary
probability measure if, and only if, 7 is and invariant probability measure with respect to
m®. Consequently, if 7 is a stationary probability measure on X, then [X,B,m" 7] is a
random walk space.

Furthermore, a stationary probability measure 7 is said to be reversible for K if the

following detailed balance equation holds:

K(z,y)m(z) = K(y,z)n(y) for z,y € X.
This balance condition is equivalent to
dmE (y)dn(z) = dmff(x)dw(y) for z,y € X.

Note that, given a locally finite weighted discrete graph G = (V(G), E(G)) as in Example
1.38, there is a natural definition of a Markov chain on the vertices. Indeed, define the Markov
kernel K¢ : V(G) x V(G) — R as

1
Kg(z,y) = 7 Way-
€T
Then, m© and m*¢ define the same random walk. If v (V(G)) is finite, the unique reversible
probability measure with respect to m& is given by

1

ma(z) = V(G Zeg(]c) Wy

EXAMPLE 1.41. From a metric measure space (X,d,u) we can obtain a random walk,
the so called e-step random walk associated to u, as follows. Assume that balls in X have
finite measure and that Supp(u) = X. Given € > 0, the e-step random walk on X, starting
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52 1.4. The nonlocal gradient, divergence and Laplace operator

at z € X, consists in randomly jumping in the ball of radius € around z, with probability
proportional to p; namely
e plB(z,€)
o u(B(z,€)
where pl B(z, €) denotes the restriction of  to B(z,¢) (or, more precisely, to Bp(y ), where
B is the Borel o-algebra associated to (X, d).).
If u(B(x,e)) = p(B(y,¢)) for every x, y € X, then pu is a reversible measure with respect
to m© thus [X, d, m#<, u] is a reversible metric random walk space.

EXAMPLE 1.42. Given a random walk space [X, B, m,v] and Q € B with v(Q2) > 0, let

mS(A) = J dmg(y) + (J dmx(y)> 0-(A) for every A€ Bg and x € Q.
A X\Q

Then, m® is a random walk on (€, Bg) and it easy to see that v is invariant with respect
to m®. Therefore, [Q, Bg, m®, v Q] is a random walk space. Moreover, if v is reversible
with respect to m then vL ) is reversible with respect to m®. Of course, if v is a probability
measure we may normalize vL ) to obtain the random walk space

v(Q)
Note that, if [X,d,m, 1] is a metric random walk space and € is closed, then [Q, d, m®, v Q]
is also a metric random walk space, where we abuse notation and denote by d the restriction
of d to €.
In particular, in the context of Example 1.37, if Q is a closed and bounded subset of RY,
we obtain the metric random walk space [Q, d, m”?, LNV Q] where m” := (m”)%; that is,

[Q,BQ,mQ, lul_Q} .

ml(A) = JA J(x—y)dy + (JR " J(x — z)dz> do,  for every Borel set A c Q and x € Q.

Using this last example we can characterise m-connected sets as follows (recall Definition
1.32).

PROPOSITION 1.43. Let [ X, B, m,v] be a random walk space, and let 2 € B with v(2) > 0.
Then,

Q is m-connected < [Q,BQ,mQ, v Q] is m-connected.
ProOF. Let A, B € Bg be disjoint sets. Then, for z € A,
m$ (B) = my(B) + my(X\Q)0:(B) = my(B)

thus L,,o(A, B) = L,,(A, B). Consequently, the result follows by Proposition 1.31. O

1.4. The nonlocal gradient, divergence and Laplace operator
Let us introduce the nonlocal counterparts of some classical concepts.

DEFINITION 1.44. Let [ X, B, m,v]| be a random walk space. Given a function v : X — R
we define its nonlocal gradient Vu : X x X — R as

Vu(z,y) == u(y) —u(r) Vz,yeX.
Moreover, given z : X x X — R, its m-divergence div,,z : X — R is defined as
1

(@iv2)(e) = 5 | (al) =l 2))dma(v).

We define the (nonlocal) Laplace operator as follows (recall the definition of the averaging
operator given in Definition 1.16).
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DEFINITION 1.45. Let [ X, B, m,v] be a random walk space, we define the Laplace operator
(or Laplacian) from L'(X,v) into itself as A, := M, — I, i.e.,

Amu<x>=jxu<y>dmx<y>—u<w)= f (u(y) — w(w))dma(y), we LY(X,v).

X
The Laplace operator is also called the drift operator (see [128, Chapter 8] ). Note that

Ap f(x) = divi,(V)(x).
REMARK 1.46. We have that |A,, f|1 < | f]1 and

(1.4) J A f(@)du(z) =0 ¥ fe LN(X,v).
X
As in Remark 1.17, we obtain that A,, is a linear operator in L?(X,v) with domain

D(A,) = LY(X,v) n L3(X,v).

Moreover, if v is a probability measure, A,, is a bounded linear operator in L?(X, v) satisfying
1Am] < 2.

In the case of the random walk space associated to a locally finite weighted discrete graph
G (as defined in Ezample 1.38), the Laplace operator coincides with the graph Laplacian
studied by many authors (see e.g. [26], [27], [75] or [105]).

PROPOSITION 1.47. (Integration by parts formula) Let [ X, B, m,v] be a reversible random
walk space. Then,

15 | f@au@ie) = =5 [ Vi) Ve @m.) @)

for f,ge LN (X,v) n L*(X,v).

PROOF. Since, by the reversibility of v with respect to m,

j f F(@)(9(y) — 9(2))dma(y)dv(x) = f f F () (9(@) — g(y))dma (y)dv(x)
X JX X JX

we get that

| f@ang@iiv) = | | @) - g)im. wiv()

X X JX

-5 f(:v)(g(y)—g(ﬂs))dmx(y)dV(w)Jr% || ot = stanam. wav)
=5 || @6 - s@yimtaa) + 5 || 1)o@ - sw)dm. )

- —QJXXX Vf(x,y)Vy(z,y)dv @ me)(z,y). -

In fact, we may prove, in the same way, the following more general result which will be
useful in Chapter 5.

LEMMA 148. Let g > 1. If Q € X x X is a symmetric set (i.e., (r,y) € Q < (y,x)€
Q) and ¥ : Q — R is a v ® my-a.e. antisymmetric function (i.e., ( y) = —U(y,x) for
v @ mg-a.e. (z,y) € Q) with ¥ e LI(Q,v®my) and u e LY (X,v) then

| veu@ie @ m ey == | W) - u@)de @ m.)e.).
Q Q
In particular, if V€ LY(Q,v @ my),

J U(z,y)d(v @ my){x,y) = 0.
Q
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54 1.5. The nonlocal boundary, perimeter and mean curvature

We are now able to characterise the m-connectedness of a random walk space in terms of
the ergodicity of the Laplace operator. Following Bakry, Gentil and Ledoux [22], we give the
following definition.

DEFINITION 1.49. Let [X, B, m,v] be a random walk space. We say that A,, is ergodic
if, for u e D(A,),
A, u =0 rv-ae. = uis a constant v-a.e.

(being this constant 0 if v is not finite), i.e., every harmonic function in D(A,,) (recall
Definition 1.19) is a constant v-a.e.

THEOREM 1.50. Let [X, B, m,v] be a random walk space and suppose that v is a probability
measure. Then,

[X, B, m,v] is m-connected < A, is ergodic

PROOF. («): Let D € B with v(D) > 0 and recall that, by Corollary 1.28, v(H}}) >
v(D) > 0. Consider the function

u(z) == Xpp(r), z€X,

and note that, since v is finite, u € L'(X,v). Now, since, by Proposition 1.26, H is v-
invariant we have that A,,u = 0 v-a.e. Thus, by the ergodicity of A,, and recalling that
v(Hpy) > 0 we must have that u = Xgm =1 v-a.e. and, therefore, v(Np) = 0.

(=): Suppose now that [X, B, m,v] is m-connected and let u € L'(X,v) such that u is
not v-a.e. a constant, let’s see that A,,u is not v-a.e. 0.

We may find U € B with 0 < v(U) < 1 such that u(z) < u(y) for every z € U and
y € X\U. Then, since L,,(U, X\U) > 0,

= ulx 2m v\xr) = ulx Qm;ﬂ v\x
Hm<u>—uxv (2, ) dma (y)d( >>L o T )iz > 0

but Hp,(u) = —J u(z)Apu(x)dv(z) so Apu is not v-a.e. 0. O
X

This result together with Theorem 1.34 shows that both concepts of ergodicity, the one for
the invariant measure and the one for the Laplace operator, are equivalent. Such a relation
recovers Proposition 1.20.

1.5. The nonlocal boundary, perimeter and mean curvature

In this section we introduce the nonlocal counterparts of the notions of boundary, perime-
ter and mean curvature.

The following notion of nonlocal boundary will play the role of the classical boundary when
we consider the nonlocal counterparts of classical equations in Chapter 5, that is, boundary
conditions will be imposed on this set.

DEFINITION 1.51. Let [X, B, m,v]| be a random walk space and €2 € B. We define the
m-boundary of Q by
Om$ = {x e X\Q : myz(Q) > 0}
and its m-closure as
Q= QU 0 .

In Chapter 3 the following notion of nonlocal perimeter will be widely used.

DEFINITION 1.52. Let [ X, B, m,v]| be a random walk space and E € B. The m-perimeter
of E is defined by

Po(E) i= Ln(E, X\E) JE JX\E dma (y)dv ().
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In regards to the interpretation given for the m-interaction between sets (below Definition
1.29) this notion of perimeter can be interpreted as measuring the total flux of individuals
that cross the “boundary” (in a very weak sense) of a set in one jump.

LEMMA 1.53. Let [X, B, m,v] be a random walk space and E € B with v(E) < «. Then,

(1.6) P, (E)=v(E)— JE JE dm,(y)dv(zx)
Furthermore, Py, (E) = P, (X\FE) and
-3 f X () = Xe@ldm (o) = 5 [ [ 9 p)ldm ().

PRrROOF. Equation (1.6) is straightforward. Now,
P, (E) — P (X\E) = f f dmg(y)dv(zx f J dmg(y)dv(zx
X\E X\E
ffdmx Ydv(x demx Ydv(x (demx Ydv(x demx Ydv(x )
~ [ @)~ | [ Xetwdmatyiviz)
E x Jx

_ W(E) - f Xp(@)dv ()
X
=v(E)—v(E)=0.
For the last statement note that

J J Xi(y) — Xp(@)|dma(y)di () = Po(E) + Pu(X\E) = 2P, (E). 0

The notion of m-perimeter can be localized to a subset as follows.

DEFINITION 1.54. Let [X, B, m,v] be a random walk space and Q € B with v(Q2) < co.
Then, for E € B, we define

P (E,Q) =Ly, (EnQ,X\E) + L, (E\Q,Q\F).
Observe that
L (E,X\E) = L,(EnQ,X\E) + L,,(E\Q,Q\F) + L,,,(E\Q, X\(FE u Q))

and, consequently, we have

P (8,0) f JX\E dma(y)du (@ JE\Q fX\ (EuQ) A (y)dr (@),

when both integrals are finite.

EXAMPLE 1.55. Let []RN cd,m?, LN | be the metric random walk space given in Example

1.37. Then,
1
=5 Lo | e = Xe@) @ - yydyda,
RN JRN
which coincides with the concept of J-perimeter introduced in [120]. Furthermore,
Poro(E J J X () — Xp(@)|J (x — y)dyda.

Note that, in general, P, s.o(E) # P, s(FE) (recall the definition of m” given in Example
1.42).
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Moreover,

P, o(E) =LNE) - JE JE dm?$ (y)dx
= LN(E) - JE JE J(x —y)dyds — JE ( JRN\Q J(x — z)dz) da

(1.7) P..o(E)=P,,;(E)— JE <JRN\Q J(x — z)dz> dx, VEcQ.

and, therefore,

EXAMPLE 1.56. Let [V(G),dg, m®, vg] be the metric random walk space associated (as
in Example 1.38) to a finite weighted discrete graph G. Given A, B c V(G), Cut(A, B) is
defined as

Cut(A4,B) := > way = L,c(A, B),
reA,yeB
and the perimeter of a set £ < V(G) is given by

0| := Cut(E,E°) = > wyy,.
zeE,yeV\E
Consequently, we have that

(1.8) |0E| = P,c(E) forall E c V(Q).
We now give some properties of the m-perimeter.

PROPOSITION 1.57. Let [ X, B, m,v]| be a reversible random walk space and let A, B € B
be sets with finite m-perimeter such that v(A n B) = 0. Then,

P, (AvuB)=P,(A) + P,(B) — 2L, (A, B).
PROOF.

Paavs) | ( fX\(AuB) dmm@)) v (2)
B J;l <JX\(AUB) dmm(y)) dy(x) * JB <JX\(AUB) dmx(y)) dy(m)
- JA < L\A dma(y) - fB dmgc(y)) dv(x)
¥ jB ( L\B dma(y) - JA dmz<y>> v (x),

thus, by the reversibility of v with respect to m,

P,(Avu B)=P,(A) + P,(B) — QJ (J dmx(y)> dv(z). O
A B
COROLLARY 1.58. Let [X, B, m,v] be a reversible random walk space and let A, B, C € B
be sets with pairwise v-null intersections. Then,
P,(AvuBuUC)=P,(AuB)+ Pp(AuC)+ Pp(BuC)— P,(A)— P,(B) — P,(C).

PROPOSITION 1.59 (Submodularity). Let [X, B, m,v| be a reversible random walk space
and let A, Be B. Then

Pn(A U B) + Pyu(A A B) = Pu(A) + Pu(B) — 2Ln(A\B, B\A).

Consequently,
P,(AuB)+ Ph(An B) < Py(A) + Ph(B).
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PRroOF. By Proposition 1.58,
Pu(AUB) = Pu((A\B) U (B\A) U (A~ B))

= Pu((A\B) U (B\A)) + Pu(A) + Pou(B)
- Pm(A\B) - Pm(B\A) - Pm(A N B)

Hence,
PulA 0 B) + Pu(A A B) = Pu(A) + Pu(B) + Pu((A\B) U (B\A))
— Pu(A\B) — Pu(B\A).
Now, by Proposition 1.57,
Pul(A\B) U (B\A)) — Pou(A\B) — Pu(B\A) = —2L,,(A\B, B\A). O

DEFINITION 1.60. Let [X, B, m,v] be a random walk space and let E € B. For a point
r € X we define the m-mean curvature of 6F at x as

(1.9) 2p() i= map(X\E) —mg(F) =1 - 2my(E).

Note that H3p(x) can be computed for every x € X, not only for points in 0E. Further-
more, if V(E) < o,

(1.10) JE HT (z)dv(z) = JE (1 —2 JE dmx(y)> dv(z) = v(E) — 2JE L dma (y)dv (),

hence, having in mind (1.6), we obtain that

(1.11) JE W (2)dv(z) = 2P (E) — v(E).
Observe also that
(1.12) Hop(x) = _Hg(LX\E) ().

REMARK 1.61. Let [Q, Bg, m®, v Q] be the random walk space given in Example 1.42.
Then,
mQ
o (2) = me(N\E) + ma (X\Q)6e (QN\E) — my(E) — ma(X\Q)6e (E),
thus,
o mg(S\E) — maz(E) + mzx(X\Q) if z € Q\E,
Hop (x) =
My (Q\E) — mz(FE) —m,(X\Q) ifxeE.
In particular, for the random walk space [, d, m”t, L] (see also Example 1.42), we get

f J(:c—y)dy—J J(x—y)dy—i—f J(x—y)dy if e Q\F,
2 O\E E RN\Q
om (v) =

J J(:U—y)dy—J J(a:—y)dy—f J(x—y)dy ifrekFE.
O\E E RN\Q

Finally, in Theorem 1.63 we will give another characterization of the ergodicity of Ay, in
terms of geometric properties.

LEMMA 1.62. Let [X, B, m,v] be a random walk space and suppose that v is a probability
measure. Then, for D € B, the following statements are equivalent
(i) D is v-invariant.
(i) ApXp =0 v-a.e.
(iii) Pn(D) = 0.

(iv) JD Hip(x)dv(x) = —v(D).
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PROOF. (i) < (ii) By definition of a v-invariant set and of the Laplace operator.
(#9) = (i13) By hypothesis, mz(D) = M,Xp(z) = Xp(x) for v-a.e. x € X, thus, in
particular, m;(X\D) = 0 for v-a.e. x € D and, therefore,
P, (D) = L,,(D,X\D) =0.

(791) = (ii) Suppose that Py, (D) = 0. Then, by (1.6), we have that
J J dmg(y)dv(z J my(D)dv(x

my(D) =1 for v-a.e. x€ D.

thus

Moreover, by the invariance of v with respect to m, we have that

D)= [ ma(D)avte) = [ ma(D)avte jX\Dmxw)du(:c):u(DH | mov)

X\D
thus
mg(D) =0 for v-a.e. x € X\D.
Consequently,
M Xp(x) = my(D) = Xp(x) for v-ae. xeX
as desired.

(iv) < (v) By (1.11), we have that

| #ap@ivte) = 2P (D) - v(D),

thus P,,(D) = 0 if, and only if, J Hip(z)dv(z) = —v(D). O
D

THEOREM 1.63. Let [X, B, m,v] be a random walk space and suppose that v is a probability
measure. The following statements are equivalent:
(i) Ay, is ergodic.
(ii) For every D € B, Ay, Xp =0 v-a.e. = v(D) =0 orv(D) = 1.
(iii) For every De B, 0 <v(D) <1 = P,(D) > 0.
(iv) For every D € B,

1 m
O<v(D)<1l = 2D JD Hip(z)dv(x) > —1

PROOF. (i) = (i7) Straightforward.

(79) = (tit) If P, (D) = 0 then, by Lemma 1.62, A, Xp = 0 v-a.e. thus (i7) implies that
v(D)=0orv(D)=1.

(7i1) = (i1) Let D € B. If Ay, Xp = 0 v-a.e. then, by Lemma 1.62, we have that
P,,(D) = 0 thus (i4i) implies that v(D) = 0 or v(D) = 1.

(79) = (i) Suppose that A,, is not ergodic. Then, by Theorem 1.50, [X, B, m,v] is not
m-connected so there exists D € B with v(D) > 0 such that 0 < v(N7}) <1 (recall Corollary
1.28). However, by Proposition 1.26, A, Xym(x) = 0 and, by hypothesis, this implies that
v(N/) =0 or v(N}) = 1, which is a contradiction.

(#i7) < (iv) This equivalence follows by (1.11) and Lemma 1.62. O
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1. Random walks 59

1.6. Poincaré type inequalities

Poincaré type inequalities like those defined in Definition 1.66 and Definition 1.80 (see
also Remark 1.81) will play a very important role in this thesis. Assuming that a Poincaré
type inequality is satisfied we will be able to obtain results on the rates of convergence of both
the heat flow and the total variation flow. Moreover, we will also assume that an inequality
of this type holds in order to prove existence of solutions to some of the problems in Chapter
5.

We first introduce some notation.

DEFINITION 1.64. Let (X,B,v) be a probability space. We denote the mean value of
f e LY(X,v) (or the expected value of f) with respect to v by

v(f) = Eu(f) = jX f(@)dv(z).

Moreover, given f € L?(X,v), we denote its variance with respect to v by

Var, () 1= | (@) = o(PPav(o) = 5 | (f(@) = ) Pdvia)ivo).

In general, if v(X) < 00 we will also denote the mean of a function f € L*(X,v) by v(f),
1.€.,

1
V= o | r@avia).

We now introduce the nonlocal counterpart of the Dirichlet energy.

DEFINITION 1.65. Let [X,B,m,v| be a reversible random walk space. We define the
energy functional H,, : L*(X,v) — [0, +] by

! f (F(2) - ) dma(y)dv(z)  if e LNX,v) A L2(X,0),
_ ) 2Jxxx
+00 else,
and denote

D(Hp) = LY(X,v) n L*(X,v).
Note that, by Proposition 1.47,

Hi(f) = — JX f(@) A f(x)dv(x) for every f € D(Huy).

DEFINITION 1.66. Let [X,B,m,v] be a random walk space and suppose that v is a
probability measure. We say that [X, B, m,v] satisfies a Poincaré inequality if there exists
A > 0 such that

AVar, (f) < Hm(f) for all fe L*(X,v),
or, equivalently,
M fIZ2(x.) < Hm(f) forall fe L*(X,v) with v(f) = 0.

More generally, we say that [X,B,m,v] satisfies a (p,q)-Poincaré inequality (p,q €
[1,4+00[) if there exists a constant A > 0 such that, for any v e LI(X,v),
)

1
q
il oy < A <(f [ 1ut) - U(:v)lqdmz(y)df/(m)> s \ IRZ
X JX X
HuHLp(X’V) < AHquLq(XXX,d(V@)mI)) for all w e LY(X,v) with v(u) = 0.

or, equivalently, there exists a A > 0 such that

When [X, B, m, ] satisfies a (p, 1)-Poincaré inequality, we will say that [X, B, m,v] sat-
isfies a p-Poincaré inequality.
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60 1.6. Poincaré type inequalities

The spectral gap of the Laplace operator is closely related to the Poincaré inequality.

DEFINITION 1.67. Let [X,B,m,v]| be a random walk space and suppose that v is a
probability measure. The spectral gap of —A,, is defined as

gap(—A4,,) :=inf {\ZTV((];)) . feD(MHp), Var,(f) # 0}
(1.13) nlf)
— it e fe D), iy # 0. [ v =0
HfHL2(XV X

Observe that, as mentioned in Remark 1.46, since v is a probability measure, we have
that
D(H.) = L*(X,v).

REMARK 1.68. If gap(—A,,) > 0, then [X, B, m,v]| satisfies a Poincaré inequality with
A = gap(—Ap):
gap(—Ap,)Var, (f) < Hm(f) for all f e L*(X,v),
being the spectral gap the best constant in the Poincaré inequality.

Therefore, we are interested in studying when the spectral gap of —A,, is positive.

REMARK 1.69. Suppose that X is a Polish metric space and that v is reversible with
respect to m. Sufficient conditions for the existence of a Poincaré inequality can be found in,
for example, [134, Corollary 31] or [151, Theorem 1]. In [134] the positivity of the coarse
Ricci curvature (see Remark 1.95) is assumed while in [151] the hypothesis is the following
Foster Lyapunov condition:

M,V < (1 =NV +bXg,
Mmla(z) 2 ap(A)Xg VA€ B,
for a positive function V' : RY — [1,00), numbers b < ©, a, A > 0, a set K X, and a
probability measure pu. Moreover, in Theorem 2.19, in relation to another notion of Ricci
curvature bounded from below, we will find further sufficient conditions for the existence of
a Poincaré inequality.

If (X,d, ) is a length space, p is doubling and [X, d, m*, u] (recall Example 1.41) is a
metric random walk space, sufficient conditions for the existence of a Poincaré inequality can
be found in [93, Section 2.3].

DEFINITION 1.70. Let (X, B,v) be a probability space. We denote by H (X, v) the sub-

space of L?(X,v) consisting of the functions which are orthogonal to the constants, i.e.,
H(X,v):={feLl*X,v) : v(f) =0}.

REMARK 1.71. Let [X, B, m,v]| be a reversible random walk space and suppose that v
is a probability measure. Since the operator —A,, : H(X,v) — H(X,v) is self-adjoint and
non-negative, and |A,,| < 2 (see Theorem 2.4), by [44, Proposition 6.9] we have that the
spectrum o(—A,,;) of —A,, in H(X,v) satisfies

o(—=Ap) < [a, 5] < [0,2],

<
Z

where
= inf {(—Apu,uy : ue H(X,v), lull2(x 0y = 1} e o(—An),
and
B :=sup {(-Apu,u) : ve H(X,v), lullz2(x,y = 1} € o(=Ap).
Let’s see that gap(—A,,) = a. By definition we have that gap(—A,,) < «a (recall that
Hom(u) = (=A,u,u)). Now, for the opposite inequality, let f € L?(X,v) with Var,(f) # 0.
Then, u:= f —v(f) # 0 belongs to H(X,v), so

a<Hm( u )_ Hon(w) _ Hm(f)

[ulzecen ) ~ TulZacy,, — Var(f)'
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1. Random walks 61

and, therefore, gap(—A,,) = «a.
As a consequence, we obtain that

gap(_Am) >0« 0 ¢ U(_Am)'
With this remark at hand we are able to obtain the following result.

PROPOSITION 1.72. Let [ X, B, m,v] be an m-connected reversible random walk space and
suppose that v is a probability measure. If —A,, is the sum of an invertible and a compact
operator in H(X,v), then gap(—A,,) > 0.

Consequently, if the averaging operator M,, is compact in H(X,v) then gap(—A,,) > 0.

PrROOF. If we assume that —A,, is the sum of an invertible and a compact operator
in H(X,v) , then, if 0 € 0(—A,,), by Fredholm’s alternative Theorem, we have that there
exists u € H(X,v), u # 0, such that —A,,u = (I — M;,)u = 0. Then, since [X,d, m,v]
is m-connected, by Theorem 1.50, we obtain that A,, is ergodic so u is v-a.e. a constant.
Therefore, since u € H(X,v), we must have v = 0 v-a.e., which is a contradiction. [l

ExaMpPLE 1.73. If G = (V(G), E(G)) is a finite connected weighted discrete graph, then,
obviously, M,,c is compact and, consequently, gap(—A?n) > 0. In this situation, it is well
known that, if §(V(G)) = N, the spectrum of —A,¢ is 0 < A} < Ay < ... < Ay_; and
0 < A1 = gap(—A%).

In fact, we can easily prove that [V (G),dg, m©, vg] satisfies a (p, ¢)-Poincaré inequality
for any p, q € [1,0[. Indeed, let p, ¢ € [1,00[ and suppose that a (p, q)-Poincaré inequality
does not hold. Then, there exists a sequence (un)neny © LP(V(G), vg) with |uallrr(v (@)

1 and XV(G) un(z)dv(z) = 0 Vn € N, such that

T 33 weyfun (@) — un(v)| = 0.

zeV(G) y~x

)VG) =

Hence,

(1.14) lim |u,(x) —u,(y)| =0 for every z,y € V(G), = ~y.

n—oo

Moreover, since |un|rr(v(G).vg) = 1, We have that, up to a subsequence,

lin%O un(x) = u(x) € R for every x € V(G).

However, since the graph is connected, we get, by (1.14), u(x) = u(y) for every z, y € V(G),
i.e., there exists A € R such that u(z) = A for every x € V(G); thus u, — X in LP(V(G), vg).
Therefore, since SV(G) un(x)dvg(z) = 0, we get that A = 0, which is in contradiction with

lunlLo(v(a)ve) = 1-

EXAMPLE 1.74. Let © be a bounded domain in RY and let J be a kernel such that
J € C(RY,R) is nonnegative and radially symmetric, with J(0) > 0 and {pn J(z)dz = 1.
Consider the reversible metric random walk space [(2, Bq, m”, LN ]
1.42 (recall also Example 1.37).

Then, —A,,, 7o is the sum of an invertible and a compact operator. Indeed,

as defined in Example

—A,,naf(x JJJ:— Ydy f(z Jf y)dy, x € Q,

where f — J J(-—y)dyf(-) is an invertible operator in H(Q, LV) (J is continuous, J(0) > 0
Q

and Q is a domain thus §, J(z — y)dy > 0 for every z € Q) and f — f fy)J( —y)dy is a
Q
compact operator in H (€, £V) (this follows by the Arzela-—Ascoli theorem). Hence, in this
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62 1.6. Poincaré type inequalities

case, we have that gap(—A,,s.2) is equal to (see also [18])

! J J(& — y)(uly) — u(z))2drdy
QxQ

2
JQ u(z)?dx

Let us point out that the condition J(0) > 0 is necessary since, otherwise, {, J(- — y)dy may
be 0 on a set of positive measure (see [18, Remark 6.20]).

inf

cue L), ulrz@) > 0, JQu =0; >0.

Another result in which we provide sufficient conditions for the positivity of gap(—Ay,) is
the following.

PROPOSITION 1.75. Let [X, B, m,v] be a reversible random walk space and suppose that
v is a probability measure. Assume that A, is ergodic and that m, < v for every v € X. If
there exists p > 2 and a constant K such that

J ‘ dmg ||

PROOF. As a consequence of a result by Miclo [129], we have that gap(—A,,) > 0 if
A, is ergodic and M, is hyperbounded, that is, if there exists ¢ > 2 such that M, is
bounded from L?(X,v) to LY(X,v). Let f, := dgy € L'(X,v), € X. Let’s see that M, is
hyperbounded. Given u € L?(X,v), by the Cauchy-Schwarz inequality, we have that

dv(z) < K < oo,

L2(Xw)

then gap(—A,,) > 0.

P
M ulD J | Mu(z)|Pdy(z J U y)ydm,(y)| dv(x)
f U y)dv(y) dy(a:)
< ulfaix) f T
hence
Mol < K7 ] g2(x.0.
Therefore, M, is hyperbounded as desired. O

In the next examples we give random walk spaces for which a Poincaré inequality does

not hold.

EXAMPLE 1.76. Let [V(G),da, m%,vg] be the metric random walk space associated to
the locally finite weighted discrete graph G with vertex set V(G) := {x3,z4,25...,2n, ...}
and weights:

1 1 1

Wazp,c3n+1 = W3y i1,23n+2 = W3y t2,23n+3 = n3’

n3’ n?’

for n > 1, and wy, », = 0 otherwise (recall Example 1.38).

(i) Let
£@) { n if x = 23,41, 73042,
() =

0 else.
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Note that vq(V(G)) < +o0 (we avoid its normalization to a probability measure for simplic-

ity). Now,
_ f J (Fal@) — Faly))2dm (y)dve(z)
V(G) JV(G)
_d,, J (Fal@sn) — Fu(y))2dmE, ()
V(G
+d9€3n+1

(fn(@3ns1) — fuly ))2dm13n+1(y)
G)

)
J,

tdyy e fV(G)m(mM) — fuly))2dmC, ()
J,

2 G
+ d23n+3 ) (fn ($3n+3) - fn(y)) dm$3n+3 (y)
G
= o = 5
gy + dyy o NP + dyy, o0 + gy, 07—
dfﬂ?m d$3n+1 d-'EBnJrQ dx3n+3

However, we have

f fa(@)dvg(z) = n(dey,  + dus,pn) = 20 (1 + 1) _2 (1 + 1) ;
V(&) n

n?2 nd n

thus ) )

s+ A1

vali) = owvia) = ¢ (n) ’
where we use the notation
~ n
o(n) =0((n)) < hmsczp wgni‘ =C#0

Therefore,

O(n?) if v = 23,41, %3042,

(@) = v(f)2 =4

O (#) otherwise.

Finally,

Var,,(fa) — J (Fa() = v (fo))2dvics ()
V{G)

= O (n2> Z dit + 6(n2)(d13n+1 + d13n+2)

THFL3n+1,T3n+2

_0(1)+2O( )(?;-i-;s):é(l).

Consequently, [V (G),dg, m%, vg] does not satisfy a Poincaré inequality.
(ii) Let

fnlx) =

2 .
n® it x = 3,41, T3n42,
0 else.

With similar computations (see also [124, Example 4.7]), we get that

J J fn(y)|dm§(y)dl/g(x) - é
V(G) JV(G) -
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64 1.6. Poincaré type inequalities

and

| 1) = velh)ldva(a) = O()
V(G)
Therefore, [V (G), dg, m%, vg] does not satisfy a 1-Poincaré inequality.

EXAMPLE 1.77. Consider the metric random walk space [R,d, m”, £!] (recall Example
1.37), where d is the Euclidean distance and J(x) = %X[—l,l]' Define, for n e N,

1 1

Un = 2n+1X[2"72"+1] T ontl

X[,2n+1772n] .

Then, |u,|1 := 1, J up(x)dz = 0 and it is easy to see that, for n large enough,
R

1 1
2 J]R JR lun(y) — u"(x)|dmi(y)dx T ogn+l’

Therefore, [R, d, m”, £'] does not satisfy a 1-Poincaré inequality.

Let’s now see that, if gap(—A,,) > 0, then A, is ergodic.

PROPOSITION 1.78. Let [X,B,m,v] be a random walk space and assume that v is a
probability measure. If [X, B, m,v] satisfies a Poincaré inequality, then A,, is ergodic (i.e.,
[X, B, m,v] is m-connected).

PROOF. Let f € D(A,,) such that A,,(f) = 0 v-a.e. Then,

Hon(f) = — JX F(2) A f (2)d () = 0

and, therefore, if [X, B, m,v| satisfies a Poincaré inequality, we have that

Var, () := L(f(w) () 2du(z) = 0

thus f is v-a.e. a constant:
F@) = f F@)dv(z) for v-ace. z€ X. 0
b'e
Example 1.76 shows that the reverse implication does not hold in general. Finally, we
give the following result which may aid in finding lower bounds for gap(—A,).

THEOREM 1.79. Let | X, B, m,v] be a reversible random walk space such that v is a prob-
ability measure. Assume that A, is ergodic. Then,

gap(—A,,) = sup {)\ >0 : Mn(f) < JX

(—Amf)2dv Vfe LX(X, y)}.
PROOF. By Remark 1.71 we know that gap(—A,,) = a, where
o = inf {{(~Apu,u) : ue H(X,v), lullz2(x,y = 1} e o(=Ap).
Let also, as in that remark,
B :=sup {(~Apu,uy : ue H(X,v), lullz2(x,y = 1} e o(—Ap).
Set
A :=sup {)\ >0 : Mn(f) < J (=Anf)%dv Vfe L*(X, y)}.
X
Let’s see that o < A. Let (Py)x>0 be the spectral projection of the self-adjoint and positive

operator —A,, : H(X,v) —» H(X,v). By the spectral theorem [140, Theorem VIII. 6], we
have, for any f e H(X,v),

B
Hon(f) = (D f, [ = f (P, £
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and
8
JX<—Amf>2du (A fo =D = f Nd(Pyf, ).

Hence, for any f € H(X,v),

8
f (—Af)2dv > aj ACPAS, [ = o (f),
X

(03
and we get a < A (note that, for any f € L*(X,v), we may take g := f — v(f) € H(X,v)
and we have that A,,(g) = An(f))-
Finally, let us see that & > A. Since o € o(4,,), given € > 0, there exists 0 # f €
Range(P, ) and, consequently, P\f = f for A > a+e. Then, since A,, is ergodic, —A,(f) #
0 (0 # f e H(X,v) is not v-a.e. a constant), thus

o< [ canpra = [ RaEsp <@g

« o

a+te
MCPAS, [y = (a + e)Hm(f)
<A{a+26)Hn(f).
This implies that o + 2¢ does not belong to the set

{A>0 N (£) sf

X
thus A < a + 2¢. Therefore, since € > 0 was arbitrary, we have

A <a. O

(A f)2dv Vf e L*(X, 1)},

1.6.1. Poincaré type inequalities on subsets. Let us now consider Poincaré type
inequalities on subsets.

DEFINITION 1.80. Let [X, B, m,v] be a random walk space and let A, B € B be disjoint
sets such that v(A) > 0. Let Q := ((Au B) x (Au B))\(B x B). We say that [X,B,m, V]
satisfies a generalised (p,q)-Poincaré type inequality (p,q € [1,+w[) on (A, B), if, given
0 <! < v(Au B), there exists a constant A > 0 such that, for any v € LI(A u B, v) and any

Z € Baup with v(Z) > 1,
J udv| ).
Z

REMARK 1.81. These notations allows us to cover many situations. For example,
(i) If A= X, B = and [X, B, m,v] satisfies a generalised (2,2)-Poincaré type inequality
on (X, &) then [X, B, m,v] satisfies a Poincaré inequality as defined in Definition 1.66.
(ii) Let Qe B. If A :=Q, B := 0,12 and we assume that a (p, p)-Poincaré type inequality on
1
p

(A, B) holds then the inequality takes the following form:
[l ey < A (j uly) - u<w>|Pdmx(y>du<m>> #| [ wav
(n X N\ (O X 8 ©2) Z
which will be extensively used in Chapter 5. Moreover, if A := ,,, and B := ¢J we obtain

fudu
Z

In Theorem 1.83 we give sufficient conditions for a random walk space to satisfy inequal-
ities of this kind. Let’s first prove the following lemma.

[l o aop) < A (( fQ Juy) — u<x>|qdmx<y>du<x>) "y

1
p

[l o,y < A < | |u<y>—u(m>|f’dmx<y>du<z>> "
(2 X Qm)

which will also be widely used in Chapter 5.
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66 1.6. Poincaré type inequalities

LEMMA 1.82. Let | X, B, m,v] be a reversible random walk space. Let A, B € B be disjoint
sets such that B < 0, A, v(A) > 0 and A is m-connected (recall Definition 1.32). Suppose
that v(A v B) < o and that

v({fre AuB : (mgLA) L (vLA)}) =0.
Let ¢ = 1. Let {up}n = LY(A U B,v) be a bounded sequence in L'(A U B,v) satisfying

(1.15) Jim L e (1) — 1 ()7 () di () = O

n—eo

where, as in Definition 1.80, Q@ = ((A u B) x (A u B))\(B x B). Then, there exists A\ € R
such that
un(x) > A forv-a.e. € AU B,

lun — Allpa(am,y = 0 forv-a.e. z€ AU B,
and
|tn — )‘HLq(AuB,mz) — 0 forv-a.e xe€A.

ProOF. If B = ¢F (or v(B) = 0) one can skip some steps of the proof. Let
Fo(z,y) = [un(y) —ua(@)], (2,9) € Q,

@) = [ fn(s) = wa@l1dmey), ae A0 B,
and

0@ = [ ) = @) dma(y), w4

AuB
Let
N i={zeAuB: (myLA) L (wLA)}.
From (1.15), it follows that
fn—0 in L'(AUB,v)
and
gn — 0 in LY(A,v).

Passing to a subsequence if necessary, we can assume that

(1.16) fn(x) = 0 for every x € (Au B)\Ny, where Ny c Au B is v-null
and
(1.17) gn(z) = 0 for every x € A\N,;, where Ny, A is v-null.

On the other hand, by (1.15), we also have that
F,—0 in LYQ,v ® my).
Therefore, we can suppose that, up to a subsequence,
(1.18) Fo(z,y) > 0 for every (z,y) € Q\C, where C c @ is v ® my-null.
Let N1 < A be a v-null set satisfying that,
for all x € A\Ny, the section Cy := {ye€ Au B : (z,y) € C} of C is my-null,
and Ny € A U B be a v-null set satisfying that,
for all z € (A U B)\Na, the section C!, := {y € A: (z,y) € C} of C is my-null.
Now, since A is m-connected and B < 0,, A, we have that
D:={xeAuB:my(A) =0}

is v-null. Indeed, by the definition of D, we have that L,,(A n D, A) = 0 thus, since A is
m-connected, we must have v(An D) = 0. Now, since B < 0, A, m;(A) > 0 for every x € B,
thus v(B n D) = 0.

Universitat de Valéncia Marcos Solera Diana
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Set N := N, UN;uUNyguU N UNyuU D (note that v(N) = 0). Fix g € AAN. Up to a
subsequence we have that u,(zp) — A for some A € [—o0, +0]; let

S:={xreAuB : uy(z) > A}

and let’s see that v((A u B)\S) = 0.

By (1.18), since up(z9) — A, we also have that u,(y) — X for every y € (A U B)\Cy,.
However, since 2o ¢ N and my,(Cy,) = 0, we must have that v(A\Cy,) > 0; thus v(AnS) >
v(A\Cy,) > 0. Note that, if z € (A n S)\IV then, by (1.18) again, (A v B)\C; < S thus
mz((A v B)\S) < my(Cy) = 0; therefore,

L, (AnS,(Au B)\S)=0.
In particular, L, (A n S, A\S) = 0, but, since A is m-connected and v(A N S) > 0, we must
have v(A\S) =0, i.e. v(A) =v(ANnS).

Now, suppose that v(B\S) > 0. Let 2 € B\(S u N). By (1.18), we have that A\C’,
A\S, ie., An S c C!, thus my(A nS) = 0. Therefore, since z ¢ N, we must have

v(A\S) > 0 which is in contradiction with what we have already obtained. Consequently, we
have obtained that u, converges v-a.e. in A u B to A:

up(x) > N for every z € S, v((Au B)\S) =0.
Since {|[un| r1(auBp)}n is bounded, by Fatou’s Lemma we must have that A € R. On the
other hand, by (1.16),
Fy(xz,-) >0 in LY(A,m,) ,
for every x € Q\Ny. In other words, |[un(-) — wn ()| Le(a,m,) — O, thus
|un — Al ragam,) = 0 for v-ae. xe Au B.

Similarly, by (1.17),
lun — Al pa(aoBm,) — 0 for v-ae. x € A O

THEOREM 1.83. Let p = 1. Let [X,B,m,v] be a reversible random walk space. Let
A, B € B be disjoint sets such that B < 0,, A, v(A) > 0 and A is m-connected. Suppose that
v(A U B) <o and that

v({fre AuB : (mgLA)L(vLA)}) =0.

Assume further that, given a v-null set N < A, there exist x1,x2,...,x, € A\N and a
constant C' > 0 such that vL(A v B) < C(mg, +---+mg, )L(A U B). Then, [ X,B,m,v]
satisfies a generalised (p, p)-Poincaré type inequality on (A, B).

PROOF. Let p>1and 0 <! < v(Au B). We want to prove that there exists a constant

A > 0 such that
p
Jullpogam) < A <( jQ u(y) —u<x>|pdmz<y>du<x)) ¥ Lw)

for every u e LP(A u B,v) and every Z € B_p with v(Z) > [. Suppose that this inequality
is not satisfied for any A. Then, there exists a sequence {up}nen < LP(A U B,v), with
|lun]zr(auB,) = 1, and a sequence Z,, € Ba_p with v(Z,) > I, n € N, satisfying

limf [un(y) — up(x)[Pdm,(y)dv(z) =0
" JQ

and

lim Uy dv = 0.
n Zn

Therefore, by Lemma 1.82, there exist A € R and a v-null set N < A such that

lun = M rr(aoBm,) —> 0 for every z € A\N.

Universitat de Valéncia Marcos Solera Diana



68 1.6. Poincaré type inequalities

Now, by hypothesis, there exist z;,z9,...,2r € AAN and C' > 0 such that vL(A U B) <
C(mg, + -+ my, ). Therefore,

L
lun — )‘H[ip(AuB,u) <C Z lun — AHIEP(AUB,mZi) — 0.
i=1
Moreover, since {Xz, }, is bounded in L¥ (A U B, v), there exists ¢ € L” (A U B, v) such that,
up to a subsequence, Xz, — ¢ weakly in L” (A U B, v) (weakly-* in L®°(A U B, v) in the case
p = 1)% In addition, ¢ > 0 v-a.e. in A U B and

0<i< lim v(Z,) = lim Xz, dv = J wdv.
Then, since u, — X in L?(A U B,v) and Xz, - ¢ weakly in L” (A U B,v) (weakly-* in
L*®(A U B,v) in the case p = 1),

0= lim u, = lim Xz, Un = A wdv,
n—-+aoo Zn n—-+o0 AUB AUB

thus A = 0. This is in contradiction with ||un||p(ap,) = 1 Vn € N, since u,, —> X in
LP(A U B,v). 0

REMARK 1.84. Note that the assumption
v{re AuB : (mg;LA) L (wLA)})=0

means that we will find ourselves in case (i) of Proposition 1.22, i.e., disregarding a v-null
set the random walk is v-irreducible.

REMARK 1.85.
(i) The assumption that, given a v-null set N < A, there exist z1,x9,...,21 € A\N and
C > 0 such that vL.(Au B) < C(mg, + -+ mg, )L(A U B) is not as strong as it seems.
Indeed, this is trivially satisfied by connected locally finite weighted discrete graphs and is
also satisfied by [RY,d,m”, L] (recall Example 1.37) if, for a domain A c RY, we take
B < 0,,s A such that dist(B,RM\4,,s) > 0. Moreover, in the following example we see that
if we remove this hypothesis then the thesis is not true in general.

Consider the metric random walk space [R,d, m”, £!] where d is the Euclidean distance
and J := %X[,Ll] (recall Example 1.37). Let A := [—1,1] and B := 0,,7 A = [—2,2]\A. Then,
if N ={—1,1}, we may not find points in A\N satisfying the aforementioned assumption. In

fact, the thesis of the theorem does not hold for any p > 1 as can be seen by taking u, :=
1

%ni (X[72 oyl X[27; 2]) and Z := A u B. Indeed, first note that |\un|\Lp([,272]7£1) =1

and 5[7272] undL' = 0 for every n € N. Now, supp(m) = [z — 1,z + 1] for 2 € [-1,1] and,

therefore, for z € [—1,1],

f un(y) — un(@)Pdml(y) = ndm?(y)
[—2,2]

J[2,2+;]m[xl,z+1]

+ J ndmi(y)
[2—12]n[z—1,2+1]

20,y @) [ aml)
[2—: 2 +1]

2 1+ %, 0 (@)
=zZ2N \{\ T — — xX).
n [17%71]

6Note that, since v is a o-finite measure and B is countably generated, we have that L' (X, v) is separable.
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Consequently,

Finally, by the reversibility of £! with respect to m?,

1
f f [un(y) = un(@)[Pdm (y)dL! (@) = —,
thus :
J |un (y) — un (2)[PdmI (y)dL () < - 0.
Q

(ii) However, in this example, as we mentioned before, we can take B < 0,,A such that
dist(B,R\[—2, 2]) > 0 to avoid this problem and to ensure that the hypotheses of the theorem
are satisfied so that [R,d, m”’, £'] satisfies a generalised (p,p)-Poincaré type inequality on
(A, B).

In the following example, the metric random walk space | X, d, m,v] defined satisfies that
my L v for every x € X (thus falling into the case (ii) of Proposition 1.22), and a Poincaré
type inequality does not hold.

EXAMPLE 1.86. Let p > 1. Let S* = {e?™ : a € [0,1)} and let Ty : S' — S! denote
the irrational rotation map Ty(x) = xe>™® where 6 is an irrational number. On S! consider
the Borel o-algebra B and the 1-dimensional Hausdorff measure v := H;L S'. It is well
known that Ty is a uniquely ergodic measure-preserving transformation on (S, B,v).

Now, denote X := S! and let m, := %(5T_0(x) + %(53@(@, x € X. Then, [X,d,m,v] is a
reversible metric random walk space, where d is the metric given by the arclength. Indeed,
let f be a bounded measurable function on (X x X, B x B), then

1 1
| | remimaana) =3 | T+ | )

L f(Tg(x),z:)dl/(x)—i—% F(To(x), 2)dv(z)
St St

2

- [, |, s 0yim. v o).
St Js1
Let’s see that [ X, d, m,v] is m-connected. First note that, for z € X,

1 1 1 1
2. _

and, by induction, it is easy to see that
mit > 1 )
T = on Tg(x) -

Now, let A € B such that v(A) > 0. By the pointwise ergodic theorem we have that

ZIXA (Té“(x)) - Z((;)) >0

1 n
lim —
k=0

n—-+ow n

for v-a.e. x € X. Consequently, for v-a.e. x € X, there exists k € N such that

k 1 _ 1 k
mit(A) 2 Srrs)(A) = 5pXa (TH@)) > 0,

thus [X, d, m,v] is m-connected.
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Let’s see that [X,d, m,v] does not satisfy a (p, p)-Poincaré inequality. For n € N let
I =A{e’™* 1k —o(n) <a<kf+dn)}, —1<k<2n,
where d(n) > 0 is chosen so that
I,?l A I,?2 = for every —1 < k1, ko < 2n, k1 # ko

(note that 2m(k10=0(n)) & (2mik20-0(n)) for every ki # ky since Ty is ergodic). Consider the
following sequence of functions:

n—1 2n—1
Up 1= ZXII?_ Z X[g, n € N.
k=0 k=n
Then
J updy = 0, for every n e N,
X
and

f |un|Pdv = 4nd(n), for every n e N.
X

Fix n € N, let’s see what happens with

JX JX [un (y) = wn(@)["dma(y)dv ().

fl<k<n—-2orn+1<k<2n—2andzecl; then

[ ) = wn@)P s () = Gl (Ta(2)) = wn (@) + 5 un (Tola)) = o) = 0
X

since T_g(z) € I}} | and Ty(x) € I}, . Now, if x € I§ then T_y(z) € I"; thus

1 1 1 1
[ n0) = @ Pmaty) = Slun (To0)) = @)+ Sl Tala)) = ) = 3110 = 3
X
and the same holds if x € I}, _; (then Typ(z) € I3,). For = € I,_1 we have Ty(z) € I} thus

1 1 1 _
[ 100 = @) P ) = Sl (7)) =0 ()P + G (T ) =) = 512 = 2

and the same result is obtained for x € I}, ;. Similarly, if z € I"| or x € I3},

DN | =

[ 10n) = @) = FlunlT-0(@)) = wa @) + Do) = wala)?” =
Finally, if 2 ¢ U2 _ I then T g(z), Ty(z) ¢ U™ 12 thus
[0 = @ P (5) = Slun(T-o@) = 0 @) + GunlTofa) = () =0,
Consequently,
| 1n0) = wnlimegyanta) = 4-2500) + 271 2 20(m) = (4+ 2.
Therefore, there is no A > 0 such that

P
Uy — 1J Updv < AJ f |un(y) — un(z)Pdm,(y)dv(z), Vn e N
27 Jx X JX

since this would imply

4nd(n) < A4 +2P")d(n) = n < A+2°! VneN.

Lr(X,v)

Finally, we provide another result in which we give sufficient conditions for a generalised
(p, q)-Poincaré inequality to hold.
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THEOREM 1.87. Let 1 < p < q. Let | X,B,m,v] be a reversible random walk space. Let
A, B € B be disjoint sets such that B C 0, A, V(A) > 0 and A is m-connected. Suppose that
V(AU B) < w0 and my < v for every x € A v B. Assume further that, given a v-null set

N c A, there exist x1,xa,...,x € AAN and Q1,Qq,...,Qr € Ba,p, such that AuB = U Q;
i=1
. dmLI: 7% 1 . .
and, if g; 1= 7 Loon §Y, then g; ©" € L' (Q4,v), i =1,2,...,L. Then, [X,B,m,v] satisfies
v
a generalised (p, q)-Poincaré type inequality on (A, B).

PROOF. Let 0 <[ < v(A u B). Starting as in the proof of Theorem 1.83, if we suppose
that a generalised (p, q)-Poincaré type inequality on (A, B) does not hold, then there exists
a sequence {Un}neny © LY (AU B,v), with |un|rrauB,) = 1, and a sequence Z,, € Ba,p with
v(Zy) = 1, n € N, satisfying

i | i (0) = &) P (9D () = O
" JQ

and

lim Uy dv = 0.
n Zn
Therefore, by Lemma 1.82, there exist A € R and a v-null set N < A such that

ltn — Ml La(acBme) — 0 for every z € A\N.

Now, by hypothesis, there exist 1, xo,...,z € A\AN and Qq,Qo,...,Qr € Ba_p, such
L

dmy, -2
that Au B = UQ’ and, if ¢; := ZL;Z on ;, then g, ™" € LYy, v), i = 1,2,..., L.
i=1
Therefore,

b Mapy <3 f [n(y) — APdr(y)
= 1

i—1 9% ()7
L 2 e
q ! 1
< |un(y) — Algi 7dV(y)
i=1 \J&; Q gi( )q
L P e
q 1 a
= 3 ([, 1ot = A 0) |
i=1 Q; gl(y) ar LY(Q;,v)
L ) o )
= > lun = Al (Qma,) | 2 — 0.
i=1 g‘q_p L(Q;
v ()
We now finish the proof in the same way as for Theorem 1.83. O

1.6.2. Isoperimetric Inequality. Let [X, B, m,v] be a random walk space such that v
is a probability measure. Suppose that [ X, B, m,v] satisfies a Poincaré inequality, i.e., there
exists A > 0 such that

AVar, (f) < How(f)  for all f e L*(X,v).
Let D € B and take f = Xp. Then, the Poincaré inequality implies that
AVar,(Xp) < Hm(Xp)
which, recalling that

= X m vixr) = X 2 m 1 4%
Pou(D) = fX fXWxD( )l (y)dv(z) Uvam ) 2dma(y)dv (),
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72 1.7. Ollivier-Ricci curvature

can be rewritten as

(1.19) Av(D)(1 —v(D)) < Pu(D) for every D € B

(observe that, by Theorem 1.63, this implies, in particular, that A, is ergodic). Hence, since
min{zr,1 —z} < 2z(1 —z) < 2min{z,1 —z} forO0<x <1,

inequality (1.19) yields the following isoperimetric inequality (see [7, Theorem 3.46]):

2
(1.20) min{v(D),1 —v(D)} < XPM(D) for every D € B;
and, conversely, the isoperimetric inequality (1.20) implies that
%V(D)(l —v(D)) < Py(D) for every D € B.

DEFINITION 1.88. Let [X, B, m,v]| be a random walk space. If there exists A > 0 such
that (1.20) is satisfied we will say that [ X, B, m, v]| satisfies an isoperimetric inequality.

1.7. Ollivier-Ricci curvature

An important tool in the study of the speed of convergence of the heat flow to the equilib-
rium is the Poincaré inequality (see [22]). In the case of Riemannian manifolds and Markov
diffusion semigroups, a usual condition required to obtain this functional inequality is the
positivity of the corresponding Ricci curvature of the underlying space (see [22] and [160]).
In [21], Bakry and E’mery found a way to define the lower Ricci curvature bound through
the heat flow. Moreover, Renesse and Sturm [141] proved that, on a Riemannian mani-
fold M, the Ricci curvature is bounded from below by some constant K € R if, and only
if, the Boltzmann-Shannon entropy is K-convex along geodesics in the 2- Wasserstein space
of probability measures on M. This was the key observation, used simultaneously by Lott
and Villani [113] and Sturm [147], to give a notion of a lower Ricci curvature bound in
the general context of length metric measure spaces. In these spaces, a relation between the
Bakry—Emery curvature-dimension condition and the notion of the Ricci curvature bound in-
troduced by Lott-Villani-Sturm was obtained by Ambrosio, Gigli and Savaré in [8], where they
proved that these two notions of Ricci curvature coincide under certain assumptions on the
metric measure space.

When the space under consideration is discrete, for instance, in the case of a graph, the
previous concept of a Ricci curvature bound is not as clearly applicable as in the continuous
setting. Indeed, the definition by Lott-Sturm-Villani does not apply if the 2- Wasserstein space
over the metric measure space does not contain geodesics. Unfortunately, this is the case if
the underlying space is discrete. Therefore, we will use the concept of a Ricci curvature bound
introduced by Y. Ollivier in [134] which is well suited for the discrete case. We refer to [132]
and the references therein for the vibrant research field of discrete curvature.

In order to introduce the coarse Ricci curvature defined by Y. Ollivier in [134] we first
recall the Monge-Kantorovich transportation problem. Let (X,d) be a Polish metric space
and u, V€ P(X)7. The Monge-Kantorovich problem is the minimization problem

min UXXX d(z,y) dy(z,y) : v ey, V)} ;

where T(p,v) := {y € P(X x X) : mo#ty = p, m#y = v}% and 7o : X x X — X is defined
by mo(z,y) =2 + a(y —z) for a € {0,1}.

TP(X) denotes the set of probability measures on X.

8, #~ denotes the pushforward of v by m,, thus mo#~ is the marginal of v on the first component and
m1#y is the marginal of 7 on the second component.
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1. Random walks 73

For 1 < p < o, the p-Wasserstein distance between p and v is defined as

P

(1.21) Wito)i= (mind [ dteagp dne) v enuan})

The Monge-Kantorovich problem has a dual formulation that can be stated as follows (see
for instance [159, Theorem 1.14]).
Kantorovich-Rubinstein’s Theorem. Let u,v € P(X). Then,

Wik, v) = sup{fxudw—u) : ueKd<X>}

- sup{qud(,u — 1) s ue Kg(X) n L®(X, y)}

where
Ko(X) = {u: X =R Ju(y) —u(z)] < d(y, =)}

In Riemannian geometry, positive Ricci curvature is characterized by the fact that “small
balls are closer, in the 1-Wasserstein distance, than their centers are” (see [141]). In the
framework of metric random walk spaces, inspired by this, Y. Ollivier [134] introduced the
concept of coarse Ricci curvature, substituting the balls by the measures my and using the
1-Wasserstein distance to measure the distance between them.

DEFINITION 1.89. Given random walk m on a Polish metric space [X,d] such that each
measure m; has finite first moment, for any two distinct points x,y € X, the Ollivier-Ricci
curvature (or coarse Ricci curvature) of [X,d, m] along (z,y) is defined as
_ Wi (my, my)

d(z,y)
The Ollivier-Ricci curvature of | X, d,m| is defined by

Km(2,y) =1

KEm = Inf  kp(x,y).
z,y € X
T #yY

We will write k(z,y) instead of k,,(z,y), and k = Ky, if the context allows no confusion.

Observe that, in principle, the metric d and the random walk m of a metric random walk
space [ X, d, m,v] have no relation between them aside from the fact that m is defined on the
Borel o-algebra associated to d and that each m,, x € X, has finite first moment. Therefore,
we can not expect to obtain strong results on the properties of m by imposing conditions only
in terms of d. For example, as we will see in Example 3.36 balls in metric random walk
spaces are not necessarily m-calibrable (see Definition 3.33). However, imposing conditions
on k, like k > 0, effectively creates a strong relation between the random walk and the metric
which allows us to prove results like Theorem 1.93.

REMARK 1.90. If (X, d, u) is a smooth complete Riemannian manifold and (mf) is the
e-step random walk associated to p given in Example 1.41, then it is proved in [141] (see
also [134]) that, up to scaling by €2, kpu.c(x, %) gives back the ordinary Ricci curvature when
e — 0.

EXAMPLE 1.91. Let [RY,d,m”, £LN] be the metric random walk space given in Example
1.37. Let us see that x(z,y) = 0. Given z,y € RY, 2 # y, by Kantorovich-Rubinstein’s
Theorem, we have

Wld(mg,mj) = sup{fRN u(z)(J(x—2) —J(y —2))dz : uEKd(]RN)}

= sup {JRN (u(x +2) —u(ly +2))J(2)dz : ue Kd(]RN)} :
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Now, for u € Kg4(RY), we have that
| e +2) =ty + )Gy d= < o =y,

thus Wi(mJ, m;) < |z — y|. On the other hand, if u(z) := <ﬁf__;ﬁ>, then u € K4(RY), hence

Wi(m,my) > JRN(U(»T +2) —uly + 2))J(2) dz = [z — y].

Therefore,
d J J
Wl (mx7my) = H‘T - y”v
and, consequently, k(z,y) = 0.

ExampLE 1.92. Let [V(G),dg, m®,vg] be the metric random walk space associated to
a locally finite weighted discrete graph G = (V(G), E(G)) as defined in Example 1.38 and
recall that Ng(z) := {z € V(G) : z ~ x} for z € V(G). Then, the Ollivier-Ricci curvature
along (z,y) € E(G) is
WS (mg, my)
Kz, y) = 1 — My Ty)
( y) dG (1"7 y)

where

Wldc(mx,my = 1nf 2 Z (21, 22)dc(z1, 22),

z1~x zo~y
being A the set of all matrices with entries indexed by Ng(x) x Ng(y) such that pu(z1,22) =0
and

> w2, 2) = wc}ma D) iz, ) = wém, for (21, 22) € Ng(x) x Na(y).
z2~Y x 21~T Y
There is an extensive literature about Ollivier-Ricci curvature on discrete graphs (see for
instance, [27], [35], [62], [95], [105], [112], [134], [135], [136] and [138]).
In the next result we see that metric random walk spaces with positive Ollivier-Ricci
curvature are m-connected.

THEOREM 1.93. Let [X,d, m,v] be a metric random walk space such that v is a proba-
bility measure and each measure my has finite first moment. Assume that the Ollivier-Ricci
curvature K satisfies k > 0. Then, [ X, d, m,v] is m-connected.

PROOF. Under the hypothesis k > —oo (recall that x < 1 by definition) Y. Ollivier
in [134, Proposition 20] proves the following W7 contraction property:

Let [X,d,m,v] be a metric random walk space. Then, for any two probability distribu-
tions, p and ',

(1.22) Willus m*™, s m*) < (1= k)" Wi, i),
Hence, under the hypothesis £ > 0, Y. Ollivier in [134, Corollary 21] proves that the invariant

measure v (exists and) is unique up to a multiplicative constant, and that, if v € P(X), the
following hold:

(i) Wluem*™,v) < (1—r)"Win,v) YneN, Yue P(X),

(1.23) .
61’7 €T
(i) Wl(m? ,u)<(1—ﬁ)nwl(/€”” WneN, Vo e X.
By (1.23) and [160, Theorem 6.9]°, we have that
(1.24) pxm* — v weakly as measures, Vi € P(X),

9Theorem Let (X d) be a Pohsh space; then the Wassertein distance W; metrizes the weak convergence
in P1(X) :={pe P(X) : {,d(xo,z)u(dr) < +o0}, where z¢ € X is arbitrary.
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thus, taking u = é,, we obtain that

L3
m,

— v weakly as measures, for every z € X.

Let us now see that [X,d, m,v] is m-connected if K > 0. Take D < X a Borel set with
v(D) > 0 and suppose that v(N7}) > 0. By Proposition 1.28, we have v(H}}) > 0. Let

1 m
W= V(HB‘)VI—HD e P(X),
and )
. m
" _.Vuvg)uLAQ,e¢wX)

Now, by Proposition 1.27,
poEm™ = pu,

and
!

phem* =yl
but then, by (1.22), we get
Wi, ') = Wi s m™, i@/« m™) < (1= k)"Wi(p, 1)
which is only possible if Wi (u, ') = 0 since 1 — k < 1. Hence,
p=
and this implies 1 = p/(NJ}) = p(NJ) = 0 which is a contradiction. Therefore, v(NJ') = 0
as desired. ]

REMARK 1.94. By Proposition 1.13 uniqueness of the invariant probability measure im-
plies its ergodicity. Consequently, Theorem 1.93 follows from [134, Corollary 21] (recall also
Theorem 1.34). We have presented the result for the sake of completeness and using the
framework of m-connectedness.

Observe that, if D is open and v(D) > 0 then N} = &7, i.e.

0
2 mi"(D) >0 for every z € X.
n=1
Indeed, for x € N7}, by (1.24), we have
0 <v(D) < liminf m}"(D) = 0.

REMARK 1.95. For a reversible metric random walk space [ X, d, m,v], Y. Ollivier in [134,
Corollary 31] proves, under the assumption

ijd(y,Z)Qdmx(y)dmz(z)dy(x) < to0,

that, if the Ollivier-Ricci curvature & is positive and v is ergodic!’, then [X, d, m, ] satisfies
the Poincaré inequality
kVar, (f) < Hm(f) for all fe L*(X,v),
and, consequently,
k< gap(—Ap).

10By Theorem 1.93 (see also Remark 1.94), this assumption is actually redundant.
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CHAPTER 2

The heat flow

Our objective in this chapter is to define and study the heat flow in random walk spaces
and, in doing so, to unify into a broad framework the study of the heat flow in a variety of
models. For example, this study will cover the heat flow in graphs or in nonlocal models in
RN associated to a nonsingular kernel (see [18]).

Let us make a short summary of the results that we will obtain in this chapter. In The-
orem 2.4 we prove that, if | X, B, m,v]| is a reversible random walk space, the operator —A,,
generates a Markovian semigroup (e'*m)i=q in L*(X,v) called the heat flow in [X,B,m,v].
Then, in consideration of the great importance that understanding the behaviour of the semi-
group (e!®m)i=o as t — o has in many applications, we study the asymptotic behaviour of
the heat flow. In this regard, we prove that, if v is a probability measure and [X, B, m,v]
satisfies a Poincaré inequality, then the heat flow converges to the mean of the initial datum
with exponential rate. Moreover, we prove that the infinite speed of propagation of the heat
flow is equivalent to the m-connectedness of [X,B,m,v] (see Theorem 2.9).

2.1. The heat flow
Let’s start by defining the following symmetric form on L?(X,v).

DEFINITION 2.1. Let [X,B,m,v] be a reversible random walk space. In L?(X,v) we
consider the symmetric form given by (recall Proposition 1.47)

1
= | H@Bng@in@) =5 | Vi) Vateg)dm.()dv(o),
XxX
with domain D(&,,) = D(Hm) = LY(X,v) n L?(X,v) for both variables (which is a dense

linear subspace of L?(X,v)).

Note that Hm(f) = Em(f, f)-
Following the notation given in [86, Chapter 1], we make the following definitions.

DEFINITION 2.2. Let H be a real Hilbert space with inner product (-,-). A non-negative
symmetric bilinear form &£ which is densely defined on H is called a symmetric form on H.
Moreover, & is said to be closed if, for every sequence (f,), < D(E) such that

g(fn_fkvfn_fk)+(fn_fk7fn_fk)_>0 as n, m — oo,
there exists f € D(E) such that
g(fn_fvfn_f)+(fn_f)fn_f)_)0 as n — oo,

Let (X, B,v) be a o-finite measure space. A symmetric form £ on L?(X,v) is said to be
a Markovian symmetric form if, for each € > 0, there exists a real function ¢, : R — R such
that

oe(t)=t, Vte[0,1], —e < p:(t) < 1+4¢, VEER, 0 < p(t') —p(t) <t' —t for every t <t
and, for every f € D(E), we have that
pe(f) € D(E) and E(pe(f),ve(f)) < E(S, f)-

Furthermore, a closed Markovian symmetric form on L?(X,v) is called a Dirichlet form.
A function f € L?(X,v) is called a normal contraction of a function g € L?(X,v) if

9(2) = 9(0)| < |f(2) = F@W)], for v-ae. 2,y € X, and |g(x)| < |f(@)], for v-ae. z€ X.

T
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REMARK 2.3. As proved in [86, §1.4], a closed symmetric form on L%(X,v) is Markovian
if, and only if, for every f € D(E) and every normal contraction g of f we have that g € D(E)

and £(g,9) < E(f, f)-

THEOREM 2.4. Let [X, B, m,v] be a reversible random walk space. Then, —A,, is a non-
negative self-adjoint operator in L?(X,v) with associated closed symmetric form E,. In fact,
Em is Markovian and, therefore, a Dirichlet form.

PRrROOF. By Proposition 1.47 we have that —A,, is a self-adjoint operator in L?(X,v)
and

J f(z mf)(@)dv(z) = Hp(f) = 0 for every f e D(Ap,).
Let’s prove that &,, is closed. Consider f, € D(&,,) such that
gm(fn - fk‘a fn - fk‘) + an - fk‘HLQ(XJ/) - O) when n, k — +o0.

Since f, — f € L?(X,v), we can assume that there exists a v-null set N such that f,(z) —

f(x) for all z € X\N. Then, (fu(x) — fn(y))* — (f(z) = f(y))? for all (z,y) € (X\N) x
(X\N) = (X x X)\[(N x X) u (X x N)]. Now, since v is invariant with respect to m, we
have that

v@mll x X)X x N = [ ([ ) avte) + [ ([ xvtima) avte)
— (V) + JX X (y)dv(y) = 20(N) = 0.

Then, Fatou’s Lemma yields that

0< lim En(fn—ffn—1) lim 1f (V(fa = )(@,y) dv @ma)(z,y)

n—oo n—-+0oo 2

=1m1f B inf (V(f — fi) (2 9)2d(v @ my) (x, )
n—+aoo X x X k——+o
< 1_1)111001]ir£1nf5 m(fn = fis fn — fi) = 0.

Therefore, &, is closed. Moreover, given f € D(E,,), if g is a normal contraction of f, then

g€ D(En) and En(g,9) < Em(f, f),

thus &, is a Markovian symmetric form. O

By Theorem 2./ and as a consequence of the results obtained in [86, Chapter 1], we have
that if (T{™)i=0 is the strongly continuous semigroup (see Definition A.8) associated with &,
then (T]™)i=0 is a positivity preserving (i.e., T/ f = 0 if f = 0) Markovian semigroup (i.e.,
0<T/"f <1 v-a.e. whenever f e L2(X, v) and 0 < f < 1 v-a.e.). Moreover, A,, is the
infinitesimal generator of (T])i=0, that is,
hf—r

t

A f =lim

i VfeD(An).

DEFINITION 2.5. Let [X, B, m,v] be a reversible random walk space. We denote elBm .=
™ and say that {e!®m : t > 0} is the heat flow in the random walk space [X, B, m,v].

Therefore, we have that, for every ug € L*(X,v), u(t) := e®muq is the unique solution
of the heat equation

u'(t) = Apu(t)  for every t e (0, +0),
{ U(O) = Uo,
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2. The heat flow 79

in the sense that u € C([0, +0) : L?(X,v)) n C*((0, +00) : L*(X,v)) and satisfies

%(t) (x) = JX(u(t)(y) —u(t)(z))dmyz(y) for everyt >0 and v-a.e. x € X,
u(0) = up.

By the Hille-Yosida exponential formula (see Theorem A.20) we have that

t N\
ePArmyg = lim [(I — Am> ] uQ.
n—-+0oo n

Moreover, as a consequence of (1.4), if v is a probability measure, we have that the
semigroup (e!Am);=o conserves the mass. In fact,

% . eBmyg(z)dv(z) = JX Apuo(z)dr(z) =0,

and, therefore,
(2.1) JX eBmug(z)dv(z) = JX uo(x)dv(z), Yt > 0.

REMARK 2.6. It is easy to see that the functional H,, is convex and, moreover, with
a proof similar to the proof of closedness in Theorem 2.4, we get that the functional H,,
is closed and lower semi-continuous in L?(X,v). Moreover, it is not difficult to see that

OHm = —A,,. Consequently, —A,, is a maximal monotone operator in L?(X,v) (see [43]).
In particular,
(2.2) R(I + \oH,,) = L*(X,v) VA > 0.

Furthermore, we can also consider the heat flow in L'(X,v). Indeed, if we define in
L'(X,v) the operator A as Au = v < v(z) = —A,u(z) for all z € X, then A is completely
accretive. Indeed, let

Py:={qe C*(R) : 0 < ¢ <1, supp(q’) is compact and 0 ¢ supp(q)}.
Given f € L'(X,v), and q € Py, applying (1.5), we have

| ar@nar@aive =5 | (@) - @)U - @)@ > o
X XxX

Then, by Corollary A.36 ([31, Proposition 2.2]), we have that A is a completely accretive
operator.

Moreover, A is m-completely accretive in L'(X, ). Indeed, by (A.2), (2.2) and having in
mind that A is closed, we have that

LY(X

v — ! v —_ v
LNX,0) = (X0 n 2K, ) Y c RT+ A" ™ « R+ A5 X = R+ A).

Consequently, by Proposition A.43, A generates a Co-semigroup (S(t));=0 in L'(X,v) satis-

fying

(23)  [SMWuoliexw) < luolie(xy) Yuo € L'(X,v) n LP(X,v), 1<p< +o0.
Moreover, if v(X) < oo, by Proposition A.41, we have that S(t) is an extension to L' (X, v)

of the heat flow e!®n in L?(X,v) (that we will denote equally) and, by Corollary A.45, for
every ug € D(A) = LY(X, v), the mild solution u(t) = e *4ug of the problem

CC% + Au 30,
u(0) = up,

is a strong solution.

Universitat de Valéncia Marcos Solera Diana



80 2.1. The heat flow

EXAMPLE 2.7. (1) Consider the random walk space [X, B, m 7] associated with a
Markov kernel K (as in Example 1.40) and assume that the stationary probability
measure 7 is reversible. Then, the Laplacian A, x is given by

Ax f(x J f(y)dmk = Y K(z,9)f(y) — flx), zeX, fel*X,m).
yeX
Consequently, given ug € L*(X, ), u(t) := e"*mKuyq is the solution of the equation
Z K(z,y)u(t)(y) —u(t)(z) on (0,+w0) x X,

yeX
u(()) = up.
Therefore, e!2mk = 5=1) ig the heat semigroup on X with respect to the geometry
determined by the Markov kernel K. In the case that X is a finite set, we have

+00
K"
oAk = HE—T) _ ot Z .

(2) If we consider the metric random walk space [RY,d,m”, LV] as defined in Example
1.37, the Laplacian is given by

B @)= || () = £@) I = )y

Then, given ug € L*(RY, £LN) we have that u(t) := e'®m’uq is the solution of the
J-nonlocal heat equation

G0 = | @) - @)@ =iy i B (0.4c0),

u(0) = up.

(2.4)

If Q is a closed bounded subset of RY and we consider the metric random walk
space [Q,d, m”?, LV Q] (see Example 1.42), we have that

Ay f () = L(f(y) ~ f))dm? 0 (y) = fg T — ) () — F@)dy.

Then, we have that u(t) := e'®m’2uq is the solution of the homogeneous Neumann
problem for the J-nonlocal heat equation:

du .
05) 0 = [ @O0 - u@)Ie-de i (©0.40) <0,

u(0) = up.
See [18] for a comprehensive study of problems (2.4) and (2.5).

Observe that, in general, given a reversible random walk space [X, B, m,v] and
Q € B, we have that u(t) := e®m®uq is the solution of

FO@ = | @O0 - uOE)dn.) n ©0+) <0
u(0) = wo,

which, like (2.5), is an homogeneous Neumann problem for the m-heat equation.

In [122], it is shown, by means of the Fourier transform, that if D < RN has LN -finite
measure, then

(2.6) tAmJXD -t Z J (J=)"(z — dy— for every x € RN and t > 0.
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2. The heat flow 81

In the next result we generalize (2.6) for general random walk spaces.

THEOREM 2.8. Let [X,B,m,v] be a reversible random walk space. Let ug € L*(X,v) n
L*(X,v). Then,

+00
tn
(2.7) etBmyg(z) = et Z uo(y)dm)"(y)—  for every x € X and t > 0.
=0 X n!
In particular, for D € B with v(D) < 400, we have
+a0 m
eBmxp(z) = et Z m;”(D)E for every x € X and t > 0.
n=0 ’

PROOF. Recall that m*® = 6,, v € X. Let up € L'(X,v) n L?(X,v) and
+00 i
u(t)(z) ;== e 2 uo(y)dmi*(y)— for x € X and ¢ > 0.
n=0 X TL'
Let’s see that u is well defined. Recall that, by the invariance of v with respect to m}", since

ug € LY(X,v), we have that up € L'(X,m*") for v-a.e. z € X and every n € N. Moreover,
for ke Nand ¢t > 0,

JX éo gdy(x) - éﬂ JX UX uo(y)dmy" (y)

k k
tn tm
< dm*™(y)d - = d —<é )
nEOJX JX luo(y)| dmy" (y) V(:U)n! nEOJX [uo ()] V(l“)n! elluollz(x 0

Then, if

tn
mdv(:c)

f o (y)dm’™(y)
X

n

f uo(y)dmz" (y)| =
X

2 (z,t) € X x (0, +00),
n:

k
fkcmt):z }:
n=0

we have that 0 < fi(z,t) < fr+1(z,t) and J fr(z, t)dv(x) < etHUQHLl(X,V) for every k € N,
X
z € X and t > 0. Therefore, we may apply the monotone convergence theorem to get that

the function
+00
re )
n=0

belongs to L'(X,v) for each ¢ > 0 (hence, in particular, it is v-a.e finite) with

[

Note that the same applies to the function

tn

*', xEX,
.

j uo(y)dm?" (y)
X

t’n
mdu(x) < e'fuolprxpy, t>0.

j o (y)dm’™ (y)
X

+oo tn
oo 3 [ wowldmi ) wex.
=0 X n:

From this we get that u(t)(x) is well defined and also the uniform convergence of the series
for ¢ in compact subsets of [0, +00). Hence,

7fn—l
(n—1)!

du
dt

() = —ut)(@) + et Y L o (y)dm 3" (y)
n=1

Therefore, to prove (2.7), we only need to show that

tn—l

e ,;1 L{ uo(y)dmy" (y) (n—1) = fX u(z, t)dmy(2).
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Recall that, for every x € X and n € N,

[ wotwamenc = | ( | uo<y>dmz<n—”<y>) dma(2).

Consequently,

tn_l tTL—l

& [Ty =t 1 [ (J ot ooy

1 n—1
- < N R 1),> dma(2) = [ (O, 2),
z€ n=1 ’

X

where we have interchanged the series and integral thanks to the dominated convergence
theorem since

3 -1y S (1) () 1"
et J uo(y)dm* "V (y <e? J uo(y)|dm* = (y =: F(z,t
3 [ w0V g < 3 [ mowiame D)y = Fe)
and F(-,t) belongs to L*(X,v), thus to L*(X,m,) for v-a.e. x € X and every t > 0. O

2.1.1. Infinite speed of propagation. Let us see that the infinite speed of propagation
of the heat flow is equivalent to the m-connectedness of the random walk space.

THEOREM 2.9. Let [X,B,m,v] be a reversible random walk space. [X,B,m,v] is m-
connected if, and only if, for any non-v-null 0 < uy € LY(X,v) n L*(X,v), we have that
etBmyg >0 for v-a.e. € X and all t > 0.

PROOF. (=): Given a non-v-null 0 < ug € LY(X,v) n L3(X,v), there exist D € B
with (D) > 0 and a > 0, such that ug = aXp. Therefore, by Theorem 2.8 and the
m-~connectedness of [X, B, m,v],

© n

t
eBmug(z) = ae®m X p(x) = ce 2 m;"(D)—' >0 for v-a.e. z € X and every t > 0.
n!

n=0
Indeed, since [X, B, m,v] is m-connected we have that > "_; m%"(D) > 0 v-a.e.
(«): Take D € B with v(D) > 0. By Theorem 2.8, we have that
e o] tn
eAmxp(x) = et Z m:"(D)ﬁ > (0 for v-a.e. z € X and every t > 0.
n=0 )

Therefore, since m*° = 4, we have that >, m*"(D) > 0 for v-a.e. x € X\D. However, by
Corollary 1.28, we already have that > .-, m*"(D) > 0 for v-a.e. x € D. O

REMARK 2.10. In the preceding proof, if m is v-irreducible (Definition 1.4) we obtain
that, in fact,
eBmyg(x) >0 for all z € X and for all t > 0.
Moreover, when X is a topological space, we introduce a weaker notion of m-connectedness
that will serve to characterise the infinite speed of propagation of the heat flow for continuous
iatial data.

DEFINITION 2.11. Let [X, B, m,v] be a random walk space. Assume that X is equipped
with a topology and B is the associated Borel o-algebra. We say that [ X, B, m,v] is weakly
m-connected if, for every open set D € B with v(D) > 0 and v-a.e. z € X,

0
> mi"(D) >0,
n=1

i.e., if for every open set D € B with v(D) > 0, we have that v(N}}) = 0.
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In the same way as m-connectedness is reminiscent of p-irreducibility (in fact, p-essential
irreducibility), this weaker notion of m-connectedness for topological spaces is evocative of
classical notions like that of open set irreducibility (see [128, Chapter 6.1.2]).

THEOREM 2.12. Let [X, B, m,v] be a reversible random walk space. Assume that X is a
normal space', B is the associated Borel o-algebra and v is inner reqular. Then, [X, B, m,v] is
weakly-m-connected if, and only if, for every non-v-null 0 < ug € LY(X,v)nL*(X,v)nC(X),
we have that e®muy > 0 v-a.e. for all t > 0.

PROOF. (=): Similar to the proof of the left to right implication in Theorem 2.9.

(«): Take D € B open with v(D) > 0, since v is inner regular there exists a compact set
K c D with v(K) > 0. By Urysohn’s lemma we may find a continuous function 0 < up < 1
such that up = 0 on X\D and up = 1 on K, thus up < Xp. Hence

e 0]
tn
et Z m;”(D)—' > etBmyg(z) > 0 for v-ae. z € X and every t > 0.
= n!
So we conclude as in Theorem 2.9. O

2.2. Asymptotic behaviour

Let | X, B, m,v] be a reversible random walk space. It is easy to see that A, is ergodic if,
and only if,

fel' (X,v)nL*(X,v), e®mf=f Yt>=0 = fisv-a.e. a constant.
Moreover, we have the following result.

PROPOSITION 2.13. Let [X,B,m,v] be a reversible random walk space. For every f €
LX(X,v),
tlim A= fo € {ue L*(X,v) : Apu=0}.
—>0
Suppose that [ X, B, m,v] is m-connected, then,
(i) if v(X) = +©, fo =0 v-a.e.
(ii) if v is a probability measure, fon = f f(x)dv(z) v-a.e.
X
PROOF. Since H,, is a proper and lower semicontinuous function in X attaining the

minimum at the zero function and, moreover, H,, is even, by [46, Theorem 5], we have that
the strong limit in L?(X,v) of e®muq exists and is a minimum point of H,y,, i.e.,

ug € {ue LN(X,v) n L*(X,v) : 0€ Ay, (u)}.

The second part is a consequence of the ergodicity of A,, (recall Theorem 1.50) and the
conservation of mass (2.1). See also [22, Proposition 3.1.13]. O

If a Poincaré inequality holds it follows, with a similar proof to the one done in the
continuous setting (see, for instance, [22]), that, if gap(—=A,,) > 0, then e!®mug converges
to v(ug) with exponential rate gap(—Ayy,).

THEOREM 2.14. Let [X, B, m,v] be a reversible random walk space such that v is a prob-
ability measure. The following statements are equivalent:

(i) There exists A > 0 such that
AVar, (f) < Hw(f)  for all f e L*(X,v).

1A topological space X is a normal space if, given any disjoint closed sets F and F', there are neighbour-
hoods U of E and V of F that are also disjoint.
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84 2.3. The Bakry-Emery curvature-dimension condition

(ii) For every f e L*(X,v)
|etAm f — v(Pllzxy < e M = v(f)leix,)  for allt = 0;
or, equivalently, for every f € L*(X,v) with v(f) =0,
le"® fliaxwy < € M flezxn  forallt = 0.

REMARK 2.15. Let [X, B, m,v] be a reversible random walk space and assume that v is
a probability measure. Let u1, po € P(X). We denote by ||u1 — pe|ry the total variation
distance between p; and ua, i.e.,

1 — polrv = sup{|p1(A) — p2(A)] + A€ B}
Then, for f € L?(X,v) and p; = (emmf) v, we have

e = vliry < = Upz(x,) e P

Indeed, by Theorem 2.14, for any A € B,

1
J etAmfdy — I/(A)‘ < f ‘emmf —1|dv < (J ‘emmf — 1‘2du> ’
A A X

< e 8p(=An) £

— U z2(x,)-

2.3. The Bakry-Emery curvature-dimension condition

The use of the Bakry—Emery curvature-dimension condition to obtain a valid definition of
a Ricci curvature bound in Markov chains was first considered in 1998 by Schmuckenschlager
[144]. Moreover, in 2010, Lin and Yau [112] applied this idea to graphs. Subsequently,
this concept of curvature in the discrete setting has been frequently used (see [107] and the
references therein). Note that, to deal with the Bak:ry—Emery curvature-dimension condition,
one needs a Carré du champ I'. In the framework of Markov diffusion semigroups, in order to
get good inequalities from this curvature-dimension condition, it is essential that the generator
A of the semigroup satisfies the chain rule formula:

A(R(f)) = '(HA(S) + " (HT(S),

which characterizes diffusion operators in the continuous setting (see [22]). Unfortunately,

this chain rule does not hold in the discrete setting, and this is one of the main difficulties that

arises when working with this curvature-dimension condition in metric random walk spaces.
Following [22, Definition 1.4.2], we make the following definition.

DEFINITION 2.16. Let [X, B, m, | be a reversible random walk space. The bilinear map

L(f,9)@) = 5 (An(f9)@) ~ F)Ang() — g@)Anf@)). w€ X, fge I(X,)

is called the carré du champ operator of A,,.

With this notion, and following the theory developed in [22], we can study the Bakry-
E’mery curvature-dimension condition in reversible random walk spaces. In particular, we
will study its relation with the spectral gap.

According to Bakry and Emery [21], we define the Ricci curvature operator I's by iterat-
ing I' as follows:

Pa(f.9) 1= 5 (Aul(f,9) = T, Amg) ~ T(Ant. ),

which is well defined for f,g € L*(X,v). We will write, for f € L>(X,v),

O(f) = T(F. 1) = 5 An(7) = FAnf
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and
Pa(f) = Talf, f) = L AnT ()~ T(f, Anf).
It is easy to see that, for x € X,
1 1 )
M(f.0)@) = 5 | V@) Vol dm)  ad TG =5 | 190 i),

Consequently (recall Definitions 1.65 and 2.1),

(2.8) JX I(f,0)@)dv(z) = En(frg)  and JX P () (@)dv(z) = Hon(f).

Furthermore, by (1.4) and (2.8), we get

| rayar =5 | (@uD) =20 A ) dv = = [ TG AwD I = ~Enf. B,
X X X

thus

(2.9) Lm(f)dyzf (A f)? du.

X

DEFINITION 2.17. Let [X,B,m,v] be a reversible random walk space. The operator

A, satisfies the Bakry-Emery curvature-dimension condition BE(K,n) for n € (1, +0) and
KeRif

(2.10) Do(f) = —(Amf)? + KD(f) VfeL*(X,v).

S|

The constant n is the dimension of the operator A,,, and K is the lower bound of the Ricci
curvature of the operator A,,. If there exists K € R such that

(2.11) Da(f) = KT(f) Vfe L¥(X,v),

then it is said that the operator A,, satisfies the Bakry—Emery curvature-dimension condition
BE(K,w).

Observe that, if A, satisfies the Bakry—Emery curvature-dimension condition BE(K,n),
then it also satisfies the Bakry—Emery curvature-dimension condition BE(K,m) for m > n.

Definition 2.17 is motivated by the well known fact that on a complete n-dimensional
Riemannian manifold (M, g), the Laplace-Beltrami operator A, satisfies BE(K,n) if, and
only if, the Ricci curvature of the Riemannian manifold is bounded from below by K (see, for
example, [22, Appendix C.6]).

As mentioned at the beginning of this section, the use of the Bakry-Emery curvature-
dimension condition as a possible definition of a Ricci curvature bound in Markov chains was
first considered in 1998 [144]. More recently, following the work by Lin and Yau [112], this
concept of Ricci curvature has been commonly used in the discrete setting (see [107] and the
references therein).

Integrating (2.10) over X with respect to v yields

1
J Ty(f)dv = J (Amf)QdquKJ L(f)dv.
X nJx X
Now, by (2.8) and (2.9), this inequality can be rewritten as

f (A f)dv > © f (A )2 dv + KHon (f),
X nJx

or, equivalently, as

n

(2.12) K Hm(f) < f (A f)? dv.

n—1 X
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Similarly, integrating (2.11) over X with respect to v we get

(2.13) KHn(f) < JX<Amf>2dv.

DEFINITION 2.18. Let [X, B, m,v]| be a reversible random walk space. Let n € (1,400)
and K € R. The operator A,, satisfies the integrated Bakry—Em@ry curvature-dimension
condition IBE(K,n) if the inequality (2.12) holds for every f € L?(X,v). Moreover, if
(2.13) holds for every f € L?(X,v) we will say that A,, satisfies the integrated Bakry-Emery
curvature-dimension condition I BE(K, o).

On account of Theorem 1.79, we can rewrite the Poincaré inequality via the integrated

Bakry-Emery curvature-dimension conditions as follows (see 22, Theorem 4.8.4]; see also [25,
Theorem 2.1]).

THEOREM 2.19. Let [X, B, m,v] be a reversible random walk space and assume that A,
is ergodic (or, equivalently, that [X,d,m,v]| is m-connected). Let n € (1,+0) and K > 0.
Then,
(1) A, satisfies the integrated Bakry-Emery curvature-dimension condition I BE(K,n)
if, and only if, [X, B, m,v] satisfies a Poincaré inequality with constant K 5.
(2) A, satisfies the integrated Bakry-Emery curvature-dimension condition I BE(K, )
if, and only if, [X, B, m,v] satisfies a Poincaré inequality with constant K.

Therefore,
(1) if Ay, satisfies the Bakry-Emery curvature-dimension condition BE(K,n), then
n
2.14 -An) =2 K .
(2.14) gap(—Am) —

(2) if A, satisfies the Bakry-Emery curvature-dimension condition BE(K, ), then
(2.15) gap(—A,,) = K.

In the next example we will see that, in general, an integrated Bakry—Emery curvature-

dimension condition IBE(K,n) with K > 0 does not imply a Bakry—EmeTy curvature-
dimension condition BE(K,n) with K > 0.

ExaMPLE 2.20. Consider the weighted discrete graph G = (V(G), E(G)) with vertex set
V(G) = {a,b,c} and weights: w,p = wp = 1 and w; j = 0 otherwise. Let [V(G), da,m%,vg]
be the associated metric random walk space and let A := A ,¢. A simple calculation gives

D@ = S (F(8) — F(@))” = L(Af(@)),
DU = S(F0) — F() = 5(AF(@)
and
DN = [(F0) — F@) + {(F0) — F(0)* = § (Afa)? + (Af(e)))
= 5 (TN +T(HE)
Moreover,
(2.16) Da(f)(a) = S(AFO) + 2 (Af(@)? + {Af@AF(
and
(217) La(f)(0) = S(A @) + L (AF(©) + [ Af@AS (o)
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2. The heat flow 87

Having in mind (2.16) and (2.17), the inequality

Da(f)(0) > (A (w) + KT(f)(0)
holds true for v € {a,c} and every f € L2(V(G),vg) if, and only if,

1 5 1 2
(2.18) ZyQ + Zx2 + 5%Y > ﬁa:Q + Ka? Vz,y e R.
Now, since (2.18) is true for x = 0, (2.18) holds if, and only if,
1,2 5,21 2 2
K< inf Yy gt Ty —
T a0,y x? '

Moreover, taking y = Az, we obtain that the following inequality must be satisfied

1 5 1 2 2

K <i f(fx2 2 7A—7) —1- =

LTI T n

In fact, it is easy to see that (2.18) is true for any K <1 — %
On the other hand, for f e L*(V(G),vq),

Da(£)(0) = S (AFB) + (),

and it is easy to see that

To(F)(b) = %(Af(b))Q + KT(f)(b) foreveryn>1and K <1— %

Therefore, we have that this graph Laplacian satisfies the Bakry—Emery curvature-dimension
condition

2
BE <1 — ,n) for every n > 1,
n

being K =1 — % the best constant for a fixed n > 1.

Now, it is easy to see that gap(—A) = 1 thus, by Theorem 2.19, we have that A satisfies
the integrated Bakry-Emery curvature-dimension condition IBE(K,n) with K = 1 — % >
1- 2.

n

Note that A satisfies the Bakry-Emery curvature-dimension condition BE(1,00) and
hence, in this example, the bound in (2.15) is sharp but there is a gap in the bound (2.14).

It is well known that in the case of diffusion semigroups, the Bakry-E‘mery curvature-
dimension condition BE(K, ) of its generator is characterized by gradient estimates on the
semigroup (see, for instance, [20] or [22]). The same characterization is also true for locally
finite weighted discrete graphs (see, for example, [54] and [107]). With a similar proof we
have that in the general context of metric random walk spaces this characterization is also
true.

THEOREM 2.21. Let[X,d, m,v] be a reversible metric random walk space and let (T})i~0 =

(etAm)t>0 be the heat semigroup. Then, A, satisfies the Bakry—Emery curvature-dimension
condition BE(K, ) with K > 0 if, and only if,

(2.19) D(Tif) < e *K'Ty(T(f)) Vt=0 and fe LA(X,v).
ProOF. Fix t > 0. For s € |0,t), we define the function
9(s,2) i= e TN ) (2), z€X.

The same computations as in [107] show that

% (5,) = 2¢ T, (Do(T; f) — KT(Tuof) (&),

Then, if A, satisfies the Bakry—Emery curvature-dimension condition BE(K, o) with K > 0,
we have that g—i(s, x) = 0 which is equivalent to (2.19).
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88 2.4. Transport Inequalities

On the other hand, if (2.19) holds, then %Z(O, x) = 0, which is equivalent to
Do(Tif) — KT(Th f) = 0.
Then, letting ¢t — 0, we get I'2(f) — KT'(f) = 0. O

2.4. Transport Inequalities

Following the papers by Marton and Talagrand ([118], [152]) about transport inequalities,
which relate the Wasserstein distances to entropy and information, this research topic has
had a great development (see the survey [94]). One of the keystones of this theory was the
discovery in 1986 by Marton [117] of the link between transport inequalities and the concen-
tration of measure. Note that concentration of measure inequalities can be obtained by means
of other functional inequalities, such as isoperimetric and logarithmic Sobolev inequalities
(see Ledoux’s textbook [110]). In this section we show that, under the positivity of the Bakry-
Emery curvature-dimension condition or the Ollivier-Ricci curvature, a transport-information
inequality holds (Theorems 2.27 and 2.34). Moreover, we prove that if a transport-information
inequality holds then a transport-entropy inequality is also satisfied (Theorem 2.31) and that,
i general, the converse implication does not hold.

DEFINITION 2.22. Let [X,d, m,v] be a metric random walk space. We define (recall

(1.21)) 1 .
O@) = 5 (Wi ms) = 5 L Az, y)2dma(y), @€ X,

and
O, 1= esssup O(x).
zeX
Note that, if diam(X) is finite then, since ©(z) < %(diam(supp(mx))Q, we have ©, <
3(diam(X))?. Observe also that

(220) () e = sup 5 [ (760) = £0)Pdme(a) < Ol 1

EXAMPLE 2.23. Given a metric measure space (X, d, 1) as in Example 1.41, if m/€ is the
e-step random walk associated to p, that is

o= nLB(x,€) for x € X,
n(B(z,€))
then )
@mu,e < 562.

Following [134] we define the jump of a random walk as follows.

DEFINITION 2.24. Let [X,d,m,v]| be a metric random walk space. The jump of the
random walk at x is defined by

I () := W8y, my) = JX d(z,y)dmy(y).

EXAMPLE 2.25. Let [V(G),dg, m®, vg] be the metric random walk space associated to a
locally finite discrete graph as in Example 1.38. Then, for z € V(G),

thus
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2. The heat flow 89

If [Q, d, m”%, LV Q] is the metric random walk space given in Example 1.42 with J(z) =
%XBT(O) (x) then, for z € Q,

N
O(x) < mrz.

DEFINITION 2.26. Let [X,B,m,v] be a reversible random walk space and let u be a

probability measure on X. The Fisher-Donsker-Varadhan information of p with respect to
v is defined by

2Hm(\/7) if,u:fl/,fZO,
L(p) =

+00, otherwise.
Observe that
D(L) = {pe P(X): = fv, feL'(X,0)"}

since /f € L*(X,v) = D(Hn) whenever f € LY(X,v)t (we use the notation LP(X,v)* :=
{felP(X,v): f=20 v-ae.}).

In the next result we show that the Bakry—E’mery curvature-dimension condition BE(K, o)
with K > 0 implies a transport-information inequality, result that was obtained for the par-
ticular case of Markov chains in discrete spaces in [81].

THEOREM 2.27. Let [ X, d, m,v] be a reversible metric random walk space such that v is a
probability measure and assume that ©,, is finite. If A, satisfies the Bakry-Emery curvature-
dimension condition BE(K,) with K > 0, then v satisfies the transport-information in-
equality

(2.21) Wi(u,v) < %«/Iy(u), for all probability measures p < v.

PROOF. Let p € P(X) such that p « v and set u = frv. By the Kantorovich-Rubinstein
Theorem we have that

Wﬂmuw=wp{Lg@xfuy—nm4m:|ﬂup<1mmgequ;m}.

Let T; = e'®™ be the heat semigroup. Given g € L®(X,v) with ||g| i < 1 and having in
mind Proposition 2.13, we get

+OOd

- 4 [ @@ i@

Jg@xﬂm—lmwm
X

—j”]‘manmmﬁwmw@a
0 X

+a0 +00
& (Tig, )it = J J (Tyg, f)(x)dv(x)dt.
0 0 X

Now, using the Cauchy-Schwartz inequality, the reversibility of v with respect to m and that

(V@) +VF(@)® < 2((f (@) + F(),
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90 2.4. Transport Inequalities

we obtain the following:

J I(Tyg, f)(@)dv(z) = J (T9)w) — (L) @) (@) — F(2))dma(y)du(z)
X XxX

N

jXXX«Ttg)(y)—<Ttg><m>><ﬁ(y>—ﬁ< DOF@) + v F@))dma (y)dv(z)

N | =

ol

< ([ WFw = VF@)dm i)

><X4

X UXXX((Ttg)(y) — (T:9)(@)> (VT () + /T (@) dme (y)dv (@ >)%
< (; JX I ) (x)clv(x))é (4 fx (JX((Ttg)(y) - (Tvg) (x))2dmx(y)> f(x)d]/(x))% |

Then, applying Theorem 2.21, we get

[ @@ - i < (;Hm«ﬁ))é [ («] r@oranswan) i

0

400

< ) [ (e [ miewo o) o

0
Now, by (2.3) and (2.20), we have

T(T () (@) < ITHT ()]0 < TG0 < O

Hence,
1ot %
[ st - vavte) < (ran)* [ (20 [ r@n) a
X 0 X
vVOm 3
<2 (21a(VD)”
Finally, taking the supremum over all functions g € L*(X,v) with |g|rip < 1 we get (2.21).

O

REMARK 2.28. If v satisfies the transport-information inequality

(2.22) W, v) < M/ 2Hm (W f) for all 4 = fv with fe L'(X,v)",

then v is ergodic. Indeed, if v is not ergodic then, by Theorem 1.63, there exists D € B with
0 < v(D) < 1 such that A,,Xp = 0 v-a.e. Now, if p:= (D) Xpv then p # v and, therefore,

by (2.22), Hmm(Xp) > 0, which is in contradiction with A,,Xp = 0.

As a consequence of the previous Remark and Theorem 2.27, we have that the positivity
of the Bakry-Emery curvature-dimension condition implies ergodicity of A,,. Therefore, by
Theorem 2.19, we have the following result.

THEOREM 2.29. Let [X,d, m,v] be a reversible metric random walk space such that v is
a probability measure and assume that ©,, is finite. Then,
(1) if Ay, satisfies the Bakry-Emery curvature-dimension condition BE(K,n),
n

gap(—Ap) = K

n—1
(2) if Ay, satisfies the Bakry-Emery curvature-dimension condition BE(K, ),
gap(—A,,) = K.

Universitat de Valéncia Marcos Solera Diana



2. The heat flow 91

DEFINITION 2.30. Let [ X, B, m, v] be a reversible random walk space. The relative entropy
of 0 < 1€ M(X)? with respect to v is defined by

f Flog fdv — v()log (W(f)) if u = fu, f >0, flogf e L'(X,v),

~+00, otherwise,

Ent, (

with the usual convention that f(x)log f(x) = 0if f(x) =

The next result shows that a transport-information inequality implies a transport-entropy
inequality and, therefore, normal concentration (see, for example, [37, 110]).

THEOREM 2.31. Let [X,d,m,v] be a reversible metric random walk space such that v is
a probability measure. Suppose that ©,, is finite and that there exists some xg € X such that
§d(z, z0)dv(z) < 0. Then, the transport-information inequality

(2.23) Wi(u, v \/ v(p)  for all pe P(X) such that p < v,

implies the transport-entropy inequality

\/W

(2.24) Wi(u Ent, () for all pe P(X) such that p < v.

PRrOOF. By [37, Theorem 1.3], (2.24) holds if, and only if,

Om

(2.25) J M@ qu(z) < vk
X

for every function f with || f||rijp < 1 and v(f) = 0, and every A € R.
Let fe L®(X,v) with | f|rip <1 and v(f) =0, we define A : R — R by

AQV) = JX M@ (),

and the probability measures py, A € R, as follows:

= dv.

By the Kantorovich-Rubinstein Theorem and the assumption (2.23), we have

0 = o5 [ F@ o) = [ @) (@) - dvla)) < Wi 0)

/ V2 1
27—lm< A0 ) e JXI’( A()\)e)\f> (x)dv(x)

f\/f ot () @it

Now, since 1 — E < loga for every a = 1 and having in mind the reversibility of v, we get
that, for any g € L?(X,v),

J P (g)(2)d(z) < f ¢*(2)T (log g) (x)du(x),
X X

2M(X) is the set of Radon measures on X.

Universitat de Valéncia Marcos Solera Diana



92 2.4. Transport Inequalities

and, consequently, (2.20) yields

© log(a f\/ [ soeor (3) @)
V2 K\/J

W

Then, integrating this inequality we get (2.25).
Now, if f ¢ L®(X,v), let f, := f An— V(f An) € L*®(X,v) for n € N, which satisfy
|fullLip < 1 and v(f,) = 0 for every n € N. Then, Fatou’s Lemma yields:

6” OT (f) (2)dv ()

VOm
f M@ dy(z) < lim infj M@ dy(z) < e 2%1(,
X X

n

as desired. O

In the next example we see that, in general, a transport-entropy inequality does not imply
a transport-information inequality.

EXAMPLE 2.32. Let Q := [-1,0] u [2,3] and consider the metric random walk space
[Q,d,m”®, 2L Q], with d the Euclidean distance and J = %X[_Ll] (see Example 1.42).
By the Gaussian integrability criterion [73, Theorem 2.3|, v satisfies a transport-entropy
inequality. However, v does not satisfy a transport-information inequality since this would
imply that v is ergodic (see Remark 2.28) and it is easy to see that [Q,d, m”%, SL1L Q)] is
not m-connected (thus, by Theorem 1.34, v is not ergodic).

By Theorems 1.34 and 1.93, we have that the metric random walk space of Example
2.82 has non-positive Ollivier-Ricci curvature. In the next theorem we will see that, under
positive Ollivier-Ricci curvature, a transport-information inequality holds. First, we need the
following result.

LEMMA 2.33. Let [X,d, m,v] be a reversible metric random walk space such that v is a
probability measure. If f € L2(X v) with | f||Lip < 1, then |2 f| Ly < e7tm,

PROOF. By [134, Proposition 25|, we have that
Bpp(n+l) = Kmin + Kyl — KpanKpe V0, L €N,
where k,,x1 = k. Hence,
(2.26) 1 — Kprn < (1 — k)" ¥neN.
By Theorem 2.8 and equation (2.26), we have

tTL

thf )(dm2 () — dmi" (=)

_ "
<ot 3 winn, mgn)
n=0

n!

e f () = B f(y)] =

n +© n

+00 ¢ ¢
—t —t n
€ E (1 - Km*")d(x7y) n se E 0(1 - Hm) n'd('rv y)

=ele (1 “’")d(x y) = e md(z, y),

from where it follows that |e/Am f||1;, < e m. O
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2. The heat flow 93

THEOREM 2.34. Let [X,d,m,v] be a reversible metric random walk space such that v is
a probability measure and each measure m, has finite first moment. Assume further that O,
is finite. If Ky > 0 then the following transport-information inequality holds:

V20,
Wi(u,v) < m@ VI (), for all e P(X) such that p < v.

PROOF. Let T, = e!®m be the heat semigroup and u = fv be a probability measure in
X. We use, as in the proof of Theorem 2.27, the Kantorovich-Rubinstein Theorem. Let
g€ L*(X,v) with |g|rip < 1. Having in mind Lemma 2.33, we have

[ st -vavte) = - [ 74 [ @ap@swste
[ [ g @r@ast

- [ (@90 - @) )~ Fedm vt

<[ igliy [ dwalie) - fe@ldndra

<[Tend [ i) - sl

0 2
_ QL d(z,y)| f(y) — f(x)|dme (y)dv(z)
m JX xX
= | dw V) - Vi@ (f )+ V(@) dma(y)dv(a)
m JX xX

*f\/Hm \/J Y) +/f () )dmw Ydv(x).

Now, using reversibility of v with respect to m,

J d(z,y (\F ) +4/f(x) )dmx Ydv(z)

XxX

[ e (2f(w) +27) - (VI - ﬁ(@)Z) A () d(z)
XxX

<2 f 2 (z,y) (F(@) + () dmg(y)di(z) < 86,
XxX

Therefore, we get

[ st vt < VO 1),

thus taking the supremum over g yields

W) < VZSW%W) ] 0
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CHAPTER 3

The total variation flow

Since its introduction as a means of solving the denoising problem in the seminal work
by Rudin, Osher and Fatemi ([143]), the total variation flow has remained one of the most
popular tools in Image Processing'. Furthermore, the use of neighbourhood filters by Buades,
Coll and Morel in [47], that was originally proposed by P. Yaroslavsky ([161]), has led to
an extensive literature in nonlocal models in image processing (see for instance [48], [92],
[109], [114] and the references therein). Consequently, there is great interest in studying the
total variation flow in the nonlocal context. Moreover, a different line of research considers
an tmage as a weighted discrete graph, where the pizels are taken as the vertices and the
“similarity” between pizels as the weights®. Therefore, the study of the 1-Laplacian operator
and the total variation flow in random walk spaces has a potentially broad scope of application.

Further motivation for the study of the 1-Laplacian operator comes from spectral cluster-
ing. Partitioning data into sensible groups is a fundamental problem in machine learning,
computer science, statistics and science in general. In these fields, it is usual to face large
amounts of empirical data, and getting a first impression of these data by identifying groups
with similar properties has proved to be very useful. One of the most popular approaches to
this problem is to find the best balanced cut of a graph representing the data, such as the
Cheeger ratio cut ([61]) which we will now introduce. Consider a finite weighted connected
graph G = (V, E), where V- = {x1,...,xn} is the set of vertices (or nodes) and E the set of
edges, which are weighted by a function wj; = w;; = 0, (i,5) € E. The degree of the vertex

x; is denoted by d; = Z?zl wij, © = 1,...,n. In this context, the Cheeger cut value of a
partition {S,S¢} (S¢:=V\S) of V is defined as
Cut(S, S¢)

CS) = vol(S), vol (8T}
where
Cut(A,B) = 2 Wij,
i€A,jeB
and vol(S) is the volume of S, defined as vol(S) := >, .¢d;. Then,
hG) := $3C(S)

is called the Cheeger constant, and a partition {S,S} of V is called a Cheeger cut of G
if (G) = C(S). Unfortunately, the Cheeger minimization problem of computing h(G) is
NP-hard ([99], [148]). Howewver, it turns out that h(G) can be approximated by the second
eigenvalue Ay of the graph Laplacian thanks to the following Cheeger inequality ([63]):

(3.1) Z <h(G) V2.

This motivates the spectral clustering method ([115]), which, in its simplest form, thresholds
the second eigenvalue of the graph Laplacian to get an approximation to the Cheeger constant
and, moreover, to a Cheeger cut. In order to achieve a better approximation than the one
provided by the classical spectral clustering method, a spectral clustering based on the graph

1From the mathematical point of view, the study of the total variation flow in RY was established in [12].
2The way in which these weights are defined depends on the problem at hand, see, for instance, [79] and
[114].
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96 3.1. The nonlocal total variation

p-Laplacian was developed in [51], where it is showed that the second eigenvalue of the graph
p-Laplacian tends to the Cheeger constant h(G) as p — 17. In [148] the idea was further
developed by directly considering the variational characterization of the Cheeger constant h(G)

. |ulzv
(3.2) h(G) = min |lu — median(u))||;’

where

1 n
fulzy =5 D wigluas) — ulay)].
ij=1
The subdifferential of the energy functional | - |7y is the 1-Laplacian in graphs A;. Using
the nonlinear eigenvalue problem Asign(u) € —Aju, the theory of 1-Spectral Clustering is
developed in [57], [58], [59] and [99].

Accordingly, the aim of this chapter is to study the total variation flow in reversible ran-
dom walk spaces, obtaining general results that can be applied, as aforementioned, to the
different points of view in image processing. In this regard, we introduce the 1-Laplacian
operator associated with a random walk space (see Definition 3.16) and obtain various char-
acterizations (see Theorem 3.13). In doing so, we generalize results obtained in [120] and
[121] for the particular case of [RN,d,m”,LN], and, moreover, generalize results in graph
theory. We then proceed to prove existence and uniqueness of solutions of the total variation
flow in random walk spaces and to study its asymptotic behaviour with the help of Poincaré
type inequalities. Furthermore, we introduce the concepts of Cheeger and calibrable sets in
random walk spaces and characterize calibrability by using the 1-Laplacian operator. More-
over, in Section 3.5, in connection with the 1-Spectral Clustering, we study the eigenvalue
problem of the 1-Laplacian AT and then relate it to the optimal Cheeger cut problem. Then
again, these results apply, in particular, to locally finite weighted connected graphs, comple-
menting the results obtained in the previously mentioned papers [57], [58], [59] and [99].
Lastly, in Section 3.6, we obtain a generalization of the Cheeger inequality (3.1) and of the
variational characterization of the Cheeger constant (3.2).

The Cheeger problem in the fractional case is studied in [41].

3.1. The nonlocal total variation

DEFINITION 3.1. Let [X, B, m,v] be a random walk space. We define the space of func-
tions BV,,(X,v) as follows

BV (X, v) = {u . X R measurable : JX JX () — u(z)|dma (y)dv(z) < oo}.

Moreover, the m-total variation of a function u € BV, (X, v) is defined by

1 1
TVu(u) = | Juto) = wle)ldma@iv@) = 5 | fu) ~ u(@)ldl @ m)z0).
2 Jx Jx 2 Jxxx
Note that L'(X,v) < BV, (X,v) (in fact, by the invariance of v with respect to m,
TVin(u) < |lullpr(x,) for every u e LY(X,v)). Observe also that, by Lemma 1.53,

(3.3) P (E) = TV (XE).

The space BV, (X,v) is the nonlocal counterpart of classical local bounded variation
spaces. Note further that, in the local context, given a Lebesque measurable set E < R,
its perimeter is equal to the total variation of its characteristic function (see [7]) and the
above equation (3.3) provides the nonlocal analogue.

Howewver, although they represent analogous concepts in different settings, the local clas-
sical BV-spaces and the nonlocal BV-spaces are of a different nature. For example, in our
nonlocal framework L' (X,v) € BV,,(X,v) in contrast with classical local bounded variation
spaces that are, by definition, contained in L.
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3. The total variation flow 97

EXAMPLE 3.2. Let [V(G), dg, m%, vg] be the metric random walk space given in Example
1.38. Then,

1
Vo) =5 [ | Julw) — u@)linS @)dve(

2 Jvia) Jvia)
1 1

ol S ) - @), |dve)

V(@) Yz yeV (@)

1 1

=3 Z dy 1 2 [u(y) — w(z)|way 2 Z )| way,
zeV(G) T yev(Q) er(G) yeV(Q)

which coincides with the anisotropic total variation defined in [89].
In the following results we give some properties of the m-total variation.

PROPOSITION 3.3. Let [X,B,m,v] be a random walk space and ¢ : R — R a Lipschitz
continuous function. If w € BV (X, v), then ¢(u) € BV,,(X,v) and

TVi(p(w) < @] LipT Vin(u).

PROOF.

TV, (o J J p(u)(y) — p(u)(2)ldm, (y)dv(2)

<lleluirg | L u(y) — () dme (1)) = 0] iy TVon(u). 0
PROPOSITION 3.4. Let | X,B,m,v] be a random walk space. Then, TV, is convex and
1-Lipschitz continuous in L'(X,v).

PROOF. The convexity of T'V,,, follows easily. Let us see that it is 1-Lipschitz continuous.
Let u, v € L'(X,v). Since v is invariant with respect to m, we have that

TViu(0) =TVl =5 ||| (0o = v(2)] = luo) = @) dms () a)

<L <f‘fh) — ()| dma (y)dv(z J|v oz pw(o
_ <J lv(y) — u(y)|dv(y) J lv(x) — u(x)|dv(z ))
= [v —ullpix ) .

As in the local case, we have a coarea formula relating the m-total variation of a function
with the m-perimeter of its superlevel sets.

THEOREM 3.5 (Coarea formula). Let [X,B,m,v] be a random walk space. For any
ue LYX,v), let Ey(u) := {x e X : u(x) >t}. Then,

400

Twmozj P (Ey(w)) dt.

—Q0

PROOF. Let u e L'(X,v). Since

+00 0
u(x) = J X, () () dt — J (1 =Xpg,(z))dt VrelX,
0 —o0

we have
400

u(w) —ule) = | Xpgw®) — Xel@)dt VoyeX.

—00
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98 3.2. The 1-Laplacian and the total variation flow

Moreover, since u(y) = u(x) implies Xg, () (y) = Xg,(u)(), we obtain that

1) 0@ = [ ) ~ Xl ar

Therefore, we get

V() =5 fX fX fu(y) — u()|dme (y)dv(z)

= ;JX JX (Jj: IXEy () (Y) = XEy(w) ($)|dt) dme(y)dv (z)

f: (; JX JX Xy () = X, (u) (m)|dmx(y)du(a:)) dt = f v P (Ey(u))dt,

—0

where Tonelli-Hobson’s Theorem is used in the third equality. ([
LEMMA 3.6. Let [X, B, m,v] be an m-connected random walk space. Then,
TVi(u) =0 < u is a constant v-a.e.

PROOF. (<) Suppose that u is v-a.e. equal to a constant k € R, then, since v is invariant
with respect to m, we have

TV = 5 || 1) = u@ldm. (v )

_ J f [u(y) — kldma(y)du (x)

J|u ~ kldv(z) = 0.

(=) Suppose that
0="TVn( ff|u —u(z)|dmy(y)dv(x).

Then, f lu(y) — u(z)|dmz(y) = 0 for v-a.e. z € X, thus

|Apu(z)| = U x))dmg( )‘ < J |u(y) — u(z)|dmgz(y) =0 for v-a.e. x € X,
X

so we conclude by Theorem 1.50. O

3.2. The 1-Laplacian and the total variation flow
DEFINITION 3.7. Let [X, B, m, ] be a random walk space. For p > 1, we denote
XP(X,v):={ze L®(X x X,v®@my) : div,ze LP(X,v)}.
The following proposition follows similarly to Proposition 1.47.

PROPOSITION 3.8 (Green’s Formula). Let [ X, B, m,v| be a reversible random walk space.
Let 1 <p <o, ue BV (X,v) n LY (X,v) and z € XE(X,v), then

1

(3.4) JX u(x)(divy,z)(z)dv(z) = —5 JXXX Vu(z,y)z(z,y)d(v @ my)(x,y).

In the next result we characterize the m-total variation and the m-perimeter using the
m-divergence operator (see, for example, [7, Proposition 3.6] for the analogous result in the
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3. The total variation flow 99

local case). Let us denote by signy(r) the usual sign function and by sign(r) the multivalued
sign function:

1 if >0, 1 if >0,
(3.5) signg(r) := 0 if r=0, sign(r) := < [—1,1] if r=0,
-1 if r<Q0; -1 if r<O.

PROPOSITION 3.9. Let [X, B, m,v] be a reversible random walk space and 1 < p < o0.
For u € BV, (X,v) n LY (X, v), we have

(3.6) TVp(u)=sup {JX u(z)(divz)(z)dv(z) © z € XE(X,v), |2]10x x x p@m.) < 1} .

In particular, for any E € B with v(E) < oo, we have
P, (E) = sup {JE(disz)(x)dl/(:v) 1z € Xrln(X, v), HZHL’)@(XXX7V®mI) < 1} .

PROOF. Let u € BV, (X,v) n LV (X, v). Given z € X5 (X,v) with 1] L (x x xv@ma) < 1
Green’s formula (3.4) yields

1

J u(z)(div,,z)(z)dv(z) = _QJ Vu(z,y)z(z,y)d(v ® my)(x,y)
X XxX

1
< 3 L(xx |u(y) — u(x)|dmy(y)dv(z) = TV (u).

Therefore,

sup{ [ s @  ze X500, ol xexamm < 1} < TV ().
X

On the other hand, since v is o-finite, there exists a sequence of r-measurable sets
K, ¢ Ky c ... ©¢ K, c ... of v-finite measure, such that X = U ;K,. Then, if
we define z,(z,y) := signy(u(y) — u(z))Xk, xk, (z,y), we have that z, € X5 (X,v) with
|Zn | o (x x X veom,) < 1 and

V() =3 | Jule) —u(@lde ©ms)(z.)
— lim 1 |u(y) — u(z)|d(v @ my)(x,y)
n—® 2 Ji J K,
= lim 1 Vu(x,y)zn(a?,y)d(V@mx)(%y)

n—oo 2 X xX

= lim | w(x)(divy,(—2z,))(z)dv(z)4

n—o0 X

<sup{ | @@ @) 2 X0 X0, falor(ooxsen. <1}. O

COROLLARY 3.10. Let [X, B, m,v] be a reversible random walk space. Then, T'V,, is lower
semi-continuous with respect to the weak convergence in L*(X,v).

PROOF. If u, — u weakly in L?(X,v) then, given z € X2, (X, v) with ||z] 7 (X x X v@ma) <
1, we have that

J u(z)(divy,z)(z)dv(z) = lim | wu,(z)(divy,z)(z)dv(z) < liminf TV, (u,)
X n—w Jx n—00
by Proposition 3.9. Now, taking the supremum over z in this inequality (and by Proposition
3.9 again), we get
TV (u) < liminf TV, (uy,). O

n—ao
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100 3.2. The 1-Laplacian and the total variation flow

We will now introduce the 1-Laplacian operator in random walk spaces. To this aim we
will first prove Theorem 3.13 which requires the following definitions.

DEFINITION 3.11. Let [X, B,m,v] be a random walk space. We define F,, : L*(X,v) —
] — 0, +OO] by

TV (u) if ue L?(X,v) n BV, (X, v),
Fm(u) = {

+00 if ue L2(X,v)\BV;, (X, v).

Consider the formal nonlocal evolution equation

(3.7) u(x,t) = f uly,b) = ulz, )

x |u(y,t) — u(z, t)|
In order to study the Cauchy problem associated to this equation, we will see in Theorem 3.19
that we can rewrite it as the gradient flow in L*(X,v) of the functional F,, which is con-
vex and lower semi-continuous. Following the method used in [12] we will characterize the
subdifferential of the functional Fy,.

dmg(y), xeX,t>=0.

DEFINITION 3.12. Let (X,v) be a measure space. Given a functional ® : L?(X,v) —
[0,00], we define ® : L?(X,v) — [0, 0] as

f v(z)w(x)dv(x)
X
O(w)

®(v) := sup cwe L*(X,v)

with the convention that % =90 —0. Obviously, if &1 < @5, then 52 < 51.

3=
THEOREM 3.13. Let [X, B, m,v] be a reversible random walk space. Let u e L*(X,v) and
ve L?(X,v). The following assertions are equivalent:

(i) ve 0Fn(u);
(ii) there exists z € X2 (X,v) with |2] Lo (xx xv@m,) < 1 such that

(3.8) v = —divy,z

and
fmmwwm:aw;
X

(iii) there exists z € X2,(X,v) with ||z] 1= (x x x u@m,) < 1 such that (3.8) holds and

1
5| Vule s ©m) ) = Fuw:
XxX
(iv) there exists g € L™(X x X,v ®my) antisymmetric with |g| 1o (x x x y@m,) < 1 such that
(3.9) v(z) = —f g(x,y)dm,(y) forv-a.exe X,
b's
and

(3.10) | st dm. ) u@d@ = 7).

X Jx
(v) there exists g € L*(X x X, v ®my) antisymmetric, satisfying (3.9) and
(3.11) g(x,y) € sign(u(y) — u(z)) for (v @ my)-a.e. (x,y) € X x X.

PROOF. Since F,, is convex, lower semi-continuous and positive homogeneous of degree
1, by [12, Theorem 1.8], we have

(3.12) 0Fm(u) = {v e L*(X,v) : .?m/(v) <1, JX u(z)v(z)dv(x) = fm(u)}
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3. The total variation flow 101

We define, for v e L(X,v),
(3.13) U(v) := inf {|z]| 1 (xx X p@m,) @ ZE X2 (X, v), v=—divy,z}.

Observe that ¥ is convex, lower semi-continuous and positive homogeneous of degree 1.
Moreover, it is easy to see that, if U(v) < o0, the infimum in (3.13) is attained i.e., there
exists some z € X2 (X,v) such that v = —divyz and W(v) = 2] = (x x X,@m.)-
Let us see that
U= Fn.

We begin by proving that Fp,(v) < U(v). If U(v) = +o0 then this assertion is trivial.
Therefore, suppose that W(v) < +00. Let z € L*(X x X, v ® m;) such that v = —div,,z.
Then, for w € L?(X,v), we have

1

| w@p@ine) =5 [ Vu e nde @ m) @) < ol ooon) Faw):
X XxX

Taking the supremum over w we obtain that ff\n:(v) < ||2] Le (x x x,v@m,)- Now, taking the

infimum over z, we get .?-:T;(v) < ¥(v).
To prove the opposite inequality let us denote

D := {div,,z : ze X2 (X,v)}.
Then, by (3.6), we have that, for v € L*(X,v),

JX w(z)v(x)dv(x)
B S T B R 10

JX divypz(z)v(x)dv(x)
= sup

zeX2, (X,v) HZ”L"/* (X xX,v@myz)

= Fm(v).

Thus, Fpp < \T/, which implies, by [12, Proposition 1.6], that ¥ = U < Fo. Therefore,
¥ = F,,, and, consequently, from (3.12), we get

1, L w(@)v(@)dv(z) ]-"m(u)}

N

OFm(u) = {U e L*(X,v) : U(v)

= {v e LA(X,v) : 3ze X2 /(X,v), v = —divz, ||z <1, J u(x)v(x)dv(x) = Fm(u)},
b's

from where the equivalence between (i) and (ii) follows .

To get the equivalence between (ii) and (iii) we only need to apply Proposition 3.8.

On the other hand, to see that (iii) implies (iv), it is enough to take g(z,y) = 3(z(z,y) —
z(y,x)). To see that (iv) implies (ii), it is enough to take z(z,y) = g(x,y) (observe that,
from (3.9), —div,,(g) = v, so g € X2(X,v)). Finally, to see that (iv) and (v) are equivalent,
we need to show that (3.10) and (3.11) are equivalent. Now, since g is antisymmetric with
lgl e (x x X v@m,) < 1 and v is reversible with respect to m, we have

=2 | s pdnu@ive) = | g - @) @m.) @),
x Jx XxX
from where the equivalence between (3.10) and (3.11) follows. O
REMARK 3.14. The next space, in its local version, was introduced in [127]. Set
Gm(X,v):={fe L*(X,v) : 3z e X2/(X,v) such that f = div,,(z)}
and consider in G, (X, v) the norm

Hme,* = inf{HZHL“‘(XXX,V(@mz) : f = lem(Z)}
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102 3.2. The 1-Laplacian and the total variation flow

Following the proof of Theorem 3.13 we obtain that

(3.14) [ flm,« = sup{ JX f(x)u(x)dv(z)| :ue LA(X,v), TV (u) < 1} ,
and
(3.15) 0Fm(u) = {v € Gm(X,v) & |JU)m« <1, JX u(z)v(z)dv(x) = fm(u)}

In particular,
OFm(0) = {ve Gn(X,v) : |v|mx < 1}
By Theorem 3.13 and Corollary A.36 we obtain the following result.

PROPOSITION 3.15. Let [X, B, m,v] be a reversible random walk space. Then, 0F,, is an
m-completely accretive operator in L*(X,v).

PROOF. Suppose that v; € 0F,(u;), ¢ = 1,2. Then, by Theorem 3.13, for i € {1, 2}, there

exists g; € L*(X x X, v ®m,) antisymmetric, satisfying

vi(x) = —J g;(x,y)dmy(y) for v-a.e x e X,
X

and
g;(x,y) € sign(u;(y) —ui(x)) for (v @my)-a.e. (z,y) € X x X.
Now, recall that
Py={qe C®R) : 0<q <1, supp(¢) is compact and 0 ¢ supp(q)}

and let ¢ € Py. Then, using that g is antisymmetric and the reversibility of v with respect to
m in the second equality, we get

J (v1(2) = v2(2))q(u () — uag(x))dv(z)
X

- f f (822, v) — (2, 9))a(ua (2) — ua(@) ) (y)dv(z)
X JX

% JX JX(g2($, y) — gy (x, 1) (q(ur () — ua(z)) — qlur(y) — ua(y)))dmy (y)dv(z)

1

5 | (82(2,1) — (2. 9))
{(z,y) ru1(x)#ur(y) vz (@)=u2(y)}

x(q(ur(z) — uz(x)) — q(ur(y) — uz(y)))dm.(y)dv(x)

(g2(x7 y) - gl(x7 y))

x(q(ur(z) — uz(x)) — q(ui(y) — uz(y)))dm.(y)dv(x)

3
2 Ji(@y) s ua(@)=u1 () uz (@) #us ()}

(82(7,y) — g1(z,9))

x(q(u1(x) — u(z)) — q(ur(y) — ua(y)))dme (y)dv(z).
Consequently, since the last three integrals are nonnegative, we get that

jX<v1<x> — a(@)) (1 (1) — ua(a))d(z) > 0

and it follows from Corollary A.36 that 0.7, is a completely accretive operator in L?(X,v).
Moreover, since F, is convex and lower semi-continuous in the Hilbert space L?(X,v), we

4]
2 Ji(@,y) s ua (@) () uz (@) #us (v)}
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3. The total variation flow 103

have that 0F;, is maximal monotone and, therefore, it is actually m-completely accretive in
L*(X,v). a

DEFINITION 3.16. Let [X,B,m,v] be a reversible random walk space. We define in
L?(X,v) the multivalued operator AT by
(u,v) € AT if, and only if, —v € 0F,,(u).
As usual, we will write v € A"u for (u,v) € A"

Chang in [57] and Hein and Bihler in [99] define a similar operator in the particular
case of finite graphs:

EXAMPLE 3.17. Let [V(G), dg, m®, vg] be the metric random walk given in Example 1.38.
By Theorem 3.13, we have

(3ge LY(V(G) x V(Q),vg @ m&) antisymmetric such that

i I8l (vieyx V@) veoms) < 1)

(wwedp® | 4

df 2 g(gj,y)wxy = ’U(IL‘) Vxe V(G), and
T yev(G)

L g(z,y) esign(u(y) —u(z)) for (vg @mS)-a.e. (z,y) e V(G) x V(Q).

The next example shows that the operator A{”G is indeed multivalued. Let V(G) = {a, b},
0<p<l1, wee =wp, =p and wg, = wpg = 1 — p. Then,

( there exists g € L®({a, b} x {a,b},vg ® m&) antisymmetric such that
181l 2 ({a,b} x {a,b} we@me) < 1,
g(a7 a)p + g(av b)(l - p) = U(a)v g(b7 b)p + g(b7 a)(l - p) = U(b)7 and

| g(a,b) € sign(u(b) — u(a)).

Now, since g is antisymmetric, we get
v(a) = g(a,0)(1 —p), v(b) = —g(a,b)(1 —p) and g(a,d) € sign(u(b) — u(a)).

ProOPOSITION 3.18 (Integration by parts). Let [X, B, m,v] be a reversible random walk
space. For any (u,v) € A" it holds that

(u,v) € AT &

(3.16) — J vwdv < TVp(w)  for all we BV, (X,v) n L*(X,v),
X
and
(3.17) —f vudv = TV, (u).
X

PROOF. Since —v € 0F,,(u), given w € BV,,,(X,v), we have that
—f vwdr < Fp(u + w) — Fp(u) < Fp(w),
X

so we get (3.16). On the other hand, (3.17) is given in Theorem 3.13. O

As a consequence of Theorem 3.138 and Proposition 3.15, on account of Theorem A.31
(|43, Theoreme 3.6]) and by the complete accretivity of the operator (see the results in Appen-

diz A.7), we can give the following existence and uniqueness result for the Cauchy problem

ur — A'u 30 in (0,T) x X

(3.18)
u(0,2) = up(x) re X,

which is a rewrite of the formal expression (3.7).
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104 3.3. Asymptotic behaviour

THEOREM 3.19. Let [X,B,m,v] be a reversible random walk space. For every uy €
L*(X,v) and any T > 0, there erxists a unique solution of the Cauchy problem (3.18) in
(0,T) in the following sense: uw € WhL(0,T; L*(X,v)) (see Appendiz A.2), u(0,-) = ug in
L*(X,v), and, for almost all t € (0,T),

w(t,-) — AT'u(t) 3 0.

Moreover, we have the following contraction and mazimum principle in any L1(X,v)-space,
I<g<oo:

I(u(t) = v(E) T Lacx ) < [(uo —v0) |l pax,yy VO<t<T,
for any pair of solutions u and v of problem (3.18) with initial datum ug and vy, respectively.

DEFINITION 3.20. Let [X,B,m,v]| be a reversible random walk space. Given ug €
L*(X,v), we denote by e'®"ug the unique solution of problem (3.18). We call the semi-
group {21 }4=0 in L?(X,v) the total variation flow in [X, B, m,v].

In the next result we give an important property of the total variation flow in random
walk spaces.

PROPOSITION 3.21. Let [ X, B, m,v] be a reversible random walk space. The total variation
flow satisfies the mass conservation property: for ug € L'(X,v) n L*(X,v),

J AT ugdy = J updv  for every t = 0.
X X

PRrROOF. By Proposition 3.18, we have

d m
—J e ugdy < TV (1) = 0,
dt Jx
and
d m
f 2 ugdy < TVip(—1) = 0.
dt Jx
Hence,
dJ A ugdy = 0,
dt Jx
and, consequently,
J B yody = J ugdy for any t = 0. O
X X

3.3. Asymptotic behaviour

PROPOSITION 3.22. Let [X, B, m,v] be a reversible random walk space. For every ugy €
LY(X,v) n L3(X,v), there erists

Up € {ue LY(X,v) n L*(X,v) : 0e AT (u)}
such that

t m

lim e ug = ug  in L3(X,v).

t—0
Suppose further that [ X, B, m,v] is m-connected, then:
(i) if v(X) = 0, up = 0 v-a.e.

(ii) if v is a probability measure,

Uy = JX uo(x)dv(z) v-a.e.
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3. The total variation flow 105

PROOF. Since F,, is a proper and lower semicontinuous function in X attaining the
minimum at the zero function and, moreover, F,, is even, by [46, Theorem 5], we have that
the strong limit in L?(X, v) of e uq exists and is a minimum point of F,,, i.e.,

up € {ue LN(X,v) n L*(X,v) : 0e AT (u)}.

Suppose now that [X, B, m,v] is m-connected. Then, since 0 € AJ"(uy), we have that
TViy(uw) = 0 thus, by Lemma 3.6, we get that us is a constant v-a.e.. Therefore, if
v(X) = o0, we must have us, = 0 v-a.e. and, if v is a probability measure, Proposition 3.21
yields

Ugo = JX uo(z)dv(x). O

Let us see that we can specify a rate of convergence of the total variation flow (e!™T")

when a Poincaré type inequality holds.

=0

DEFINITION 3.23. Let [X, B, m,v]| be a reversible random walk space and 1 < p, ¢ < 40.
Suppose that [X, B, m,v] satisfies a (p, ¢)-Poincaré inequality (recall Definition 1.66). We
will denote

vu X rxm.
AR :=inf{' OO ) 0, | u<$>du<w>=o}.
e HUHLP(X,V) ’ X
Moreover, when [ X, B, m, v| satisfies a p-Poincaré inequality we will write
. TV (u)
AP = AP gy f dv(z) =0 .
[X,B8,m,v] [X.Bmyp] = I HUHLP(X,V) HUHLP(X,V) # 0, XU(i) v(r) =0

The following result was proved in [18, Theorem 7.11] for the particular case of the metric
random walk space [, d, mJ’Q,ENI_Q] given in Example 1.37, where Q < RY is a bounded
smooth domain. We generalise the result to any reversible random walk space. Let us first
recall the definition of a Liapunov functional for a continuous semigroup.

DEFINITION 3.24. Let X be a metric space and S a continuous semigroup on X. A
Liapunov functional for 7" (see [70]) is a map V' : X — R such that V(S(t)u) < V(u) for any
ue X,t=0.

THEOREM 3.25. Let [X, B, m,v]| be a reversible random walk space and assume that v
is a probability measure. If [ X, B, m,v]| satisfies a 1-Poincaré inequality, then, for any ug €
L*(X,v),

1 HUOH?;z(X,V)
t

A™
t 1 ’U,O - V(U())HLl(X’V) < QAEXB ]
k) 7m71/

He for allt > 0.

PROOF. Let ug € L?(X,v). The complete accretivity of the operator —AJ" (recall Defi-
nition A.34) implies that

£(u) = Ju—v(up) gy we LX),

is a Liapunov functional for the semigroup {emgn : t = 0}. Indeed, by Proposition A.43, etAT
is a complete contraction (see Definition A.32) for ¢ > 0 thus, taking the normal functional
N : L'(X,v) = (=0, +c0] defined by N(u) := |u — v(uo)|11(x ), since A0 =0, >0, we
get that

tAT

He tu— Z/(UO)HLl(XW) < Hu - V(uo)HLl(X,y) , UE L2(Xa V)? t=0.

tA

In particular, if v(t) := AT ug — v(up),

(3.19) [o() ) < I0()lpaxyy fort > s.
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106 3.3. Asymptotic behaviour

Now, by Proposition 3.21, we have that v(u(t)) = v(ug) for all t > 0, so the 1-Poincaré
inequality yields?

(3.20) Ax Bmallo®) i x0) < TVin(v(s)), s = 0.

Therefore, by (3.19) and (3.20),

t 1 t
B2 Ol < | s < | Vatetsas, t>0.
On the other hand, by Proposition 3.18,

———||etAt “0”%2()( ) = —J A ug— e 2 ugdy = TV, (e ),
’ X dt

and then,

t

L, jam 1 b GAm
kaumgwm—QmM;mw:—szﬁe%uwu:—LTmm@»w,

which implies

t
1
| TVtotsds < Glunliacy sy >0,
0

Hence, by (3.21),
1 HUOH%Z(X’V)
t Y

lo@®) L1 (x0) < > 0,

1
2A(X B

which concludes the proof. [l

REMARK 3.26. If v(X) = o0 and ug € L' (X,v) n L*(X,v), then, if §, updv = 0, we may
proceed similarly (substituting v(ug) by 0) to obtain that

1 HUOHiz(x,V)
t

tAm

He for all ¢ > 0.

U’OHLI(X,V) S 2\ x Bm]
o, m,v

On account of Theorem 3.25, we obtain the following result on the asymptotic behaviour
of the total variation flow.

COROLLARY 3.27. Under the hypothesis of Theorem 1.83 withp =1, A= X, B= (&
and assuming that v is a probability measure; if ug € L*>(X,v), then

1 HUOH%2(X7V)
t

Hem;nuo - V(UO)HLI(X,V) for all t > 0.

S oI
2)\[X,B,m,1/]
Let us see that, when [X,B,m,v] satisfies a 2-Poincaré inequality, the solution of the

total variation flow reaches the steady state in finite time.

THEOREM 3.28. Let [X, B, m,v] be a reversible random walk space and assume that v is
a probability measure. Suppose that [X,d, m,v] satisfies a 2-Poincaré inequality. Then, for
any ug € L*(X,v),

. +
€3 uo — v(uo) |2 (x0) < (HUO — v(uo)lL2(x ) — )‘%X,B,m,z/]t> for all't = 0.

Consequently,
m o llwo—r(uo)l 2
ATy = v(up) Vizi=—p — =% LEXw)
[X,B,m,v]

3This inequality is, of course, true if lv(s)lL1(x,m) = 0.
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3. The total variation flow 107

PROOF. Let ug € L2(X,v), u(t) := e"*"ug and v(t) := u(t) — v(ug). Since ATu(t) =
AT'v(t), we have that
d
%v(t) e AT'v(t), t> 0.
Note that v(t) € BV,,(X,v) for every t > 0. Indeed, since —Al = 0F,, is a maximal
monotone operator in L?(X,v), then, by [43, Theorem 3.7] with H = L?(X,v), we have that
v(t) € D(AL) < BV,,(X,v) for every t > 0.

Consequently, by Theorem 3.13, there exists g, € L*(X x X, v®m,) antisymmetric with
HgtHL‘T‘(XXX,V@mI) < 1 such that

(3.22) J gi(x,y)dmy(y) = %v(t)(:z) for v-a.e x € X and every ¢t > 0,
X

and
(3.23) —J J g, (2, y)dma (1) v(#) (2)dv(z) = Fon(0(t)) = TVin(u(t)) for every ¢ > 0.
X Jx
Then, multiplying (3.22) by v(t), integrating over X with respect to v and having in mind
(3.23), we get
1d
2dt Jx
Now, by Proposition 3.21, we have that v(u(t)) = wv(up) for all ¢ > 0, and, since
[X, B, m,v] satisfies a 2-Poincaré inequality, we have

Xy g [0 12050y < TVin(0(t)  for all ¢ > 0.

v(t)2dv + TV (v(t)) = 0.

Therefore,
1d

2dt
Now, integrating this ordinary differential inequation we get

lo172(x0) + Ax 0O 22(x) <O forall ¢ = 0.

+
@l < (10O0) |2gen) = My smut)  forall £20,
that is,

+
lu(t) = v(uo)|L2(x ) < (HUO — v(uo)| 2 (x.) — )‘%X,B,m,u]t> for all ¢ > 0. -

REMARK 3.29. As before, if v(X) = o and ug € L' (X,v) n L*(X,v) with {, uodv = 0,
we obtain that

m +
e w0 L2(x0) < (Huol\m(x,y) - /\%X,B,m,u]t) for all ¢ > 0.

DEFINITION 3.30. Let [X, B, m,v] be a reversible random walk space and suppose that
v is a probability measure. We define the extinction time as
T*(ug) := inf{t >0 : e®'uy = v(ug)}, up € L*(X,v).
Under the conditions of Theorem 3.28, we have that
luo = v(uo) | L2(x 1)

)\%X,B,m,u]

T*(uo) <
To obtain a lower bound on the extinction time we will use the norm | - |m « introduced
in Remark 3.14.

THEOREM 3.31. Let [ X, B, m,v]| be a reversible random walk space and suppose that v is
a probability measure. Then,

T*(uo) = |luo — v(uo)|ms Yuo € L*(X,v).
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PrROOF. We may assume that T*(ug) < 0. Let up € L?(X,v). If u(t) := e ug, we

have
T*(uo)

up — v(ug) = —J o' (t)dt.

0
Then, by integration by parts (Proposition 3.18), we get

fuo = wa)le = s [ o = viwhy s TV(w) <1}

T* (uo)
= sup {JXw (Jo —u (t)dt) dv : TVp(w) < 1}

T (uo)
= sup J J —wu'(t)dvdt @ TVy(w) <1
0 X

T* (uo)
< sup {J TV (w)dt : TV (w) < 1} = T"(ugp). O
0

As a consequence of Example 1.78 and Theorem 3.28, we get the following result.

THEOREM 3.32. Let G = (V(G), E(G)) be a finite weighted connected discrete graph and
let [V(G),da,m% vg] be the associated metric random walk space (recall Example 1.38).
Then,

N 2t
[e 21 wo — v(uo)| 2v(cywe) € M@ demowe E—1)

» llwo—r(uo)l 2 v
where t := = LVDYe) - Consequently,

[V(G),dg,mG vg]

tAmG _ A~
e ug =v(ug) forall t=t.

3.4. m-Cheeger and m-Calibrable Sets

DEFINITION 3.33. Let [X,B,m,v] be an m-connected reversible random walk space.
Given Q € B with 0 < v(Q) < v(X), we define h*(Q)* (the m-Cheeger constant of Q) as

Pn(E)
v(E)
If a set ' € Bg minimizes (3.24), then E is said to be an m-Cheeger set of 2. Furthermore,
we say that Q is m-calibrable if it is an m-Cheeger set of itself, that is, if

P ()
v(Q)
Note that, by (1.6), we have that h{*(Q2) < 1.

(3.24) h1'(Q) = inf{ : EeBq, v(E) > O} .

hi'() =

DEFINITION 3.34. Let [ X, B, m, v] be a random walk space and let 2 € B with 0 < v(Q2) <
v(X). For ease of notation, we will denote
Pn(9)
v(Q)
REMARK 3.35. (1) Let [RY, B,m”, £V] be the random walk space given in Example 1.37.

Then, the concepts of m-Cheeger set and m-calibrable set coincide with the concepts of J-
Cheeger set and J-calibrable set introduced in [120] (see also [121]).

A =

4The notation h1*(€2) is chosen together with the one that we will use for the classical Cheeger constant
h1(€) (see (3.25)). In both of these, the subscript 1 is there to further distinguish them from the upcoming
notation hn, (X) for the m-Cheeger constant of X (see (3.45)).
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3. The total variation flow 109

(2) Let [V(G),dg, m%, vg] be the metric random walk space associated to a locally finite
weighted discrete graph G = (V(G), E(G)) having more than two vertices and no loops (i.e.,
wgy = 0 for all x € V). Then, any subset consisting of two vertices is mC-calibrable. Indeed,
let Q = {x,y}, then, by (1.6), we have

Ppolia) . G o _ Pucl)
ve(z)) J;ﬁJ;}d Adva(z) =127 )

Prc(w}) _ | - Puc(®)

ve(fy)) 7~ ve()

and, similarly,

Therefore, § is m©-calibrable.

In [120] it is proved that, for the metric random walk space [RY,d,m”, LN] given in
Ezxzample 1.37, each ball is a J-calibrable set. In the next example we will see that this result
s not true in general.

ExXAMPLE 3.36. Let G = (V(G), E(G)) be the finite weighted discrete graph with vertex
set V(G) = {x1,22,...,27} and the following weights: wg, 4o = 2, Wy s = 1, Wyyzy =
2, Wyyas = 2, Wysag = 1, Wygu, = 2 and wy, o, = 0 otherwise. Let [V(G),dg, m%,vg]
be the associated metric random walk space. Then, if Fy = B(xy, %) = {x9,z3,...,26}, by
(3.46) we have

PmG (El) _ Wy zy + Wagay 1

VG(EI) B dmz + d$3 + dx4 + d$5 + d$6 B Z

However, taking Es = B(x4, 2) {x3, 24,25} < E1, we have

PmG(EZ) _ Wgozs + Wagzg _ 1

vG(Ey)  dyy +dg, +dp. 5

Consequently, the ball B(xq, %) is not m%-calibrable.

In the next Example we will see that there exist random walk spaces with sets that do not
contain m-Cheeger sets.

EXAMPLE 3.37. Let G = (V(G), E(G)) be the finite weighted discrete graph defined in
Example 3.80 (1), i.e., V(G) = {z0,1,...,2n ...} and weights:
1
ww2n1'2n+l = 271’ wx2n+1$2n+2 = 37 for n = 0, 1, 2, ceey
and wy, ;; = 0 otherwise. If  := {z1,72,73...}, then Ppe(D) > 0 for every D < ) with

vg(D) > 0 but, working as in Example 3.80, we get h"(©2) = 0. Therefore, 2 has no
m-Cheeger set.

It is well known (see [85]) that, for a bounded smooth domain Q < RN, the classical
Cheeger constant

(3.25) hi(Q) = inf{PTTE(|E) . EcQ, |E|> 0},

1s an optimal Poincaré constant, namely, it coincides with the first eigenvalue of the 1-
Laplacian:

J|Du|+J |u|dHN
hi(9) = A1(Q) := inf { = o
HUHLl(Q)

tu€ BV(Q), |u|pr@) =1

In order to get a nonlocal version of this result, we introduce the following constant.
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110 3.4. m-Cheeger and m-Calibrable Sets

DEFINITION 3.38. Let [X, B, m,v]| be a random walk space. For Q € B with 0 < v(2) <
v(X), we define

AT'(Q) := inf {TVm(u) cwe LNX,v), u=0in X\Q, u >0, JX u(z)dv(x) = 1}

TV (u)
J u(x)dv(zx)
X

THEOREM 3.39. Let [X,B,m,v] be a reversible random walk space. Let € B with
0 <v(Q) <v(X). Then,

= inf s ue LNX,v)\{0}, u=0in X\Q, u>0

hi'(€) = A" ().
PROOF. Given E € B with v(E) > 0, we have
TVm(Xg) _ Pn(E)
Xelzi(xy  v(E)

Therefore, AT*(Q2) < A*(2). For the opposite inequality we will follow an idea used in [85].
Given u € L*(X,v)\{0}, with v = 0 in X\Q and u > 0, we have

+0 lul Lo (x . U
Vo) = [ PaE@)a= [ PPl E) )y ar

0 0 v(Ei(u))
> @) [ By = 1@ [ a@ivia)

where the first equality follows by the coarea formula (Theorem 3.5) and the last one by
Cavalieri’s Principle. Taking the infimum over w in the above expression we get A7*(2) >
R (£2). O
Let us recall that, in the local case, a set Q < RY is called calibrable if
Per(2 Per(E
er(Q) = inf { er(E)
€2 |E|

The following characterization of convex calibrable sets is proved in [6].

. EcQ, E with finite perimeter, |E| > 0}.

THEOREM 3.40. ([6]) Given a bounded convex set Q = RN of class CV1, the following
assertions are equivalent:

(a) Q2 is calibrable.
(b) Xq satisfies —A1Xg = PT;;(‘Q)XQ, where Aqu := div (@—Z‘).

Per(Q
(c) (N — 1esssupHaqn(r) < er)
el |Q|

In the following results, we will see that the monlocal counterparts of some of the impli-
cations in this theorem also hold true in our setting, while others do not.

REMARK 3.41. Let [X, B, m,v] be a reversible random walk space.
(1) Let Q € B with 0 < v(2) < v(X) and assume that there exists a constant A > 0 and a
measurable function 7 : X — R such that 7(z) = 1 for z € Q and

—AT € AT'Xq in X.
Let us see that A = A\{}. By Theorem 3.13, there exists g € L% (X x X, v®@m,) antisymmetric
with g 1 (xx x p@m,) < 1 satisfying

—f g(x,y)dmy(y) = Ar(z) for v-aexze X
X
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3. The total variation flow 111

and
| gwdm ) xa@)iv) = Fuxa) = Pa@)
X JX
Then,
W(Q) = L M (@) Xo (2)dv(2)
- ( | e dmx<y>) Yo (@)dv(z)
= Pm(Q)
and, consequently,
_ Pm(Q) _\m
S N

(2) Let Q € B with 0 < v(Q) < v(X), and 7 : X — R a measurable function with 7(z) =1
for z € Q). Then,

(3.26) “AGTeATXqg in X & -A\JreA'0 in X.
Indeed, the left to right implication follows from the fact that, for u € L?(X,v),
OFm(u) € 0Fn(0),

and, for the converse implication, we have that there exists g € L™(X x X, v ®m,) antisym-
metric with |g[ 7= (x x x v@m,) < 1 and satisfying

-AG7(z) = JX g(z,y) dm,(y) for v-a.e. x € X.

Now, multiplying this equation by Xq and integrating over X with respect to v, since v is
reversible with respect to m and g is antisymmetric, we get

Pol®) = Nu(2) = X | r()Xala)dv(a)
__ f f g(z, y)Xa(@)dm, (y)dv(z)
X JX
% L L g(z,y)(Xa(y) — Xa(@))dm,(y)dv(x)

1

Therefore, the previous inequality is, in fact, an equality, thus

/N

g(z,9) € sign(Xa(y) — Xa(x)) for (v @my)ae. (z,y) € X x X,
and, consequently,
AT e AT'Xq  in X.
The next result is the nonlocal version of the fact that (a) is equivalent to (b) in Theo-

rem 3.40.

THEOREM 3.42. Let [X, B, m,v]| be an m-connected reversible random walk space. Let
Qe B with 0 < v() <v(X). Then, the following assertions are equivalent:
(i) Q is m-calibrable,

(ii) there exists A > 0 and a measurable function 7 : X — R equal to 1 in Q such that

(3.27) —AT e AT'Xq in X,
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112 3.4. m-Cheeger and m-Calibrable Sets
(iii)

1 if v e,
(z) = 1

——m5 () if ©e X\Q.
A

PROOF. Observe that, since [X, B, m,v] is m-connected, by Proposition 1.63, we have
P, (2) > 0 and, therefore, A{} > 0.

(iii) = (i4): Trivial.

(7i) = (i): Suppose that there exists a measurable function 7 : X — R equal to 1 in Q
satisfying (3.27). Then, by Remark 3.41(1), A = A{}. Hence, there exists ge L*(X x X, v ®
mg) antisymmetric with ||g| 7= (x x x,vem,) < 1 satisfying

—J g(x,y) dmy(y) = \g7(x) for v-ae. x € X
X
and
_ f f g, y)dma (y) X (@)dv(z) = Pn(9).
X JX

Then, if F' € Bg with v(F') > 0, since g is antisymmetric, by using the reversibility of v with
respect to m, we get

BoF) = [ e —— [ [ s dm v

J J &(, 1) (Xp() — Xp(2)) dimg (y)dv(z) < Po(F).

Therefore, h{*(©2) = A\ and, consequently, €2 is m-calibrable.
(i) = (di7) Suppose that 2 is m-calibrable. Let

1 if z € Q),
(x) = 1

——mz(Q) if v e X\Q.
A

We claim that —Ag'7* € A0, that is,
(3.28) aT* € 0Fn(0).

Indeed, take w € L?(X,v) with F,,(w) < +c0. Since

+00 0
w(z) = Jo Xy (w) (@) dt — Joo(l — X, (w)(T))dt,

and
* = v(z b m viz)=v L =
e = [ i) - g | @) =)~ @) =0
we have
(3.29) f N (@) (@) di(z) = AL f N f D)Xy (@) () .
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Now, using that 7* = 1 in 2 and that € is m-calibrable we have that

+oo
Ay f f T)X g, (w)(z)dv(7)dt

(3.30) = A0 f - v(E (w) N Q)dt + A5y J: JE e 7*(z)dv(z)dt

—Q0

+00

N

P (Eyf(w) n Q)dt + Ay j N JE ¥ (x)dv(x)dt.

—Q0

By Proposition 1.57 and the coarea formula (Theorem 3.5) we get

J+OO P (Er(w) n Q)dt

= J+OO P, (Ey(w) n Q)dt + JJFOO P (Ef(w)\Q)dt — JJFOO 2L, (B (w)\Q, Er(w) n Q)dt

—w—‘roo 0 —0

—J P (E, \th—i—f w)\Q, Ey(w) n Q)dt

+00 +©

= J_OO Py (E(w))dt — J_OO P (E (w)\Q)dt + J_OO 2L (E(w)\Q2, Ey(w) n Q)dt
+00 +
= Fm(w) — P (E(w)\Q)dt + J 2L (B (w)\Q, Ey(w) n Q)dt.
Hence, if we prove that
I =-— J+OO P (Ey(w)\Q)dt + JJFOO 2L (B (w)\Q, E(w) n Q)dt
e f N JE dv () dt

is non-positive then, by (3.29) and (3.30), we get

| A @ut@anta) < Fuw),
which proves (3.28). Now, since
PalBr(w)\Q) = Ln(Bu(w)\2, X\ (B ()\Q)
— LB\ (B(w) 0 Q) & (X\E(w)))

= L (Ef(w)\Q, E(w) N Q) 4+ Ly (Ey(w)\Q, X\ Ey(w)),
and 7*(z) = —%mx(ﬁ) for z € X\Q2, we have

+00

I = _ J: L (Ei(w)\Q, X\E(w))dt + J L (B (w)\Q, Ey(w) n Q)dt

—0
a0
—J J Jdmx(y)dv(:c)dt
—0 JEw)\Q J
oo

< f L (B (w)\. Ey(w) ~ Q)i — f Lo (B (w)\Q, Q)dt < 0

—0

as desired

Universitat de Valéncia Marcos Solera Diana



114 3.4. m-Cheeger and m-Calibrable Sets

Finally, by (3.26), (3.28) yields
“AGTH e AT'Xq  in X,
and this concludes the proof. ([

Even though, in principle, the m-calibrability of a set is a monlocal concept which may,
therefore, depend on the whole of X, in the next result we will see that the m-calibrability of
a set depends only on the set itself.

THEOREM 3.43. Let [X,B,m,v] be an m-connected reversible random walk space. Let
Q€ B with 0 < v(Q) < v(X). Then, Q is m-calibrable if, and only if, there exists an
antisymmetric function g in  x Q such that

(3.31) -1<g(z,y) <1 for (v @mg)-a.e. (z,y)€ N xQ,

and

(3.32) Q= —f g(z,y)dmg(y) + 1 —my(Q), forv-a.e. z €.
Q

Observe that, on account of (1.6), (3.32) is equivalent to

1
mg(Q) = Q) Jﬂ m,(Q)dv(z) — JQ g(z,y) dmy(y) for v-a.e. x €.

PROOF. By Theorem 3.42, we have that {2 is m-calibrable if, and only if, there exists
g € L*(X x X,v ® mg) antisymmetric with g(z,y) € sign(Xq(y) — Xa(z)) for v ® mg-a.e.
(x,y) € Q x Q, satisfying

—f g(z,y) dmy(y) = Ay for v-ae. z €
X
and
m,(Q) = f g(x,y)dm,(y) for v-a.e. z e X\Q.
X

Now, having in mind that g(z,y) = —1 if z € Q and y € X\, we have that, for v-a.e. x € Q,

= - | e ) = - | gsdma) - L\Qgcz,y) dm ()

. J g, y) dma(y) + ma(X\Q) = - f g(,y) dma(y) + 1 — my(9).
Q Q

Therefore, we have obtained (3.31) and (3.32).

Let us now suppose that we have an antisymmetric function g in Q x €2 satisfying (3.31)
and (3.32). To check that Q is m-calibrable we need to find g(z,y) € sign (Xa(y) — Xa(z))
antisymmetric such that

A= JX &(r,y)dma(y),  weQ,

mel@) = | glep)in.(). ze X\
which is equivalent to

= f & y)dma(y) — ma(X\Q), e,
Q

ma(©) = fm &, 1) dma(y) + ma(Q), 7€ X\Q,

since, necessarily, g(z,y) = —1forz € Q and y € X\Q, and g(z,y) = 1 forz € X\Q and y € Q.
Now, the second equality in this system is satisfied if we take g(z,y) = 0 for z,y € X\, and
the first one is just a rewrite of (3.32) if we take g(z,y) = g(x,y) for x,y € Q. O
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COROLLARY 3.44. Let [ X, B, m,v]| be an m-connected reversible random walk space. A set
Q € B is m-calibrable if, and only if, it is m*™ -calibrable as a subset of [QUm, Ba,,,, m¥, v L Q]
(recall Ezample 1.42).

REMARK 3.45. (1) Let 2 € B with 0 < v(2) < v(X). Observe that, as we have proved,
(3.33) Q is m-calibrable < —Ag X +m () Xx\q € AT"Xq .

(2) Let Q € B with 0 < v(Q2) < 1. Let us see that, if v is a probability measure, then the
equation

m?

-y Xg € AT'Xq in X
does not hold true. Indeed, suppose that
—)\?; Xq + hXX\Q € ATXQ

for some measurable function h : X — R. Then, there exists g € L%(X x X,v ® my)
antisymmetric with

g(z,y) € sign(Xa(y) — Xa(z)) for (v @ my)-ae. (r,y) e X x X

and
(3.34) N Xa() + hx) Xang(z) = L e, y) dmy(y) for v-ae e X.

Hence, since
g is ¥ ® m,-integrable,
we have that

J h(z)dv(xz) = Py(Q).
X\Q

Indeed, integrating (3.34) over X with respect to v we get

~ A_g;y((:)) + L\Q W) dv(z) = L L a(, y) dma (y)dv ().

Now, since g is antisymmetric and v ® m,-integrable, the integral on the right hand side is
zero and, consequently, we get

(3.35) JX\Q h(2)dv(z) = Po(Q).

Then, since [X, B, m, v] is m-connected, Theorem 1.63 yields that P,,(2) > 0, thus, by (3.35),
h is non-v-null.

Therefore, if v is a probability measure (so that, in particular, g is v ® m-integrable),
the equation
(3.36) —/\61 Xq € ATXQ in X

does not hold true for any set 2 € B with 0 < () < 1. However, if v(X) = +o0, then (3.36)
may be satisfied, as shown in the next example.

EXAMPLE 3.46. Consider the metric random walk space [R, d, m”, £!] with J = %X[_Ll]
(as defined in Example 1.37). Let us see that
J

m mJ
_)‘[fl,l]x[*l,l] € AT X[ 11,

where )\E’i = %. Take g(z,y) to be antisymmetric and defined as follows for y < x:

1 1
glz,y) = —X{y<wz<y+1<0} (x,y)—ix{,1<y<x<o}(x,y)+§X{0<y<x<1}(ac,y) +X{0<z—1<y<z} (z,9).
Then, ge L®(X x X, v ®@m),
g(z,y) € sign(X[_111(y) = X[—1,13(2)) for (v @my)-ae. (z,y) €R x R,
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and
1

_ZX[_I’I] (x) = J g(x,y)dml(y) for v-aezeR.
R

Note that g is not v ® m: integrable.

REMARK 3.47. As a consequence of Theorem 3.40, it holds that (see [6, Introduction]
or [12, Section 4.4]) a bounded convex set Q@ < R¥ is calibrable if, and only if, u(t,z) =

+
(1 - Pe|5r2(‘§2) t) Xq(z) is a solution of the Cauchy problem

{ ug — A 30 in (0,00) x RN,

u(0) = Xq.

That is, a calibrable set €2 is that for which the gradient descent flow associated to the total
variation tends to decrease linearly the height of Xq without distortion of its boundary.

Now, as a consequence of (3.33), we can obtain a similar result in our context if we
introduce an abortion term in the corresponding Cauchy problem. The appearance of this
term is due to the nonlocality of the diffusion considered. Let 2 € B with 0 < () < v(X),
then (2 is m-calibrable if, and only if, u(t)(z) = (1 — A5#)" Xq(=) is a solution of

uy(t)(x) — Af'u(t)(x) 3 —=ma(Q) Xx\a(2)Xjo,1/x3) (1) (¢, ) € (0,00) x X,

u(0)(z) = Xa(x), reX.
Indeed, for any T > 0, by Theorem A.31 ([43, Theoreme 3.6]) with f € L2(0,T; L*(X,v))
defined by
f)(@) == —=ma (D)X x\a(@)X[0,1/5m) (1),
we have that this problem has a unique solution u € WH1(0, T; L?(X,v)). Then, if u(t)(x) =
(1 = A2)" Xq(x) we get that, for t < 1/\%,
— AGXa — A"Xq 3 =\ X — (=AGXa + m.(2)Xx\)
—_—  —
Ut AT'u
which is equivalent to © being m-calibrable by (3.33). The only if direction follows by the

uniqueness of the solution.

The following result relates the m-calibrability of a set with its m-mean curvature. This
is the nonlocal version of one of the implications in the equivalence between (a) and (c) in
Theorem 3.40.

PROPOSITION 3.48. Let | X, B, m,v] be an m-connected reversible random walk space. Let
Qe B with 0 < v(N) <v(X). Then,

1
(3.37) Q m-calibrable = J my(Q)dr(z) < 2v-ess inf m,(Q).
I/(Q) Q e
Fquivalently,
(3.38) Q me-calibrable = v-esssup Hig(r) < AG.

e
PROOF. By Theorem 3.43, there exists an antisymmetric function g in  x € such that
—1<g(z,y) <1 for (v ®@my)-a.e. (z,y) € Q x Q,
and

1
m JQ m;(Q)dv(z) = m; () + JQ g(z,y) dmy(y) for v-a.e. xz € Q.

Hence,

1
J m.(Q)dv(z) < 2m,(Q) for v-a.e. x € Q,
Q) Jo

o
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from where (3.37) follows.
The equivalent thesis (3.38) follows from (3.37) and the fact that

v-esssup Hi,(x) < AY

s st o) fﬂ mg(Q)dv(z) < 2v-ess inf m,(Q).

e
For this last equivalence recall from (1.10) that
a0(@) =1 —2m,(Q)
and that (see (1.6))
SEZ(%)

The converse of Proposition 3.48 is not true in general, an example is given in [120] (see
also [121]) for [R3,d,m”, L3], with d the Buclidean distance and J = mxBl(o). Let us
see an example, in the case of graphs, where the converse of Proposition 3.48 is not true

EXAMPLE 3.49. Let G = (V(G), E(G)) be a finite weighted discrete graph with V(G) =
{z1,22,..., 28} and the following weights: Wy, 2y = Way 4y = Wag a7 = Warzg = 2, Wag ey =
Wayzs = 1, Wy 25 = 10 and wy, o, = 0 otherwise. Let [V(G),dg, m®,vg] be the associated
metric random walk space. If Q := {x9, x3, x4, 5, x6, x7}, then

Q)dv(zx). O

1
A = g and HI(z) <0 Vze.
Therefore, (3.38) holds. However, Q is not m©-calibrable since, if A := {x4, 25}, we have
Ppa(4) 1
va(A) 1

PROPOSITION 3.50. Let [X,B,m,v] be a reversible random walk space. Let 2 € B with
0<v(Q) <v(X). Let Q1, Q2 € B.
(1) If Q@ = Qq iy, Qo (recall Definition 1.33), then

min{AQ,, AQ, } < AG.
(2) If Q = Q1w Qg is m-calibrable, then each §; is m-calibrable and

m _ \m _ \m
Q — N — Qo

PRrOOF. (1) is a direct consequence of Proposition 1.57 and the fact that, for a,b,c,d
positive real numbers, min {¢, $} < $£5. (2) is a direct consequence of (1) together with the
definition of m-calibrability. ([

3.5. The Eigenvalue Problem for the 1-Laplacian

In this section we introduce the eigenvalue problem associated with the 1-Laplacian AT
and its relation with the Cheeger minimization problem. For the particular case of finite
weighted discrete graphs where the weights are either 0 or 1, this problem was first studied by
Hein and Biihler ([99]) and a more complete study was subsequently performed by Chang in
[57].

DEFINITION 3.51. Let [X, B, m,v]| be a reversible random walk space. A pair (A, u) €
R x L?(X,v) is called an m-eigenpair of the 1-Laplacian AT on X if |ullpr(x,) = 1 and there
exists € € sign(u) (i.e., £(x) € sign(u(z)) for every x € X) such that

A€ OFp(u) = —ATM.

The function w is called an m-eigenfunction of A" and A an m-eigenvalue of AT associated
to u.

Observe that, if (A, u) is an m-eigenpair of A", then (\,—u) is also an m-eigenpair of
AT
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118 3.5. The Eigenvalue Problem for the 1-Laplacian

REMARK 3.52. Let [X, B, m,v]| be a reversible random walk space. By Theorem 3.13,
the following statements are equivalent:
(1) (A, u) is an m-eigenpair of A" .
(2) There exists g € L™ (X x X, v®m;) antisymmetric with |g| zo(x x x v@m,) < 1, such that

_ JX g(x,y)dm,(y) = X¢(x) for v-ae. x € X,
(3.39)

_J J g(x,y)dm,(y) u(z)dv(z) = TV (u).
X JX

(3) There exists g € L?(X x X, v®@m,) antisymmetric with |g| 7= (x xx,v@m,) < 1, such that
—f g(x,y)dmg(y) = N(x) for v-a.e. x € X,

(3.40) X

g(z,y)(u(y) — u(x)) = |uy) — u(z)| for v@mg-a.e. (z,y) € X x X;

(4) There exists g € L?(X x X, v®@m,) antisymmetric with |g| 7= (x xx,v@m,) < 1, such that

—f g(z,y) dmy(y) = X(x) for v-ae. v € X,
X

A =TV, (u);
REMARK 3.53. Note that, since T'V,,(u) = A for any m-eigenpair (A, u) of A", then

N = TVul) = 5 | ) = u@ldm ()av()

1
<5 || el + @ v = fuls =1,

thus
0< A<l

EXAMPLE 3.54. Let [V(G),dg, mY, vg] be the metric random walk space given in Exam-
ple 1.38. Then, a pair (A, u) € Rx L*(V(G), vg) is an mC-eigenpair of ATG if [ull i viaywe) =
1 and there exists £ € sign(u) and g € L®(V(G) x V(G),vg ® m$) antisymmetric with
Il L (v(G)x v (@) weemey < 1 such that

- Z g(m,y)% = X(z) for vg-a.e. € V(G),
vev(G) !

g(z,y) € sign(u(y) — u(x)) for vg @ m&-a.e. (x,y) € V(G) x V(Q).
In [57], Chang gives the 1-Laplacian spectrum for some particular graphs like the Petersen

graph, the complete graph K,,, the circle graphs with n vertices C),, etc. We will now provide
an example in which the vertices have loops.

EXAMPLE 3.55. Let G = (V(G), E(G)) be the following finite connected weighted discrete
graph. Take V(G) = {a,b}, 0 < p < 1 and the following weights: ws, = W = p, Wep =
wpy = 1 —p. Then, (\,u) € R x L2(V(G), vg) is an m&-eigenpair of A’lnG if |u(a)| + |u(b)| =
1 and there exists ¢ € sign(u) and g € L®(V(G) x V(G),vg ® m$) antisymmetric with
lgl L= (v(eyx V@) veems) < 1 such that

gla,a) = g(b,b) = 0, g(a,b) = —g(b,a),
—g(a,b)(1 = p) = A(a),
g(a,b)(1 —p) = A&(b),

g(a,0)(u(b) —u(a)) = |u(b) = u(a)|.

(3.41)
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Now, using a case-by-case argument, it follows easily from the system (3.41) that the m-
eigenvalues of A{”G are

A=0 and A=1-—p,

and the following pairs are m-eigenpairs of ATG (observe that the measure v is not normal-
ized to a probability measure):

A=0 and (u(a),u(d)) =(1/2,1/2),

A=1-—p and (u(a),u(d))=(0,—1)+p(1,1) VO<pu<l1.

For example, suppose that (X, u) is an m-eigenpair with u(a) = u(b). Then, u(a) = u(b) = 3

(u(a) = u(b) = —3 yields the same eigenvalue) and, therefore, £ = 1 thus A = 0. Alternatively,
we could have u(a) > u(b) thus g(a,b) = —1 and we continue by using (3.41).

Observe that, if a locally finite weighted discrete graph contains a vertex x with no loop,
ie. wy, = 0, then (1, d%éx) is an m-eigenpair of the 1-Laplacian. Conversely, if 1 is an
m~eigenvalue of ATG, then there exists at least one vertex in the graph with no loop (this
follows easily from Proposition 3.72).

We have the following relation between m-calibrable sets and m-eigenpairs of A7

THEOREM 3.56. Let [X,B,m,v] be an m-connected reversible random walk space. Let
Qe B with 0 < v(Q) < v(X). We have:

(1) If (A, u(ﬂ XQ) is an m-eigenpair of AT', then Q is m-calibrable.
(i) If Q2 is m-calibrable and

(3.42) mz(2) <Ay forv-a.e. x e X\Q,
then (A, ﬁXQ) is an m-eigenpair of A"

PROOF. (i): Since (AZ, ﬁXQ) is an m-eigenpair of A", there exists £ € sign(Xq) such
that —A\J'¢ € AT'(Xq). Then, by Theorem 3.42, we have that 2 is m-calibrable.
(ii): If Q is m-calibrable, by Theorem 3.42, we have

—AGT e AT'Xq  in X

for
1 if x € Q)

ma(Q)  ifze X\

Now, by (3.42), we have that 7* € sign(Xq) and, consequently, (A?{, ﬁXQ) is an m-eigenpair
of AT, O

In the next example we see that, in Theorem 3.56, the reverse implications in (i) and (ii)
are false in general.

EXAMPLE 3.57. (1) Let G = (V(QG), E(G)) be the weighted discrete graph with vertex
set V(G) = {a,b,c} and weights wgp = wee = wpe = % and wgq = Wpy = Wee = 0. Consider
the associated metric random walk space [V (G), dg, m®,vg]. Then, mg = %(51, + %56, my =
%6(1 + %50, me = %(5a + %(51) and vg = 04 + 0p + d.. By Remark 3.35(2), we have that
Q := {a,b} is mY-calibrable. However, )\gc = % and (%,XQ) is not an m-eigenpair of A}
since 0 ¢ med,(Xq) (see Corollary 3.71). Therefore, (3.42) does not hold (it follows by a
simple calculation that mS(Q) =1 > 1 = )\?{G).
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120 3.5. The Eigenvalue Problem for the 1-Laplacian

(2) Consider the metric random walk space [Z2, dgz2, m%, vg2], where dgz : Z2 — N U {0} is
defined as

dgz (w1, 22), (y1,92)) = |21 — | + |22 = gol, (21,22), (y1,92) € Z°,
and the weights are defined as: wyy = 1 if dg2(z,y) = 1 and wy, = 0 otherwise. For ease of
notation we denote mZ%” by m. Let

Qp = {(:L‘l,:cg)eZ2:0<x1,x2 <k-1} for k> 1.

It is easy to see that
1

5= 7
Moreover, for 1 < k < 4 these sets are m-calibrable and satisfy (3.42). Therefore, for
1<k <4, (%, ﬁXQk) is an m-eigenpair of A" and, with the same reasoning, it is also
an my-eigenpair of A" in
[(2%)m, dzz, mu, vz2 L (Qg)m]

(recall Definition 1.51 and Example 1.42; for ease of notation we have denoted my, := m()m),

In fact, we have that (my).({y}) = m.({y}) for every z, y € (Qx)m, i.e., the probabilities

associated to the jumps between different vertices in (%), do not vary. The difference is

that, when considering my, a loop is “appearing” at each vertex of 0,,, i.e., (mg)z({z}) > 0

for every = € 0, (note that 0,8 is the set of vertices which are at a distance of 1 from
Let us see what happens for

Q5 := {(z1,22) € Z*: 0 < w1, 22 < 4.

In this case,

and an algebraic calculation gives that (%, @XQS) is an m-eigenpair of AT (see Figure 1).

. . . A,
Moreover, (%, @X%) is also an m“-eigenpair of AT in

[A, dz2 s mA, Vg2 LA]
where A := {(x1,22) € Z* : —2 < m1, 79 < 6}; and the same is true if we take A to be the

smaller set shown in Figure 1. However,

1
(m5)$(Q5) = Z VY € 0185

so (3.42) is not satisfied. Furthermore, (%, ﬁXQS) fails to be an ms-eigenpair of A" in

[(95)ma dZZ , M5, V72 I—(Q5)m]

since the condition on the median given in Corollary 3.71 is not satisfied; nevertheless, {25 is
still ms-calibrable in this setting.

REMARK 3.58. Let us give some characterizations of (3.42).
(1) In terms of the m-mean curvature we have that,

1
(3:42) & veesssp Wz (o) < oo | Hip()av(o),

where Q¢ = X\Q. Indeed, (3.42) is equivalent to

Prn() _ v(2) —2Pn(Q)
1—2mm(9)>1—2y(9) = o)

for v-a.e. x € Q°,
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FIGURE 1. The numbers in the graph are the values of a function g(z,y)
satisfying (3.52), where z is the vertex to the left of the number and y is the
one to the right, or, alternatively, = is the one above and y the one below.
Elsewhere, g(x,y) is taken as 0. The vertex (0,0) is labelled in the graph. As
an example, g((ov 0)7 (17 0)) = 1/5 and g((O, 1)a (0? 0)) =

and this inequality can be rewritten as
1
—Hin(z) < f Hia(y)dv(y) for v-a.e. x € Q°
v(Q) Jo

thanks to (1.9) and (1.11). Hence, since Hj,(x) = —H54(x), we are done.
(2) Furthermore, we have that

(3.42) D)dv(x) < v-essinf m,(02°).
zeqe
Indeed, in this case, on account of ( , we rewrite (3.42) as
1 —mg(Q°) < J my(Q)dv(y) for v-a.e. z € QF,

or, equivalently,

1
v(Q) JQ my (Q)dv(y) < mg(2°)  for v-a.e. x €,
which gives us the characterization.

In the next example we give m-eigenpairs of the 1-Laplacian for the metric random walk
space given in Example 1.37.

EXAMPLE 3.59. Let Q < RY with £V(Q) < oo and consider the metric random walk
space [Q,d, m”? vI_Q] with J := WXBT(O) (recall Examples 1.37 and 1.42). Moreover,

assume that there exists B,(zo) <  such that dist(B,(zo), R¥\Q) > 7. Then, by (1.7), we
have

PvaQ (Bp(x())) = PmJ (Bp(-xO))a
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and, since B,(xo) is m”-calibrable, we have that B,(z) is m”-calibrable (Corollary 3.44).
Assume also that LV (B,(z0)) < £V (B,(0)). Let us see that

(3.43) m (B, (x0)) < /\’]31:80) for LN-a.e. € O\B, (o).

By Remark 3.58, (3.43) is equivalent to

1 J 7,0 N : 7,0
5 my (By(xo))de < LY~ essinf  my™* (Q\B,(xo)))-
ﬁN(Bp(xo)) B, (x0) ( p( 0)) 2B, (o) ( \ p( 0)))

Now, for z € 2, we have

1
B0 = Bl = gy [, et = vy S

N

Then, for z € Q\B,(z¢), we have

1 1 J 70
=2 my (By(zo))da.
2 % IN(By(w0)) Jg oy " L T0))

Hence, (3.43) holds. Therefore, by Theorem 3.56, we have that

mi’Q(Q\Bp(xO))) =1- miQ(Bp(xO)) =

mI9 1
By(xo) EN(Bp(xg))XB”(“”O)

is an m”’%-eigenpair of ATJ’Q.
Similarly, for the metric random walk space [R", d,m”, LN] with J = mx B(0)>

and for LV (B,(z0)) < 3£~ (B,(0)), we have that

m? 1

. . . J
is an m”-eigenpair of A"

3.6. The m-Cheeger Constant

In 1969, Jeff Cheeger [61] proved his famous inequality

M

2
where M is a compact manifold, \(Anr) is the first non-trivial eigenvalue of the Laplace
Beltrami operator Ay on L?(M,vol) and the Cheeger constant hyy is defined as follows:
Area(0S)

min(vol(S), vol(M\S))’
where the infimum runs over all S < M with sufficiently smooth boundary. This inequality
can be traced back to Polya and Szego’s paper [139].

On graphs, the first results regarding Cheeger’s bound for the lowest eigenvalue of the graph
Laplacian are due to Dodziuk [74] and Alon and Milmann [5]. These estimates have been
subsequently improved and several variants have been obtained. In a locally finite weighted
discrete graph G = (V(G), E(G)) the Cheeger constant is defined as

inf D)
pev(e) min{va(D),va(V(G)\D)}

< Al(AM),

hyr = inf

hg =

where

|0D| := Z Wey-

zeD,yeV\D
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For locally finite connected weighted discrete graphs, the following relation between the Cheeger
constant and the first positive eigenvalue A\1(G) of the graph Laplacian has been proved in [63]
(see also [26]):

(3.44) 4 <\ (G) € 2hg.

In this section, among other results, we will generalise this inequality to reversible random
walk spaces.

DEFINITION 3.60. Let [X, B, m,v] be a reversible random walk space and suppose that
v is a probability measure. We define the Cheeger constant of [ X, B, m,v] as
Pn(D)
min{u(D), v(X\D)}

B (X)) :zinf{ . DeB, O<V(D)<1},

b

or, equivalently,

P (D)
v(D)

(3.45) h(X) = inf{ . DeB, 0<y(D)<

N | —

Note that, as a consequence of (1.6), we get
hm(X) < 1.

Moreover, if hp(X) > 0, then hy,(X) is the best constant in the isoperimetric inequality
(1.20).

Recall that in Section 3.4 we defined the m-Cheeger constant h*(Q2) for sets Q2 € B with
0 < v(Q) < v(X) (see (3.24); recall that v need not be finite for that definition). In this
section, the m-Cheeger constant hp,(X) is, instead, a global constant of the random walk
space. Observe that, since v is a probability measure,

hin(X) < hT'(Q)

for any Q € B such that 0 < v(Q2) < 1/2; and, if hy(X) = Py’r(bg)z) for some Q € B such that
0 <v(2) <1/2, then hy(X) = h7(Q) and, moreover, Q is m-calibrable.
Having in mind (1.8), we have that this definition is consistent with the definition on

graphs (see [63], also [26]).

EXAMPLE 3.61. Let [V (G),dg, m%, vg] be the metric random walk space given in Exam-
ple 1.38. Then, for £ < V(G), since

P.c(E) = Z Z wyy and vg(E):= Z dg,
zelk y¢E zeE
we have

P, c(E) 1
(3.46) 2 = Wy y-
W(B) ~ Sepd 242"

Therefore,

1

hme (V(G)) = inf {1 D ey : ECV(G), 0<vg(E) < I/G(V)} .
e da zeE y¢E 2

This minimization problem is closely related with the balance graph cut problem that appears
in Machine Learning Theory (see [87, 88]).

We will now give a variational characterization of the Cheeger constant (similar to the
one given for hi*(2) in Theorem 3.39) which generalizes the one obtained in [148] for the
particular case of finite graphs. We first recall the following definition.
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124 3.6. The m-Cheeger Constant

DEFINITION 3.62. Let (X, B, v) be a probability space and let u : X — R be a measurable
function. A number p € R is a median of u (with respect to v) if

N[ =

v{xe X : u(z) <p}) < % and v({xeX : u(x)>p}) <

We denote by med, (u) the set of all medians of w.
REMARK 3.63. It is easy to see that

pemed,(u) & —v({u =) <vi{u> u}) - v({u < p}) < v({u = p}),

from where it follows that
(3.47) 0 € med, (u) < 3¢ € sign(u) such that J &(x)dv(z) =0,
X

where sign(u) is the multivalued sign function (see (3.5)). Moreover, it follows that

(3.48) arg min {f |lu—cldv : ce R} = med, (u).
X

Indeed, let m € med,(u). We may suppose that m = 0 (otherwise, consider v’ = u —m).

Let’s see that
J |u —c|dv = J |u|dv
X X

for every ¢ = 0 (it then follows for any ¢ < 0 by taking v’ := —u and ¢/ := —¢). First note
that

(|u - C| - |u|)X{u<0} = CX{uéO}
and
(Ju = e = [u)Xgus0p = —Xpus0

thus, adding and integrating these equations over X with respect to v yields

f o — cld J fuldy > e(v({u < 0}) — v({u > 0})) = e(1 — 2v({u > 0})) > 0.
X X
DEFINITION 3.64. Let [X, B, m,v] be a random walk space. We denote
I(X) = {ue L'(X,v) : lullrx,) =1 and 0 € med, (u) }
and
(3.49) ATUX) = inf {TV,,,(u) : weIl(X)}.

THEOREM 3.65. If [X, B, m,v] is a reversible random walk space and v is a probability
measure, then

hin(X) = A" (X).
PROOF. If D € B satisfies 0 < v(D) < 3, then 0 € med, (Xp). Therefore,
AP(X) < TV (1><D) - _p.n),
v(D)
thus
ATHX) < hp(X).

Now, for the opposite inequality, let u € L'(X,v) such that lullpixy = 1 and 0 €
med,, (u). Since 0 € med, (u), by the coarea formula (Theorem 3.5), and having in mind that

Universitat de Valéncia Marcos Solera Diana



3. The total variation flow 125

the set {t e R : v({u =1t}) > 0} is countable, we obtain that
f Po(Ey(u) dt = f P (Eyw) di + f P (X\Ey (1) dt
00 0 —0
0
> () f WEW)dt + 1, (X) [ (0B )

o (X) ( L ot () dv(z) + JX u_(:v)du(x)) — o (X) ] 11 (x.) = om0,
Therefore, taking the infimum over u, we get A\["(X) = h,,(X). O

Following [63] and using Theorem 3.65, the next result shows that the Cheeger inequality
(3.44) also holds in our context.

THEOREM 3.66. Let [X,B,m,v]| be a reversible random walk space and assume that v is
a probability measure. The following Cheeger inequality holds:

2
X < gap(~ ) < 20 (),
PROOF. Let (f,) c L?(X,v) such that v(f,) = 0 and
Hum(fn)

= gap(—An).
n—0 | ful3

If we take p,, € med,(f,), we have

lf) = f f (o (W) — tin — (fa(2) — in)) 2 (y)di(z)
f f (fnly — (Fal@) = )" = ((Fa®) = i) = (Fal@) — i) )] dima () ()
f f fn - (fn( ) /~Ln)+)2dmx(y)dy($)
J J (Fuly (@) — i) ") dimg () di(z)
2 j f Fu®) = )" = (@) = 11)*) ((Fn W) = 1)~ = (fal2) = m) ") dima ()i (2).
Now, an easy calculation gives
j j (Fuly (@) = ) ) ((Fa) = pn)™ = () = pin)”) din(y)dr(z) > 0,

On the other hand, since v(f,) = 0, we have

|| @t < [ (o) - m2an),

Therefore,

Jj — (fal@) = o)) dima () ()
anHQ f .

du(x) + JX ((Ful@) — ) ) do(a)

JX () = ) = ala) = ) )’ dim ()i
_l’_ .
f ((Ful) = 1)) du<x>+fx ((Ful@) — pn) ) do(a)
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Having in mind that

b b
Z——:-_d > min{i,d} for every a,b,c,d e RT,

and
f ((ful@) — o)) di(a) + j ((Fule) — 11n)™) 2 diz) > 0,
X X

we can assume, without loss of generality, that

JX ((fn(x) - ,Un)+)2d7/(l‘) > 0,
and that
2 (f) f f (fuly — (fn(@) — Mn)+)2dmx(y)dy(q:)'

T JX ((ful@) = 1)) dv(z)

By the Cauchy-Schwartz inequality, we have

J J ‘ (fa(y) = pn) ) _((fn(w)_ﬂn)+)2‘d’mm(y)du(:p)

= 0 =0 = @) = ) ) = )+ () = ) i ))
%
< ([ ], Wt = ) = a0 = ) dimsrivta))
%
<([. f (o) = 1)+ () = ) ) s )av(o)
Now, by the invariance of v with respect to m,
| ] @) =) + ) = 1)) dmati@) < 4 [ ((ufe) = a)?)? o)
Thus,
2
2
- 3 |0 =070 = (Uale) = ) i)t
”f”H“(X 0 L (Fal@) — 20) ") de)
Then, since 0 € med,, (((fn — un)+)2>, by Theorem 3.65, we get
Hum (fn
(hn(X))? < reldn)
o)
and, consequently, taking limits as n — oo, we obtain
hin(X))?
Bl i
To prove the other inequality we assume that gap(—A,,) > 0. Now, by (1.20), we have
2
min{v(D),1 —v(D)} < ——P,(D) forall DeB, 0 <v(D) <1,
(D)1 =D} < 2 P(D) (D)
from where it follows that gap(—A,,) < 2k, (X). O
Let A€ B with v(A) = L and u = X4 — Xx\a- It is easy to see that TV, (u) = 2P, (A)
and Hy(u) = 4P (A). Hence, since |ulpix) = [ulp2(x) = 1, v(u) = 0 and 0 € med, (u),

we obtain the following result as a consequence of Theorem 3.65.
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COROLLARY 3.67. Let [X,B,m,v]| be a reversible random walk space and assume that v
is a probability measure. Let A € B with v(A) = § and u = X4 — Xx\a- Then,
P (A)
1. hp(X) =
han(X) oy
2. u is a minimizer of (3.49) and gap(—A,,) = 2hp(X) < u is a minimizer of (1.13).

e u=Xa—Xx\4 15 a minimizer of (3.49).

Bringing together all the above results we have:

THEOREM 3.68. Let [X, B, m,v] be a reversible random walk space and assume that v is
a probability measure. The following statements are equivalent:

(a) [X, B, m,v] satisfies a Poincaré inequality,
(c) [X,B,m,v] satisfies an isoperimetric inequality,
(d) hpm(X) > 0.

EXAMPLE 3.69. It is well known (see for instance [63]), that for a finite weighted discrete
graph G, h,,(G) > 0 if, and only if, G is connected. This result is not true for infinite graphs.
In fact, the graph given in Example 1.76 is connected and its Cheeger constant is zero (since

gap(—A,) = 0).

3.6.1. The m-Cheeger constant and the m-eigenvalues of A". In this section we
will study the relations between the non-null m-eigenvalues of the 1-Laplacian and the m-
Cheeger constant h,,(X). We will suppose that v is a probability measure. This does not

entail a loss of generality since, if v is finite, Ny = PV"ES? remains unchanged if we normalise

to a probability measure, and the same is true for the m-eigenvalues of the 1-Laplacian.

PROPOSITION 3.70. Let [ X, B, m,v] be an m-connected reversible random walk space and
assume that v is a probability measure. Let (A, u) be an m-eigenpair of A*. Then,
(i) A =0 < wu isv-a.e. a constant, that is, u =1 or u = —1 v-a.e.

(ii) A # 0 < there exists £ € sign(u) such that J &(x)dv(x) = 0.
X

Observe that (0,1) and (0, —1) are m-eigenpairs of the 1-Laplacian in reversible random
walk spaces.

ProOOF. (i) By (3.40), if A = 0, we have that T'V,,(u) = 0 and then, by Lemma 3.6, we

get that u is v-a.e. a constant, thus, since |[ul|f1(x,) = 1, either u = 1 or u = —1 v-a.e..
Similarly, if w is v-a.e. a constant then T'V;,(u) = 0 and, by (3.40), A = 0.
(ii) (<) If A = 0, by (i), we have that v = 1 or v = —1 v-a.e., and this is in contradiction

with the existence of £ € sign(u) such that §, &(z)dv(z) = 0.

(=) There exists & € sign(u) and g € L*(X x X, v ®m,) antisymmetric satisfying (3.39)
and ||g|| = (x x x,vm,) < 1. Hence, since g is antisymmetric, by the reversibility of v with
respect to m, we have

A JX E(x)dv(x) = — JX JX g(z,y) dmg(y)dv(z) = 0.
Therefore, since A # 0,
J &(x)dv(z) = 0. O
X

Proposition 3.70 and equation (3.47) yield the following result which was obtained, for
finite graphs, by Hein and Bihler in [99].

COROLLARY 3.71. Let [X, B, m,v]| be an m-connected reversible random walk space and
assume that v is a probability measure. If (A, u) is an m-eigenpair of A" then

A#0 < 0€med,(u).
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Observe that, by this corollary, if X # 0 is an m-eigenvalue of A", then there exists an
m-eigenvector u associated to A such that its 0-superlevel set Eo(u) has positive v-measure.
In fact, for any m-eigenvector u associated to X\, either u or —u will satisfy this condition.

PROPOSITION 3.72. Let [ X, B, m,v] be an m-connected reversible random walk space and
assume that v is a probability measure. Let t = 0. If (A\,u) is an m-eigenpair of A" with
A > 0 and v(Ei(u)) > 0, then ()\, m){&(u)) is an m-eigenpair of A", A\ = )‘E(u) and
Ey(u) is m-calibrable. Moreover, v(Ey(u)) < 3.

PROOF. First observe that, by Corollary 3.71, we have that v(Ey(u)) < %, thus v(E;(u)) <
3 for every ¢t > 0. Moreover, since (), u) is an m-eigenpair, there exists £ € sign(u) such that

- e Al'u

hence, there exists g(x,y) € sign(u(y) — u(z)) antisymmetric such that
J (z,y)dmy(y) = X(xz) for v-a.e. z € X.
b's

Let ¢ > 0 such that v(E(u)) > 0. Then,
1 if x € Ey(u) (since u(x) >t > 0 and & € sign(u)),
(=) = { e[-1,1] if ze X\BE(u),
and, therefore, £ € sign(Xg,(,)). On the other hand,
e[-1,1] ifz,ye Ei(u),
-1 if € Ey(u), ye X\Fy(u) (since u(z) >t = u(y)),

B9 =9, if 7 € X\Ei(w), y € Fy(u) (since u(y) > 1

\Y
£
=

e[-1,1] if x,y e X\E(u),

and, consequently, g(z,y) € sign(Xg,(u)(¥) — Xg,(u)(z)). Therefore, ()\, u(Et( ))XEt(u)) is an
m-eigenpair of AT". Moreover, by Theorem 3.56, we have that E;(u) is m-calibrable. O

REMARK 3.73. As a consequence of Proposition 3.50, when we search for m-eigenvalues
of the 1-Laplacian we can restrict ourselves to m-eigenpairs of the form ()\ B )X E) where
E is m-calibrable and not decomposable as E = Fj u,, E2 (recall Definition 1.33). Indeed,
suppose that (/\7 ﬁx;;) is an m-eigenpair and E = E; L, Es for some E1, Fy € Bg. Then,
by (3.40), there exist £ € sign(Xg) and g € L*(X x X,v ® m,) antisymmetric such that

—J g(x,y)dm,(y) = N(x) for v-a.e. x € X,
b's

g(x,y) € sign(Xg(y) — Xg(x)) for v @ mg-a.e. (x,y) € X x X.

Then, we may take the same £ and g(z,y) to see that ()\, ﬁX&) is also an m-eigenpair

of AT". Indeed, since A = Ay, we only need to verify that g(z,y) € sign(Xg, (y) — Xg, ()
v ® mg-a.e.. For x € F; we have:

e if y e Fy, then Xg(y) — Xp(z) =0 = Xg, (vy) — Xg, (),
o if ye X\F, then Xg(y) — Xp(z) = -1 = Xg, (v) — Xg, (),

and, since L,,(E1, Ey) = 0, we have that v ® m,(E; x E2) = 0 so the condition is satisfied.
Similarly for x € Ey (again v @ my(FE2 x E1) =0). If x € X\E then,

o if ye By, Xp(y) — Xp(z) =1=Xg (y) — Xg, (v),
o if y € By, Xp(y) — Xp(x) =1 € sign(0) = sign(Xg, (y) — Xg, (2))
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e ifye X\E, Xg(y) — Xg(x) =0 =Xg, (y) — Xg, (x).

By Corollary 3.71, if (A\,u) is an m-eigenpair of A" and X\ # 0 then u € II(X) (recall
Definition 3.64). Now, TV, (u) = X (see Remark 3.52(4)), thus, as a corollary of Theo-
rem 3.65, we have the following result. Recall that, for finite graphs, it is well known that the
first non—zero eigenvalue coincides with the Cheeger constant (see [57]).

THEOREM 3.74. Let [X,B,m,v] be an m-connected reversible random walk space and
assume that v is a probability measure. If A # 0 is an m-eigenvalue of AT then

han(X) < A

This result also follows by Proposition 3.72 since v(Ep(u)) < 3.
In the next result we will see that if the infimum in (3.45) is attained then hy,(X) is an
m-eigenvalue of A"

THEOREM 3.75. Let [X,B,m,v] be an m-connected reversible random walk space and
assume that v is a probability measure. Let Q € B such that 0 < v(2) < %

(i) If @ and X\Q are m-calibrable, then (Ag, %Q)XQ) is an m-eigenpair of A,
(1t) If hp(X) = A, then Q and X\Q are m-calibrable.
Therefore,
(111) if hp(X) = A, then ()\6‘, ﬁXQ) is an m-eigenpair of AT
PROOF. First of all, observe that, since v/(2) < 1,
(3.50) o <AL

(i): By Theorem 3.43, since () is m-calibrable, there exists an antisymmetric function g;
in Q x £ such that

—1<gi(z,y) <1 for (v @ my)-a.e. (z,y) € Q x Q,
and
(3.51) Q=- JQ g (x,y)dmg(y) + 1 —mg(Q2) for v-a.e. x €
and, since X\ is m-calibrable, there exists an antisymmetric function g, in (X\Q) x (X\Q)
such that
—1<gy(z,y) <1 for (v ®@ my)-a.e. (z,y) € (X\Q) x (X\Q),
and

(3.52) o = —J go(x,y)dmy(y) + 1 — my(X\Q) for v-ae. z € X\
X\Q

Consequently, by taking
gi(z,y) ifzyeq,
-1 if xeQ,ye X\Q,
1 ifre X\Q,yeQ,
—g(z,y)  ifz,ye X\Q,

we have that g(z,y) € sign (Xa(y) — Xa(z)). Moreover, from (3.51),

G = —J g(z,y)dmy(y) for v-a.e. z €,
b'e

g(ac,y) =

and, since A%\ < AQ, from (3.52),

Ay < —ARg = - JX g(x,y)dmy(y) < Ay for v-ae. ze X\Q.
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130 3.6. The m-Cheeger Constant

Hence, by Remark 3.52 (2), we conclude that ( O ﬁ)m) is an m-eigenpair of A7

(#): Since hp(X) = i”&g) and 0 < v(Q) < 3, we have hy,(X) = h7H(Q) = i”&(g) and,
consequently,  is m-calibrable. Let us suppose that X\ is not m-calibrable. Then, there
exists F € Bx\q such that v(E) < v(X\Q) and

< A¥ X\Q -
Now, this implies that v(E) > 3 since, otherwise (recall (3.50)), we get
hin(X) < A < Mg S AQ = hin(X)

which is a contradiction.
Moreover, since v(E) < v(X\Q), \j < A\q also implies that

Pul(E) < Pu(X\Q2) = Pu(9).

However, since v(FE) > %, we have that v(X\F) < % and, consequently, taking into account
that v(Q) < v(X\FE), we get

Pn(E) _ Pn(9)

X =) < v @)
which is also a contradiction.
Finally, (iii) is a direct consequence of (i) and (7). O

As a consequence of Proposition 3.72 and Theorem 3.75, we have the following result.

COROLLARY 3.76. Let [X,B,m,v] be an m-connected reversible random walk space and
assume that v is a probability measure. If hy,(X) is a positive m-eigenvalue of A", then, for
any eigenvector u associated to hy,(X) and any t = 0 such that v(E(u)) > 0,

(hm(X), u(Et( ))XEt(u)) is an m-eigenpair of AT

Moreover, both Ei(u) and X\E(u) are m-calibrable.

REMARK 3.77. For Q € B with v(Q) =  (thus A% = 2P,,(Q)) we have that:

(1) @ and X\ are m-calibrable if, and only if, (2P,,(Q2),tXq — (2 — t)Xx\o) is an m-eigenpair
of AT for any t € [0, 2].

(2) If i (X) = 2Py () then (2P, (2),tXq — (2 — t)XX\Q) is an m-eigenpair of A7" for all
te|0,2].

ExAMPLE 3.78. In Figure 2, following the notation in Example 3.57(2), we consider the
metric random walk space [(Q2)m, dz2, ma, V72 (Q2),]. In Figure 2(A), we show this space
partitioned into the two ma-calibrable sets £ = {(-1,0),(0,0),(1,0),(-1,1),(0,1),(1,1)}
and X\E, of equal measure. Hence, by the previous remark, both (A2, ﬁX ) and
(NG, ﬁx X\E) are ma-eigenpairs of AT"?. However, the Cheeger constant 7, (X) is smaller
than the eigenvalue A\j?* since, for D = {(1,—1),(1,0),(2,0),(2,1),(1,1),(1,2)}, we have
A2 = 1 (see Figure 2(B)).

REMARK 3.79. By Theorems 3.74 and 3.75, and Corollary 3.76, for finite connected
weighted discrete graphs, we have that

(3.53) hm(X) is the first non-zero eigenvalue of ATG

(as already proved in [57], [58], and [99]). Then, to solve the optimal Cheeger cut problem,
it is enough to find an eigenvector associated to h,,(X), since then {Ey(u), X\FEo(u)} or
{Eo(—u), X\Eo(—u)} is a Cheeger cut.
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QO QO

O

A O
O O O

(A) Let E be the set formed by the vertices (B) Let D be the set formed by the vertices
1 1

inside the shaded region. Then, A> = 7. inside the shaded region. Then, A7}> = .
FIGURE 2. The line segments represented in the figures correspond to the
edges (recall that wy, = 1 if dz2(z,y) = 1). The loops that “appear” when
considering mo are represented by circles.

In the next examples we will see that (3.53) is not true in general. We obtain infinite
connected weighted discrete graphs (with finite invariant and reversible measure) for which
there is mo first positive m-eigenvalue.

ExampLE 3.80. (1) Let [V(G),dg, m%, vg] be the metric random walk space associ-
ated to the finite weighted discrete graph G = (V(G), E(G)) with vertex set V(G) =

{zo,21,...,Zn,...} and weights defined as follows:
1 1 .
Wopnazner = 5o Weansizansz = 35 forn =0,1,2,... and w,, = 0 otherwise.

We have dy, =1, dy;, =2 and, forn > 1,

1 1
dfCQn = wl’2n—1x2n + w$2nx2n+1 = 377{7]_ + 27
and
1 1
d$2n+1 = Wronzons1 T Waopy1aonio on + 37
Furthermore,

Observe that the measure vg is not normalized to a probability measure, but this does not
affect the result because the constants Ay and the m-eigenvalues of the 1-Laplacian are
independent of this normalization.

Consider E, := {2op, 22,1} for n > 1. By Remark 3.35(2), we have that E,, is m©-
calibrable. On the other hand,

1 G
Mag,,_1 (En) My o (En) = T3 3@ A,
103

_ 1
1+ (3)m17
and my(E,) = 0 otherwise in V(G)\E,,. Hence,

mg(Ep) < )\”Ef for all z € V(G)\E,,.
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Then, by Theorem 3.56, we have that (/\”Ef, ﬁx B,) is an m©&-eigenpair of A{”G. Now,

. G ) 2n+1
lim Ay = lm e =
n—oo " n—oo 20+l 4 3n

Consequently, both by Theorem 3.74 and by the definition of h,,c(V(G)), we get
h,c(V(G)) =0.

(2) Let 0 < s <7 < 3. Let [V(G),de, m%, vg] be the metric random walk space defined in
Example 1.38 with vertex set V(G) = {zo,x1,...,Zn,...} and weights defined as follows:
r s

Weoer = 777 v Wepzn, =70 +s" forn=1,23,... and w,, = 0 otherwise.
—r —s
Then,
hyc(V(G)) = 1 ; " is not an mS-eigenvalue of ATG.
T
Indeed, to start with, observe that vg(V(G)) = 1‘% + %,
va(V(G va(V(G
vatteol) < PCUID (g, ) > 1D,
va(V(G va(V(G
va({r1}) < (2()), va({x1, x2}) > (2()),
and, for E,, := {zy, Tnt+1, Tnt2,...}, 0 = 2,
va(V(G
VG(En) < (2())
Now, for n > 2,
T.nfl + Snfl rnfl _i_snfl
g, = = 5 — - -
Tn—l_i_sn—l_i_z(%_i_%) %:7“" 1+17i§8n1
decreases as n increases (therefore, the sets E,, are not m-calibrable), and
1—
mA\p =~
n " o147

Let us see that, for any E < V(G) with 0 < vg(F) < %, we have A\ > % Indeed, to

start with, observe that if E = {x¢} or E' = {21} then Aot = Aoy =1> %—;: Moreover, we

have that {zo,z1} ¢ E and {z1,22} ¢ E since vg({zo,z1}) £ M and vg({x1,z2}) €
M. Therefore, it remains to be seen what happens for sets F satisfying
(i) xo € E, 1 ¢ FE and x,, € F for some n > 2,

(ii) z1 € E, 9 ¢ E and z,, € E for some n > 3,
(iii) o ¢ E, 1 ¢ E and z,, € E for some n > 2.
For the case (i), let n; € N be the first index n > 2 such that z,, € F; for the case (ii), let
ng € N be the first index n > 3 such that z,, € F; and for the case (iii), let n3 € N be the first
index n > 2 such that =, € E. Now, for the case (i) we have that

>‘7E7'l = )‘{a;o}uEn1 = )\Enl .
Indeed, the first equality follows from the fact that P, (F) > P, ({zo} v Ey,) and v(E) <
v({zo} U Ey,,) and the second one follows since

\ _ ﬁ-F%_(S‘i‘Pm(Enl) Pm(En1) _
ol = R u(Bay)  (B)

Hence, \j} > % With a similar argument we get, in the case (ii),

1—r_
147’

m
AE Z Nay}oE,, Z ABa, >
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and, in the case (iii),

1—r
ANg = Ag,. > .
E Ens =914y
Consequently, h,,c(V(G)) = %—1: and, by Corollary 3.76, it is not an m-eigenvalue of
AT
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CHAPTER

(BV, LP)-decomposition, p = 1,2, of functions

Let us recall the classic problem in image restoration. Given a noisy/corrupted image
f:Q — R on, for example, a rectangle Q in R?, the aim is to remove the noise or corruption
in order to obtain the desired “clean” image u : 0 — R, which is related to the original one
by

f=u+n,
when n s the additive noise. Unfortunately, the problem of recovering u from f is ill-posed
(see [12]). To handle this problem, Rudin, Osher and Fatemi (see [143]) proposed to solve
the following constrained minimization problem over BV (Q):

(4.1) Minimize f |Du|  subject to J u =J f and J lu — f|? = o°.
Q Q Q Q

The first constraint corresponds to the assumption that the noise has zero mean, and the
second that its standard deviation is o. Problem (4.1) is naturally linked to the following
unconstrained problem (called the ROF-model):

(4.2) min {f |Du| + %Hu —fl3 - ue BV(Q)} ,
Q

for some Lagrange multiplier A\ > 0. Chambolle and Lions ([54]) proved an existence and
uniqueness result for (4.1), as well as the link between (4.1) and (4.2). The constant X\ in
(4.2) plays the role of a “scale parameter”. By tweaking A\, we can select the level of detail
desired in the reconstructed image.

Following the ROF-model we obtain the following (BV, L*)-decomposition of f:

A
(4.3) f=ux+uvy, [uyvy]= arg min {J |Du|+ Z|vl3 : f=u+ v} :
(u)eBV(Q)xL2(Q) (Jo 2
An alternative variational problem arises when the L*-fidelity term | f —u|3 is replaced by the
L*-fidelity term |f — u|1. This was proposed by Alliney (see [3] and [4]) in one dimensional
spaces and was extensively studied by Chan, Esedoglu and Nikolova (see [55] and [56]):

(4.4) f=ux+uvy Juruvr]e arg min {f |Du| + A|v|l1 : f=u+ v} :
(uw)eBV(Q)xL1(Q) (Jo

The resulting (BV, L')-decomposition differs from the (BV, L?)-decomposition in several im-
portant aspects which have attracted considerable attention in recent years (see [19], [T1], [78],
[92], [162] and the references therein). Let us point out that the (BV, L')-decomposition is
contrast invariant (see [55]), as opposed to the (BV, L?)-decomposition.

The use of neighborhood filters by Buades, Coll and Morel in [47], that was originally
proposed by P. Yaroslavsky [161], has led to an extensive literature of nonlocal models in
image processing (see, for instance, [48], [49], [92], [109], [114] and the references therein).
This nonlocal ROF-model, in a simplified version, has the form

(4.5) min {JQXQ J(x —y)|u(x) — u(y)|dzdy + %Hu — fH% T UE Lz(Q)} )

On the other hand, an image can be seen as a weighted graph where the pixels are taken
as the vertices, and the weights are related to the similarity between pizels. Depending on the
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136 4.1. The Rudin-Osher-Fatemi Model

problem there are different ways to define the weights, see for instance [79], [101], [102] and
[114]. The ROF-model in a weighted graph G = (V(G), E(G)) reads as follows:
(4.6)

min Z 2 x)|wey + ;\ 2 lu(x) — f(z)]? Z Wy u€ L*(G,vg)

:ceV (G)yeV(G) zeV(G) y~w

Problems (4.5) and (4.6) are particular cases of the following ROF-model in a random
walk space | X, B,m,v]:

min{ J J lu(y) — u(z)|dmy (y)dv(z J |u(x z)2dv(z) ueLQ(X,y)},

which is one of the motivations for this paper and we call the m-ROF-model.
Another problem in which we are interested is the (BV, L')-decomposition in a random
walk space | X, B, m,v], that reads as

mln{ JJ'“ — ala)|dma(y)dv(z +>\f lu(z) — f(2)|dv(z) - ueLl(X,y)},

which has as a particular case the (BV, L')-decomposition in graphs.

The scale X in the (BV, L?)-decomposition (4.3) is viewed as a parameter that dictates
the separation of the scale decomposition f = uy + vy. Following Meyer [127]: “The first
component uy 1s well structured and has a simple geometric description since it models the
objects that are present in the image. The second component vy contains both the textured
parts and the noise”.

In [143], to solve problem (4.1), the gradient descent method was used, which required to
solve numerically the parabolic problem

le<‘D ‘> Mu — f) in (0,00) x Q,
‘Du|n =0 on (0,00) x 01,
u(0,x) = vo(z) inx €.

(4.7)

Then, the denoised version of f is approached by the solution of (4.7) as t increases. The
concept of solution for which this problem is well-possed was given in [11]. We will see here
that a non-local version of (4.7) can be used to approach the solutions of the ROF-model in
the workspace of metric random walk spaces (see Theorem 4.11).

Our aim is to study the (BV, LP)-decomposition, p = 1,2, of functions in random walk
spaces, developing a general theory that can be applied, in particular, to weighted discrete
graphs and nonlocal models.

4.1. The Rudin-Osher-Fatemi Model

Let [X, B,m,v] be a reversible random walk space, f € L*(X,v) and A > 0. Our aim in
this section is to study the m-ROF-model:

(4.8) min{ J lu(z) — f(2)Pdv(z) : ueL2(X,1/)}.

We will start by proving existence and uniqueness of the minimizer of problem (4.8) as
well as a characterization of this minimizer.
Let us write

A
gm(u7 f7 >‘) = TVm(U) + 5”“‘ - f”%Q(XJ/)a ue L2(X7 V)‘
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THEOREM 4.1. Let [X,B,m,v] be a reversible random walk space and assume that v is
a probability measure. For any f € L*(X,v) and X > 0, there exists a unique minimizer uy
of problem (4.8). Moreover, uy is the unique solution of the problem

(4.9) Au— f) € AT ().

Consequently, uy € L?(X,v) is the solution of problem (4.8) if, and only if, there exists
ge L®(X x X, v®my,) antisymmetric such that

(4.10) Muy — f) =divp,g
and
g(z,y) € sign(ur(y) —ux(z)) for (v @my)-a.e. (z,y)e X x X.

PROOF. Let f € L?(X,v) and let {un}neny © L?(X,v) be a minimizing sequence of
problem (4.8), i.e.,

o :=inf {Gm(u, f,\) : ue L*(X, v)} = nlgrgo G (un, f, M.

n 12(){7,}) ~ 2 n J 12( 71/) ’ 2( ,l/) ~ 2 )\gm TL)J? J IZ(X,V) ’

we have that {u,}nen is bounded in L?(X,v) and we can assume that, up to a subsequence,
U, —uy weakly in L2(X, v).

Therefore, by the lower semi-continuity of the L?-norm with respect to the weak convergence
in L2(X,v) and Corollary 3.10, we have that

gm(u)\a f7 A) < lim lo%f gm(unu f7 )‘) = Q,

and, consequently, u) is a minimizer of problem (4.8). The uniqueness of the minimizer
follows from the strict convexity of | - |2, (x,) and the convexity of T'V;,.

Since wy is a minimizer of problem (4.8), we have that 0 € G, (uy, f, A). Now, if ®(u) :=
Mu - f“%z(X ,y» then, by [43, Corollary 2.11] we have that

(4.11) 0Gm(u, f,X) = 0Fm(u) + 00(u),

thus
0 € 0Gm(ux, f,A) = 0Fm(ur) + Aur = f),
which yields (4.9). Then, the characterization of uy follows from Theorem 3.13. g

Observe that, on account of (3.15), we have that uy is the solution of problem (4.8) if,
and only if,

f —Uu) € Gm(X, I/),

)\f (f —un)updv = TV, (uy).
X
As a consequence of this we have the following result.

PROPOSITION 4.2. Let [X, B, m,v] be a reversible random walk space and assume that v
is a probability measure. Let f € L?>(X,v) and X > 0. Then, uy = 0 is the solution of problem
(4.8) if, and only if,

1
FEGu(X0) and |flme <}
For fe Gn(X,v), if | flm« > %, then uy 1s characterized by the following two conditions
1
I = sl =
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and
)\J (f —un)undv = TV (uy).
X

PROOF. The first part follows from (4.12). Let f € G, (X, v) with | f]m,» > 5. From (4.12)
again,

H)‘(f - UA)Hm,* £1 and )\f (f — U)\)U)\dV = TVm(U)\)

X
Now, since | f|lm,« > %, we know that uy # 0, thus, by (3.14), we have
A
A f — > — dv = 1.
R e e TV
Therefore,
1
I = urlms = 3
and we conclude the proof. O

The m-ROF-model leads to the following (BV, L?)-decomposition:

A
f=ux+vy, [urnv]= arg min {TVm(u)+|v|%2(Xy) : f:u—i-v}.
(uw)eL2(X ) x L2(X V) 2 ’

Then, bringing together the previous results we obtain:

COROLLARY 4.3. Let [X, B, m,v] be a reversible random walk space and assume that v is
a probability measure. Let f € L?(X,v) and X\ > 0. For the (BV, L?)-decomposition [uy, v]
of f, we have:

(i) vx € Gu(X,v), |vrlmy« < § and )\JX vaurdy = TV (uy).

(ii) uy = 0 if, and only if, vy = f.
(111) For f e Gpn(X,v), if | flm« > %, then

1
[oallm,« = — and )\J vpurdy = TV, (uy).
A X

REMARK 4.4. (i) If X is too small then the regularization term 7'V}, (u) is excessively pe-

nalized and the image is over-smoothed, resulting in a loss of information in the reconstructed
image. On the other hand, if A is too large then the reconstructed image is under-regularized
and noise is left in the reconstruction.
(ii) In [149] and [150], Tadmor, Nezzar and Vese propose a multiscale decomposition in
order to overcome the difficulties that have been brought up in the previous point. In this
regard, the space of functions G,,(X,v) is of particular interest, since, as we have seen in
Corollary 4.1, after a first decomposition [uy,vy] the function vy is a function of G, (X, v)
which in turn can be decomposed. The multiscale decomposition takes advantage of this fact
by taking an increasing sequence of scales \; tending to infinity and inductively applying the
(BV, L?)-decomposition with scale parameter ;{1 to vy, so that after k-steps we have

f

Z U); + U, Hv/\k Hm* <

k
1

; e
Integrating both sides of (4.10) over X with respect to v and using Green’s formula (3.4)
(with w =1 and z = g) we get:

PROPOSITION 4.5. Let [ X, B, m,v] be a reversible random walk space and assume that
v is a probability measure. Let f € L?>(X,v). If uy € L*(X,v) is the unique minimizer of
problem (4.8) then

JX uy(x)dv(x) = JX flx)dv(x).
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4. (BV, LP)-decomposition, p = 1,2, of functions 139

Furthermore, we have the following Maximum Principle.

PROPOSITION 4.6. Let [X, B, m,v] be a reversible random walk space and assume that v
is a probability measure. Let f1, fo € L>(X,v). If [\, vix] is the (BV, L?)-decomposition of
fi, 1 =1,2, then
(4.13) I(urx = w2 )2y < 10— f2) T2

In particular, for ¢, C € R, if ¢ < f < C v-a.e., and [uy,v)] is the (BV, L?)-decomposition
of f, then

c<uy<C v-ae.

PROOF. Since A(u;x — fi) € A (u;0), ¢ = 1,2, (4.13) is a direct consequence of the
complete accretivity of —A" (see Appendix A.7).

The second part follows from (4.13) and the fact that, for a constant k € R, [k, 0] is the
(BV, L?)-decomposition of f = k. O

REMARK 4.7. For the local ROF-model in RY it is well known that, if f = XB,(0), then
the solution is given by

{ 0, for 0 <\ < 5,
uy =

1 1
(1—m) XBT(O)’ for A > o

For the m-ROF-model studied here, if [ X, B, m,v]| is m-connected, A > 0 and f = Xq, there
does not exist a solution of the form cXq whatever §2 € B such that 0 < v(Q2) < 1. Indeed,
if such a solution exists then, by Proposition 4.5, we would have ¢ = 1. Hence, by Theorem
4.1, we have that

0e AT"Xq,

which is not possible since [X, B, m,v] is m-connected.
However, we can have a solution of the form cXg if f = Xq+hXx\q for some m-calibrable

set Q € B and a function h € L?(X,v) satisfying
1
f hdv = ——Pp, ().
xX\Q A

Indeed, let Q € B, h € L?*(X,v) and suppose that f = Xq + hXx\q. Then, we need the
following equation to be satisfied:

)\(C — ].)XQ — )\h(I)Xx\Q € ATXQ,

which, by Remarks 3.41 and 3.45, holds if c = 1 — %, Q) is m-calibrable and
1
f hdv = ——P,,(Q).
xX\Q A

For example, we can take f(x) = Xq(x) — %mx(Q)XX\Q(:E), so that uy = (1 - %) Xq.

In the next result we construct a minimizer of (4.8) for f = bu, where u is a solution of

—u € AT"u. Observe that, in this case, f fdv =0.
X

PROPOSITION 4.8. Let [X, B, m,v] be a reversible random walk space and assume that v
is a probability measure. Let \,b > 0. If ue L*(X,v) is a solution of

(4.14) —ue AT,

then uy = (b— %)Jru is a minimizer of (4.8) with f = bu. Conwversely, if (b— %)u s a
minimizer of (4.8) with f = bu, then wu is a solution of (4.14).
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PROOF. Set a = (b— %)Jr and let u € L?(X,v) be a solution of (4.14). Suppose first that

b > %, so that a = b — % Then,
Mau —bu) = —u € AT (u) = AT (au).
Hence, by Theorem 4.1, we have that au is a minimizer of (4.8) with f = bu. Now, assume
that b < %, so that a = 0. Since u is a solution of (4.14), there exists g € L*(X x X, v ®m,)
antisymmetric such that
—div,g =u
and
g(xz,y) € sign(u(y) —u(z)) for v @my-a.e. (x,y) € X x X.

If z := \bg, we have that |z]|1=(xxxvem.) < 1,

1
—Xdivmz = —bdiv,,g = bu,

and
z(x,y) € sign(0) for (v @ my)-a.e. (z,y) e X x X.
Therefore,
—\bu € 0F,(0),

and, by Theorem 4.1, we have that 0 is a minimizer of (4.8) with f = bu.

Suppose now that au is a minimizer of (4.8) with f = bu and b —a = % Then, by
Theorem 4.1, we have

—Aau — bu) € 0F,(au).

Hence, u is a solution of (4.14). O

REMARK 4.9. There is a formal connection between the m-ROF-model (4.8) and the total

variation flow (3.18) that can be drawn as follows. Given the initial datum ug, we consider an
implicit time discretization of the total variation flow using the following iterative procedure:
Unthn—l e AT'uy, neN.
Identifying the time step At in (4.15) with the regularization parameter in (4.8), that is,
taking A = ﬁ, we observe that each iteration in (4.15) can be equivalently approached by
solving (4.8) (see (4.9)), where we take u = u,, and f = u,_1. In the next section we discuss
how to solve the m-ROF-model via the gradient descent method.

4.1.1. The Gradient Descent Method. As in [143], we can see that problem (4.8)
s well-posed by using the gradient descent method. For this, one needs to solve the Cauchy
problem

(4.15)

v € Au(t) — Mv(t) — f) in (0,T) x X
(4.16)
v(0,z) = vo(x) inxeX,

[ ]

Now, problem (4.16) can be rewritten as the following abstract Cauchy problem in L?(X,v)
(recall (4.11)):

(4.17) V' (t) + G (v(t), £,A) 30, v(0) = v.

Then, since G (-, f, A) is conver and lower semi-continuous, by the theory of maximal mono-
tone operators ([43]), we have that, for any initial data vy € L*(X,v), problem (4.17) has
a unique strong solution. Therefore, if we define a solution of problem (4.16) as a function
ve C0,T; L*(X,v)) n I/V;’CI(O,T; L?(X,v)) such that v(0,z) = vo(z) for v-a.e. z € X and
satisfying

with vy satisfying

Ao(t) = f) +ve(t) € AT (v(t))  for a.e. t€(0,T),
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we have the following existence and uniqueness result.

THEOREM 4.10. Let [X,B,m,v] be a reversible random walk space and assume that v is
a probability measure. For every vy € L?(X,v) there exists a unique strong solution of the
Cauchy problem (4.16) in (0,T) for any T > 0. Moreover, we have the following contraction
and maximum principles in any L1(X,v)-space, 1 < q < 0:

(4.18) [(w(t) = w(t) ax.) < (o —wo)  lLax,y YO<t<T,

for any pair of solutions v, w of problem (4.16) with initial data vy, wo € L*(X,v) and noisy
images f, f € L*(X,v), with f < f, respectively.

Note that the contraction principle (4.18) in any Li-space follows from the fact that the
operator 0Gm (-, f, \) is completely accretive (see Appendiz A.7).

THEOREM 4.11. Let [X, B, m,v] be a reversible random walk space and assume that v
is a probability measure. For f € L?>(X,v), let (T\(t))i=0 be the semigroup solution of the
Cauchy problem (4.16). Then, for every vg € L*(X,v), we have

(4.19) IT5(t)vo — urllz2ex ) < vo — unlr2(x,) € for all t =0,
where uy is the unique minimizer of problem (4.8) with this same f.
PRrOOF. If v(t) := T)(t)vg, we have
ve + Av(t) — f) € AT (v(t),
and, by Theorem 4.1,
AMux — f) € A" (uy).

Now, since —A"" is a monotone operator in L*(X,v), we get

fX<v<t> —un) (= — A(w(t) — ) — (—Mux — f))dv >0,

from where it follows that

1d
Ld ) = up)2dy + )\J (0(t) — uy)2dv < 0.
2dt Jx e
Then, integrating this ordinary differential inequality, we obtain (4.19). ([l

PROPOSITION 4.12. Let [X, B, m,v] be a reversible random walk space and assume that
v is a probability measure. Let f € L*(X,v) and (T\(t))¢=0 be the semigroup solution of the

Cauchy problem (4.16) and let vo € L*(X,v) satisfying J vodv = f fdv. Then,
X b's

J T)(t)vodv = J fdv  for allt > 0.
b's X

PROOF. If v(t) := T)(t)vg, we have
ve + AMo(t) — f) € AT (v(t)).

Integrating over (0,t) x X with respect to £! ®v and having in mind that f
X

vodv = J fdv,
X

we get

AE L o(s)duds — Mt JX fdv + L o(B)dv — L fdv = 0.

Then, the function
t
z(t) :zf J v(s)dvds,
0JX

Universitat de Valéncia Marcos Solera Diana




142 4.2. The m-ROF-Model with L!-fidelity term

verifies
)+ () = (M + 1) f Fdv
2(0) =0, *

whose unique solution is z(t) = tJ fdv. Hence,
X

JX o(t)dy = JX fdv. 0

4.2. The m-ROF-Model with L'-fidelity term

In this section we will study the m-ROF-model with L'-fidelity term, that is, given f €
LY(X,v) and X\ > 0, we will study the minimization, over L'(X,v), of the energy given by
the sum of the total variation and the L'-fidelity term:

min{TVm(u)+)\f |lu— fldv : ueLl(X,y)}.
b'e

DEFINITION 4.13. Let [X, B, m,v] be a reversible random walk space and assume that v
is a probability measure. Let f € L'(X,v) and A > 0. We denote

Em(u, fLA) := TV (u) + )\J lu — fldv, we L'(X,v),
X

and

gm(f7 )‘) = ueLllr%f)‘( ) gm(ua f7 )‘)

Moreover, we denote the set of minimizers of &, (-, f, A) by:
M(f,A) o= {ue LN(X,v) : Enlu, /,N) = Em(f,0)}

Note that the set M(f,\) can have several elements. Due to the convezity and the lower
semi-continuity of the energy functional En,(+, f, \) we have that the set M(f, \) is closed and
conver in LY(X,v).

In the local case, that is, for problem (4.4), the fact that there exists a minimizer for every
datum in L' is a consequence of the direct method of the calculus of variations. However, in
our context, we do not have sufficient compactness properties in order to apply this method.
Therefore, the proof of the fact that M(f,\) # & for every f € L'(X,v) will be shown
after the study of the geometric problem associated to the (BV, L')-decomposition (which is
addressed in Section 4.2.1).

We have the following Maximum Principle.

PROPOSITION 4.14. Let [X, B, m,v] be a reversible random walk space and assume that
v is a probability measure. Let f € LY(X,v), A > 0 and ¢,C € R, and assume that c < f < C
v-a.e. Then,

c<u<C v-ae. YueM(f ).

PROOF. Let u e M(f,\). Obviously, we have that TV, (u A C') < TV,,(u) and |(u A C) —
f] < Ju— f| v-a.e. Hence,

TVin(un C) + Al(u A C) = fllrrcxwy < TVim(w) + Mu = fllrrxw):

However, since u € M(f, A), this inequality is, in fact, an equality, thus ||(u A C) = fll1(x,) =
lu — fl 1 (x> from where we conclude that

unC=u v-ae.

Similarly, it follows that v v ¢ = u v-a.e. ([
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REMARK 4.15. Following [55, Claims 4 & 5], if Ao > A1 > 0, then

Hu)\l - fHLl(X,V) > ||U)\2 - f“Ll(X,I/) for uy; € M(f7 )\Z)a 1=1,2,
and the set
A(f) = {)\ cooinf Ju—flpxy < osup Ju— f|L1(X,z/)}

ueM(f,\) weM(f,\)

5

is at most countable.

PROPOSITION 4.16. Let [X, B, m,v] be a reversible random walk space and assume that
v is a probability measure. If f € LY(X,v), then E,(f, \) is Lipschitz continuous with respect
to .

PROOF. Since &, (f,\) is defined as the pointwise infimum of a collection of increasing
and linear functions in A\, we have that &,,(f, A) is increasing and concave in A. This, together
with the fact that

Em(f,N) < ER(O, f,A) = AHfHLl(X,Z/)a
gives the desired property. O

LEMMA 4.17. Let | X, B, m,v] be a reversible random walk space and assume that v is a
probability measure. Let Q€ B and A > 0. Then,

uy € M(Xq,\) © Xx —uy € M(XX\Q, A).
Proor. This follows easily since &n(u,Xq,\) = En(Xx — u,Xx\q,A) for every u €
LY(X,v). O
In the next result we obtain the Euler-Lagrange equation of the variational problem (4.22).

THEOREM 4.18. Let [X, B, m,v] be a reversible random walk space and assume that v is
a probability measure. Let f € L*(X,v), X > 0 and uy € L*(X,v). Then, uy € M(f,\) if,
and only if, there exists & € sign(uy — f) such that

X € AT (uy).
Proor. We have that &, (u, f,\) = TV,,(u) + AGf(u), with

Grlu) := JX lu — fldv, ue L'(X,v).

Let us first see that uy € M (f, A) if, and only if, 0 € 0&,, (uy, f, A) (with &, (-, f, \) considered
as a functional in L?(X,v)).
Suppose that uy € M(f,A). Then,

gm(u)\afv A) < gm(uv fa )‘) Vu € Ll(Xa V)

thus, in particular, for every u € L?(X,v). Therefore, 0 € 0&,(uy, f, \).
Suppose now that 0 € &, (uy, f,A). Let u € L'(X,v) and (ug)r=1 < L?(X,v) such that

U 5 win L'(X,v). Then, since 0 € 0&,,(uy, f,\), we have that
Emun, fL\) < Enlu, fLA) VE =1,
and, by Proposition 3.4, we may take limits in k£ to obtain
Em(ux, [,A) < Emlu, f,N).

Hence, since u € L' (X, v) was arbitrary, we get that uy € M(f, \).
Now, by [43, Corollary 2.11], we have that

0Em(u, £, ) = 0Fm(u) + A0G s (u),

and then
uy € M(f,\) © 0€ dFn(uy) + A0G¢(uy).
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Moreover, it is not difficult to see that
ve dGr(uy) < vesign(uy — f),

thus,
uy € M(f,\) < 3¢ esign(uy — f) such that A\ € AT (uy). O
REMARK 4.19. As a consequence of Theorem 4.18 and Theorem 3.13, we have that,

given uy € L*(X,v), uyx € M(f,)\) if, and only if, there exists £ € sign(uy — f) and g €
L*®(X x X, v ®m,) antisymmetric satisfying

J g(z,y)dmy(y) = A(z) for v-a.e x € X,
X

and
g(x,y) € sign(uy(y) —ux(x)) for v@mg-ae (z,y)e X x X.

Let’s see that the (BV, L')-decomposition is contrast invariant (see [71] for the continuous
case).

COROLLARY 4.20. Let [X, B, m,v] be a reversible random walk space and assume that v
is a probability measure. Let f € L*>(X,v), A >0 and T : R — R a nondecreasing function.

If uy € M(f, ), then T(uy) € M(T(f),\).
PROOF. Given uy € M(f, ) we have that, by Theorem 4.18, there exists £ € sign(uy — f)
such that
X € AT (uy).
Then, since 7" is nondecreasing, we have that £ € sign(7(uy) — T'(f)) and
X € AT (T (uy)).

Therefore, applying again Theorem 4.18, we get that T'(uy) € M(T(f), \). O

Like in the local case, by the “layer cake” formula (see [55, Proposition 5.1]), we obtain
that

a0
J lu— fldv = J v({x :u(z) >t} Az f(x) > t})dt
X —00

where
AN B:=(A\B)u (B\A).

Therefore, by the coarea formula (Proposition 3.5), the energy functional En(-, f,\) can be
rewritten in a geometric form in terms of the energies of the superlevel sets of u as follows.

THEOREM 4.21. Let [X,B,m,v] be a reversible random walk space and assume that v is
a probability measure. Let u, f € L'(X,v) and X\ > 0, then

+co

Enlu, .0 = |

—0

(Pl Bu(w) + M (Euw) & E()) ) dt.

Consequently, given Q € B and taking f = Xq, by the Mazimum Principle (Proposition
4.14), we get

1

(4.20) Emn(ts X, N) = J

0 (Pm(Et(u)) + A Ey(u) A Q))dt.
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4.2.1. The Geometric Problem. Given F € B and A > 0, we consider the geometric
functional
EG(AF N\ = Pu(A)+ W(AAF), AeB.
In view of Theorem /.21, given f € LY(X,v), one may consider the family of geometric
problems

(4.21) P(f,t,7): inf £7(A, Bi(f),)), teR.

Moreover, we can prove that a minimizer of Sg(-, F,\) always exists:

PROPOSITION 4.22. Let [ X, B, m,v]| be a reversible random walk space and assume that v
s a probability measure. Let F' € B be a non-v-null set and A > 0. Then, there exists a min-
imizer uy of Em(-,Xr,\). Moreover, for a.e. t €]0,1[, Ey(uy) is a minimizer of ES(-, F,\),
and
inES(A,F,\) = min  En(u, Xp, ).
I/}‘lellr,j,l m( s L7y ) ue[rlrll(lgl(,y) m(ua F, )
PROOF. Since Xp € L*(X,v), by the direct method of the calculus of variations, we have
that there exists uy (which, by Proposition 4.14, belongs to L*(X,v)) such that

gm(U)\, XF, )\) = uegl(lgl( ) gm(ua XF, )‘)

Now, by Theorem 4.21,
1
f ES(Ey(uy), F,N)dt = En(ux, Xp, ) < inf E,(Xa, Xp, \) = inf ES(A, F,\),
0 AeB AeB

hence, for a.e. ¢ €]0, 1],
En(Er(uy), F,\) = inf £7(A, F, ),
€

which concludes the proof. Il

This proposition is, in fact, a consequence of the following stronger result, which was
proved in [162] for the local case. However, since its proof only uses properties of mea-
sures, the submodularity of the perimeter (which we have proven for the m-perimeter; see
Proposition 1.59) and the local version of Theorem 4.21, the same proof yields the following
result.

LEMMA 4.23. Let [X,B,m,v] be a reversible random walk space and assume that v is a
probability measure. Given f € L'(X,v) and A\ > 0, there exists a function u € L'(X,v) such
that

En(Ex(u), B (f),N) = inf E5(A, Ei(f), ) VEeR.
€

THEOREM 4.24. Let [X, B, m,v] be a reversible random walk space and assume that v is
a probability measure. For f € LY(X,v) and A\ > 0 there exists (at least) one minimizer of
the variational problem
4.22 min  En(u, f, A).
(4.22) ueL (X, ) m(t, ;)

PROOF. Let u be the function obtained in Lemma 4.23. Then, by Theorem 4.21, given
ve LY(X,v), we have

Enlu 0 = |

—Q0

+o0 +00

EXE). BN < [ EGEW). EN) Nt = En(v. f2). O
—00

Duwal, Aujol and Gousseau in [78, Theorem 4.2] (with the help of [162, Theorem 3.1])
show that, in the local case, there is, in fact, an equivalence with the geometric problem. This
result can be extended, on account of the submodularity of the m-perimeter (Proposition 1.59),
to our monlocal context:

Universitat de Valéncia Marcos Solera Diana



146 4.2. The m-ROF-Model with L'-fidelity term

THEOREM 4.25. Let [ X, B, m,v] be a reversible random walk space and assume that v is
a probability measure. Let f € L'(X,v) and A > 0. The following assertions are equivalent:
(i) w is a solution of Problem (4.22).
(ii) Ei(u) is a solution of (4.21) for a.e. t € R.

In [78, Proposition 5.5] it is also shown that at points where the boundary of a minimizer
of the geometric problem for datum F < R? and fidelity parameter A does not coincide with
the boundary of F, the mean curvature is £ X. Let us see that there is a nonlocal counterpart
of this fact but where the nonlocal character of the problem gives rise to a nontrivial extension
(recall Definition 1.60).

PROPOSITION 4.26. Let [X, B, m,v] be a reversible random walk space and assume that
v is a probability measure. Let A > 0, F € B with 0 < v(F) < 1, and E € B a minimizer of
EG(-,F,\). Let A€ B with v(A) > 0.

(1) Then,
(i) if v(A\E) > 0,
1 " 1
J(A\E) " Hop(x)dv(z) = =X + J(A\E) JA\E ma(A\E)dv(z) = —\.
(ii) if v(An E) >0,
_ Hm (x)du(x)</\—1J malA ~ E)i(z) <A
V(ANE) Janp = VAANE) Jup © <

(2) Moreover,
(i) if v(A\E) > 0 and v(A\F) = 0, then

1/(141\E) g Hip(x)dv(z) = A+ V(Al\E) JA\E mg(A\E)dv(z) = A.
(ii) if v(AnE)>0 and v(An F) =0, then

y(AlmE) B EH?E(:C)dV(:E) < -A— y(AlmE) JA me(A N E)dv(z) < -\

PROOF. (i): Suppose that v(A\E) > 0. Since F is a minimizer of £5(-, F, \), we have
that
Po(E)+ W(EAF)<Puo(EUA)+ W({(EuA)AF),

J L\E dma (y)dv (@ JEuA JX\ o dmg(y)dv(z) S A(v((E v A) AF) - v(EAF)).

vV(EVA)AF)—v(EAF))=v(A\E) —2v((An F)\E) < v(A\E)
but, if v(A\F) = 0, then v((A n F)\E) = v(A\E) so
v(EVA)AF)—v(EAF))=—-v(A\E).

Moreover,

J J dm,(y)dv(z J f dmy(y)dv(x)
X\FE EuA JX\(EUA)
JJ dmg(y)dv(z f f dmg (y)dv(zx J J dmg(y)dv(x)
A\E AE JX\E AE JAE
J Jdmm Ydv(x) —f J dmg(y)dv(zx J J dm(y)dv(x)
A\E A\E JX\E A\E JA\E

= — Hip(x)dv(z) + J mg (A\E)dv ().
A\E A\E
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Consequently:
(1)
o [ @ s s s [ maean),
V(A\E) A\E V(A\E) A\E
(2) If v(A\F) = 0, then
| M@ = A+ [ )
V(A\E) A\E V(A\E) A\E

(ii): These statements follow from (i) by (1.12) and by taking into account that, since
Pu(E) = Pp(X\E) and EA F = (X\E) A (X\F), E is a minimizer of £G(-, F, )) if, and
only if, X\E is a minimizer of £5(-, X\F,\), and, further, that A n F = A\(X\F) and
An (X\F) = A\F.

Indeed, let us see, for example, how (1)(i) implies (1)(ii). First of all, as already men-
tioned, since F is a minimizer of £ (-, F, \), we have that X\E is a minimizer of £5(-, X\ F, \).
Now, suppose that v(A n E) > 0. Then, since A\(X\E) = A n E, we may apply (1)(i) to
the minimizer X\E of £5(-, X\ F, \) to obtain the following:

1 1
m L\(X\E) H?EX\E) (r)dv(z) = —A + m JA\(X\E) ma(A\(X\E))dv(z),
which, by (1.12), can be rewritten as
- Hop(z)dv(z) < A — 1f my(A N E)dv(z) < A O
V(ANE) Jane V(ANE) Jung

COROLLARY 4.27. Let [V(G),dg, m%,vg] be the metric random walk space associated
to a connected weighted discrete graph G, and let E, F' and A be as in the hypothesis of
Proposition 4.26. Then,

(1) we have
(4.23) B (1) S—A— L Voe B\,
and
(4.24) A+ = <HE (a) Ve F\E.
(2) we have

Hg”,f(x) <)\—% Vre EnF,
and

A+ w;“ <SHT (2) Voe X\(Eu F).

PrOOF. (1): If E\F # (J let x € E\F and take A = {z}, so that A n E'= A. Note that
v (A) > 0 since G is connected. Then, since A n F' = ¢F, by Proposition 4.26 (2)(ii), we get
| M vy < -3 - — (v (y)
—_— Y)dv(y) < =\ — ——— my({z})dv(y).
va({z}) Jioy " va({z}) Jy 7
That is, ’Hg‘EG () < =X —my({x}) for every z € E\F, which gives (4.23). Now, (4.24) can
be obtained with a similar argument by using Proposition 4.26 (2)(i), or as follows: since
E is a minimizer for &,,c(-, F, ), it follows that X\E is a minimizer for &,,c (-, X\F, ).
Consequently, from (4.23),
We,z

= o e (X\E)\(X\F),

Hiixu) (@) < =\
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148 4.2. The m-ROF-Model with L'-fidelity term

that is, since Hg(f(\E) (z) = — 3’}5 (@),

1 () = )\+% Vi e F\E.

The proof of (2) is similar. O

With this results at hand, we obtain a priori estimates on the A for which a set E can be
a minimizer of EG(-, F,\). Indeed, we must try with \ such that

max<{ sup (7—[3}50 (z) + ng) , sup (— E”EG (x) + wx’x)
2€FnE dy ) 2¢FUE dy

SAs min{ inf (—Hzf (x) - u:;’”)  inf (H?EG (2) - w;"”) } .

TEF\F x reF\F

DEFINITION 4.28. Let (X, d, ) be a metric measure space. For a measurable set £ c X
we will write x € 0, F if

V(Be(z) nE) >0 and v(B(z)\F) >0 for every e > 0.

COROLLARY 4.29. Let Q be a bounded domain in R™ and let m = m”% be the random
walk given in Example 1.42. Suppose further that supp(J) = B, (0). Let E, F and X be as in
the hypothesis of Proposition 4.26 and suppose that 0,nE is not empty. Let x € 0 N E.

(i) If there is a neighborhood V < Q of x such that LN (V A F) = 0 then

—)\—QJ J(x —y)dy < g’}j’”(x)g—A ifreE
RN\Q
and

—)\<7—[5”;Q(:1:) < —)\+2J J(x—y)dy if € Q\E.
RN\Q

(ii) If there is a neighborhood V < Q of x such that LN (V\F) = 0 then

mde

)\—QJ Jx—y)dy <HZy (vr) <\ ifzekE
RN\Q

and

A< HIE @) < A+ QJ J(z—y)dy ifzeO\E.
RN\Q

In particular, for v € 0,8 E such that d(x,RN\Q) > r, either x € 0,8 F or, if v ¢ O,nF, then
mJ

o (x) = £

PROOF. (i): Let z € d,~FE such that we can find a neighborhood V' < Q of z with
LN(V AF) = 0. Then, for ¢ > 0 small enough, we have that B.(z)  Q and v(B.(z) nF) = 0.
Hence, by Proposition 4.26 (1)(i) and (2)(ii) with A = B(z), and recalling Remark 1.61,

1
LN (B (z)\E) JBE(@\E (L\E J(z = y)dy — fE J(z = y)dy + fRN\Q J(z— y)dy> dz > —\,

and

1
LN(Be(x) n E) JBG (o)nE (L\E J(z —y)dy — JE J(z —y)dy — JRN\Q J(z — y)dy> dz < =\
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Now, since, z — J(z —y)dy — J J(z —y)dy and z — J(z — y)dy are continuous,
Q\E E RN\Q
we get, by letting € tend to 0 in the above inequalities, that
—A— J(x —y)dy <J J(ﬂc—y)dy—f J(x —y)dy
RN\Q Q\E E

-+ f J(x —y)dy.
RN\Q
Therefore, we have that
“A— 2J J(z—y)dy <M (z) < -\ ifzeE
RN\Q

and
-2 < %QIEJQ(QJ) < -2+ 2f J(x —y)dy if xe Q\E.
RN\Q

Consequently, if d(z,RV\Q) > r, then SRN\Q J(x —y)dy = 0 and

m
50w = [ -y | Iy = -x
O\E E
A similar proof using Proposition 4.26 (1)(ii) and (2)(i) gives (ii). O

Since the metric random walk space of the previous corollary satisfies de strong-Feller
property (recall Definition 1.35), some of the results given there (though not all) will follow
from the following results.

LEMMA 4.30. Let [X,d,m,v] be a metric random walk space, and let x € X. Suppose
that [X,d,m,v] has the strong -Feller property at x. Then, for a sequence of measurable sets
A, < B(z, %) with 1/( ) >0, neN, we have:

lim —— f my(E)dv(y) = mg(E) for every measurable set E c X.

n—o0 y

In partz’cular

lim —— J Hip(y)dv(y) = Hig(x) for every measurable set E < X.

n—ae0 V

PROOF. Let E < X be a measurable set. Since the random walk has the strong—Feller
property at x, there exists ng € N such that |my(E) — my(F)| < € for every y € B(x ’no)

Then, for n = ng, since A, © B(z, L), we have

1
—_— mEdl/y—me‘<J my(E) —my(E)|dv(y) < e. (I
S | ) —m)| < s [ () = maEaty

PROPOSITION 4.31. Let [X,d,m,v] be a reversible metric random walk space. Let E, I
and X\ be as in the hypothesis of Proposition 4.26. Let x € 0,E and suppose that [X,d, m,v]
has the strong-Feller property at x. The following holds:

(1) If there is a neighbourhood V of x such that v(V n F) =0, then Hip(x) = —A.
(2) If there is a neighbourhood V' of x such that v(V\F') =0, then H3p(z) = A.
(3) HEp(@)] <A

In particular, if [X,d, m,v] has the strong-Feller property, then
(1) Hip(xz) = =X for every x € 0, E n int( X\F).
(2) HE(x) = X for every x € 0, E n int(F).
(3) [HEp(x)| <A for every x € 0, E.
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PROOF. The proof follows by Proposition 4.26 and Lemma 4.30. Indeed, let us prove (1).
Take A, = B(z, 1)\E, then, since z € 9,F, we have that v(A,) > 0. Therefore, by (1)(i) of
Proposition 4.26, we have

1
v(An) Ja,
and taking limits when n — oo, by Lemma 4.30, we get that HZ}(z) > —\.
To prove the opposite inequality we proceed analogously by taking A, = B(z, %) N
and using (2)(ii) of Proposition 4.26 (note that, since V' is a neighborhood of z, v(A4,, n F'
v(V n F) =0 for n large enough).

Hi5(y)dv(y) = —X\ for n large enough,

O /A

4.2.2. Thresholding Parameters. In the local case it is well known (see [55]) that for
f = Xp,(0) the solution uy of problem (4.4) is given by:
(i) ux=0if 0 <A< 2,
(i4) uy = cXp, (o) with0 < c <1 if A = %,
(iii) uy = Xp,(0) if A = 2.
In [78, Proposition 5.2] it is shown that this thresholding property holds true for a large class
of calibrable sets in R%2. Our goal now is to show that there is also a thresholding property in
the nonlocal case.

For a constant ¢, we will abuse notation and denote the constant function cXx by c
whenever this is not misleading.

LEMMA 4.32. Let [X,B,m,v] be a reversible random walk space and assume that v is a
probability measure. Let f € LY (X,v) and \g > 0.

(i) If f € M(f,\o) then
{f}=M(f,2) VA> Ao

(ii) If f € L*(X,v) and a constant ¢ > 0 satisfies c € M(f, \o), then c € med,(f),
med, (f) = M(f, o),

and
med, (f) = M(f,A) Y0 << Ao

(iii) Let v € LY (X,v) and Ao < 1. If u € M(f, o) n M(f,\1), then uw € M(f,\) for every
Ao KA AL

PROOF.
(i): Take A > Ao, then, for any u € L'(X,v) such that v({u # f}) > 0, we have

gm(f, f7 )‘) = TVm(f) = gm(f, fv A0) < gm(u>f7 )\0) < gm(ua fv A)

(ii): Since ¢ € M(f, A\g) we have that, by Theorem 4.18, there exists £ € sign(c — f) and
ge L*(X x X, v ®m,) antisymmetric satisfying

J g(x,y) dmy(y) = Mo&(z) for v-a.e z € X and
b's

g(z,y) € sign(0) for (v ® my)-a.e. (r,y) € X x X.

1
| cav@) = | | st dmavia) ~o
X 0Jx Jx
so that 0 € med,(c — f), which is equivalent to ¢ € med,(f). Now, for A\ < )\g, taking
A

g (z,y) = 5 9(z,y) we obtain that

Then,

ce M(f,A).
Furthermore, by (3.48), for any other m € med, (f) and any A > 0,

E(e, fho) = )\JX|C—f|dV = )\JX|m—f|d1/ =E&(m, f, ),
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so that
med, (f) € M(f, o), V0 <A< Ao
Now, let m € med, (f), for any constant function k ¢ med, (f), by (3.48) we have that

JX|k—f|dV > JX |m — fldv

so k¢ M(f,\) for every A > 0.
Suppose then that there exists some nonconstant function u, such that u € M(f, \) for
0 < A < Ag. Since v is ergodic with respect to m we have that T'V,,,(u) > 0, thus

E(u, fLN) < E(m, f, )

| tu= v < | =
X X
and, therefore,

amﬁm>=5WJAwwM—A4;m—ﬂw

implies that

< E(m, £ 0) + (o — )\)J im — fldv = E(m, £, \o)
X
which is a contradiction. Consequently,
med, (f) = M(f,\) Y0 < X< Ao.
(iii) Follows easily. O

PROPOSITION 4.33. Let [X, B, m,v] be an m-connected reversible random walk space and

assume that v is a probability measure. Let (Ao, uo) be an m-eigenpair of the 1-Laplacian AT
on X with \g > 0. Then, 0 € med,(uy) and

med, (ug) = M (ug, \) if 0< X< Ao,
{cug : 0 < e <1} umed,(ug) € M(ug, M),
{’LL(]} = M(UO,)\) Zf A > )\0.

PROOF. Since (Ao, up) is an m-eigenpair of the 1-Laplacian AT with \g > 0, we have
that 0 € med, (up) (see Corollary 3.71). Furthermore, by the definition of m-eigenpair, we
have that

3¢ € sign(ug) such that — A&y € A" (up).
Hence, for 0 < ¢ < 1, £ := =& € sign(cup — up) and Ao& € A" (ug) = AT*(cup), which implies
that cug € M (ug, Ao). Moreover, since T'V;,(up) = Ao (see Remark 3.52) and |luo| 1 (x,) = 1,
we have that
E(ug, uo, Ao) = Ao = £(0,ug, Ao).

Consequently, by Lemma 4.32, we get the rest of the thesis. O

COROLLARY 4.34. Let [X, B, m,v]| be an m-connected reversible random walk space and
assume that v is a probability measure. Let Q) € B such that ()\?{, ﬁXQ) 18 an m-eigenpair
(in particular, Q2 is m-calibrable), then,
(i) if v(Q) < Fv(X),

{0} = M(Xq, ) if 0<A<Ag,

{cXq 1 0< e <1} € M(Xq, AY),

{XQ} = M(Xq, \) if A> A%
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152 4.2. The m-ROF-Model with L'-fidelity term

(i) if v(©) = b (%),
{c:0< <1} =M(Xq, ) if 0<A<Ag,

{Xa+dXx\0:0<d<ce< 1} c M(Xg,\Y),
{Xa} = M(Xq, ) if A> A\

ProoF. Note that, since (Ag, ﬁ)m) is an m-eigenpair of A", () < 3v(X). Now,

if 1(Q) < v(X), then med,(Xo) = {0}; and, if ¥(Q) = Lv(X), then med,(Xq) = {c :
0 < ¢ < 1}. Consequently, the result follows by Proposition 4.33 and Corollary 4.20 with
T(r) =v(Q)r.

In the case that v(Q) = $v(X), we have

{Xqg :0<e<l}u{c: 0<e< 1} c MXa,\y),
hence, since M (Xq, A(Y) is convex, we get that
{Xag+dXx\g:0<d<ce< 1} M(Xa,AY). O

PROPOSITION 4.35. Let [ X, B, m,v] be an m-connected reversible random walk space and
assume that v is a probability measure. Let Q € B with 0 < v(Q) < 1. If Xq € M(Xq,\yY)

then ()\g”, ﬁ)@) 18 an m-eigenpair.

PROOF. Let us first see that €2 is m-calibrable. Indeed, for E' € Bg with 0 < v(E) < v(£),
we have that

Pn(Q) = En(Xa, X, AB) < En(XE, Xa, \R)

= Pn(E) + A3 (v() = v(E)) = Pn(E) + Pn(Q) — Agv(E),

from where the m-calibrability of €2 follows.
Since (2 is m-calibrable, by Theorem 3.43 there exists an antisymmetric function g, in
Q x Q such that

-1 <gylz,y) <1 for (v@my)-a.e. (z,y) €N xQ,

and

(4.25) Q= —f go(x,y)dmg(y) + 1 —mg () for v-a.e. x €.
Q

Now, if Xq € M (Xq, A\3y), there exists &; € sign(0) such that
MG & € AT (Xq).

Therefore, there exists g1 € L (X x X, v ® m,) antisymmetric such that

(4.26) —j g (z,y)dm,(y) = —=AG&1(z) for v-ae xz € X,
b's

and
g1(z,y) € sign(Xq(y) — Xa(z)) for (v ® my)-ae. (z,y) € X x X.
Let
go(z,y) if (x,y) e Q x Q,
g(z,y) :=
g1(z,y) elsewhere
and

1 if x e,

—&1(x) elsewhere.
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Then, (4.25) and (4.26) read as follows

a&(x) = —J g(x,y)dmy(y), for v-ae. xe€Q
X
and
a&(x) = —f g(x,y)dmy(y), for v-a.exe X\Q,
X
thus (A, %Q)XQ) is an m-eigenpair of Af". O

COROLLARY 4.36. Let [X,B,m,v] be an m-connected reversible random walk space and
assume that v is a probability measure. Let Q € B with 0 < v(Q) < 1. The following
statements are equivalent:

(i) X € M(Xq, Ag),
(ii) ()\g, ﬁXQ) is an m-eigenpair,
(iii) the following thresholding property holds:
0e M(Xa,\) Y0 <\<AT,

Xq € M(Xq,A\) V=AY,

PRrROOF. The implication (i) = (i¢) follows by Proposition 4.35, while (ii) = (iii) is a
consequence of Corollary 4.34. The implication (iii) = (i) is trivial. O

We say that a function f € BV (X,v) LV (X,v) is mazimal if the supremum in (3.6) is
a mazimum, that is, if there exists zg = 2zo(f) € Xin(X,v) with ||Zo|| = (x x X p@m,) < 1 such
that

(4.27) TV,u(f) = fX F(@)(divinzo) (@)dv(2).

PROPOSITION 4.37. Let [X, B, m,v] be a reversible random walk space and assume that v
is a probability measure. If f € BV,,(X,v) is a maximal function with zg = zo(f) satisfying
equation (4.27), then, for Ay = ||divmzol 1 (x 1),

f € M(f7 )\*)7
and, consequently, M(f,\) = {f} for all A > \,.

ProoOF. Given u € L'(X,v), by Proposition 3.9, we have that

Em(u, fide) = TV (u) + A JX |lu— fldv = JX u(z)(divi,zo)(x)dv(x) + A JX lu— fldv
- j F(2)(divamzo)(@)di(z) + Ay j fu— fldv + f (u() — £(2)) (divmzo) (2)du ()
X X X

= gm(f7 fa )\*) + ()\* - HdiVmZOHL‘X“(X,V)) JX |u - f|dV = 8m(f7 f7 )\*)

Therefore, f € M(f, Ax). The rest of the thesis follows by Lemma 4.32. O
REMARK 4.38. Note that, since ||zo|| 1= (x x x,vm,) < 1, we have that A, < 2.

PROPOSITION 4.39. Let [X, B, m,v] be a reversible random walk space and assume that
v is a probability measure. For any Q € B, Xq is a maximal function with zg = zo(Xq) given
by

0  if(z,y) e QxQ,

1 i () e (X\Q) x
ZO(:U7y) = .

1 if (5y) € Qx (X\Q),

0 if (z,y) € (X\Q) x (X\Q).
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Hence, if \s = |divmzo] 1 (x,), then
Xq € M(XQ, )\*),

and, moreover,
Ax(Q) 1= A = X = my ()] e (x,0)
satisfies 0 < Ay < 1.

PRrROOF. It is straightforward to see that Xq is a maximal function with the given zg.
It then follows by Proposition 4.37 that Xq € M(Xq, Ax). Let us see the last equality. For
x € €,

(divzo)(z) = % (JX zo(, y)dma(y) —f

X

o)1) ) =

1 1
B JX\Q ldm,(y) — 5 JX\Q —1dmy(y) = mx(X\Q).

Therefore,
j Xeo(@) (divizo)(z)dv(z) = f f dme(y)dv(z) = P ().
X oJx\o

Observe also that, for z € X\,
(divinzo) () = —ma(S2).
Therefore,
div,zo(z) = Xa(x) — mg(£2),

and, consequently,

A = | divinzoll = (x,0) = Xa — m ) (D) Le (x0)- O

REMARK 4.40. (i) We have that
AG < A ().

Otherwise, if A,(Q) < A}, since Xq € M(Xq, Ax), by Lemma 4.32 (i) we would have that
Xq € M(Xq, Ay}). Hence, by Proposition 4.35, ()\6‘, ﬁ)@) is an m-eigenpair and then, by

Proposition 4.34, Xq ¢ M (Xq, A«x) which is a contradiction.
Note that, by Proposition 4.35,

if AZ = Ak (2) then </\g, V(lﬂ) XQ) is an m-eigenpair.

Recall that, in Theorem 3.56, assuming that €2 is m-calibrable, we got that ()\6’, ﬁXQ)

is an m-eigenpair under the weaker assumption that Ay = m, () for all z € X\Q.
(ii) Furthermore,

Ax(X\Q) = A:(9),
and, consequently, from the previous point,
max{AQy, A o} < Ax(Q).
PROPOSITION 4.41. Let | X, B, m,v] be an m-connected reversible random walk space and
assume that v is a probability measure. Let Q) € B. There exists A(S2) satisfying
mazr{Ag, Ao} < A(Q) < A ()

and
Xa ¢ M(Xq, ) if 0<A<A(Q),

Xo € M(Xq, A(2)),
(Xa) = M(Xa,\)  if A> \(S).
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Furthermore,

(4.28) AQ) =AY if, and only if, <)\8, V(lmXQ> is an m-eigenpair,

and

(4.29) Q) = )\”XKQ if, and only if, ()\?\Q, V(Xl\Q)XX\Q> is an m-eigenpair.

PRrROOF. By Proposition 4.39, X\.(Q2) € {\ : Xg € M(Xq,\)} # . Set
A(Q) :=inf{X : Xqg € M(Xq, \)}.
Then,
A() < Au(Q),
and, by Proposition 4.16,
A(Q2) = min{\ : Xqg € M(Xq,M\)}.
Hence,
Xq € M(Xq, A\(Q2)),
and, by Lemma 4.32, {Xq} = M(Xq, A) for every A > A(Q2).
For A < A%}, we have

Em(0,Xq, \) = () < Ppn() = En(Xa, Xa, A)
so Xq ¢ M(Xq, A). Moreover, for A < /\S’}\Q, we have
Em(Xx,Xa, A) = Ww(X\Q) < P (X\Q) = P(R) = En(Xa, Xa, A)
so Xq ¢ M(Xq, A). Consequently, we have that
max{Ady, A\o} < A(2) < A(9).

Finally, (4.28) follows from Corollary 4.36, and (4.29) follows from Corollary 4.36 and
Lemma 4.17. g

We have the following formula for the thresholding parameter A(2).

PROPOSITION 4.42. Let [X, B, m,v] be a reversible random walk space and assume that
v is a probability measure. Let Q) € B, then

A(2) = sup {Pml(jg()gz_APEm)(E) cEeB, v(QAE) > O} .

PROOF. Set

= sup{Pml(fzgz_A]zL)(E) :EeB,v(QAE)> 0}

and let E € Bg with v(2 A E) > 0. Then, since Xq € M (Xq, A(€2)), we have that
Em(Xm, X, A(Q)) = P (E) + A(QU(Q A E) = En(Xa, Xo, A(Q)) = Pn(9),

from where we obtain that

and, hence,
AQ) = a.
On the other hand, by (4.20) and the definition of «, for every u € L'(X,v) we have

Emlu, Xa, ) = Ll (Pm(Et(u)) + av(Ey(u) A Q))dt > Pu(Q) = En(Xa, Xa, @),

thus Xq € M (Xq, ), and, consequently,
AMQ) <. O
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156 4.2. The m-ROF-Model with L'-fidelity term

It is known (see [78]) that a thresholding property for a set in R? implies calibrability of
the set. From the previous results we obtain the non-local counterpart of this result.

PROPOSITION 4.43. Let [ X, B, m,v] be an m-connected reversible random walk space and
assume that v is a probability measure. Let Q € B with 0 < v(Q2) < 1, if there exists a
thresholding parameter \* > 0 such that
(1) 0e M(Xq,A\) Y0 <A<A\*, and
(2) Xg € M(Xq,\) V>N,
then

AQ) =\ =)2F,

and ()\5”, ﬁXQ) is an m-eigenpair of A", In particular, Q is m-calibrable.

ProOF. By (1), we have that
Em(0,Xa, A) < En(Xa, Xa,A) V0 <A<\,

that is,
() < Pp() YVO< A<\,

from where it follows that
A NG VO <A< \*.

Hence, A\* < A{y. On the other hand, by (2) and the definition of A(£2), A(£2) < A*. Then,
since Ay < A(€2), we get
A < A(Q) < AF < AL

Thus, by Proposition 4.41, we have that ()\6”, ﬁXQ) is an m-eigenpair of A" U
We know provide some results regarding a thresholding parameter under which the set of
minimizers is formed by constant functions.

PROPOSITION 4.44. Let [X, B, m,v] be a reversible random walk space and assume that
v is a probability measure. Let Q) € B.
(i) If there exists A > 0 such that 0 € M (Xq, \), then there exists \°(2) satisfying

0 < \(Q) < h(Q)

and
med,(Xq) = M(Xq,\) if 0<A< )\O(Q),

0 e M(Xq, \(Q)),
0¢ M(Xq, ) if A>\(Q).
(ii) If there exists A > 0 such that 1 € M(Xq, \), then there exists \'(2) satisfying
0 < \(Q) < AP(X\Q)

and

med,(Xq) = M(Xq,\) if 0<X<AHQ),

L e M(Xq, M (),

1¢ M(Xq, ) if A>A(Q).
PROOF. (i): Let 1  Q be a measurable set, then

Em(Xgys Xs A) — Em(0, X, A) = Pr(€2) — Av(9),
so that
Em(Xg, Xa, A) < Em(0,Xq,A) & A > )\g,
thus
0 € M(Xq, ) implies A < AT ().

Universitat de Valéncia Marcos Solera Diana
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Therefore, if we set
A(Q) :=sup{\ : 0e M(Xq,\)},
we have that A\°(€2) < h7*(Q). Moreover, by Proposition 4.16, we have that
A(Q) = max{\ >0 : 0e M(Xq,\)}
and this is the parameter that we were looking for.
(ii) follows from (i) and Lemma 4.17. O

We can set \°(Q) = 0 if there is no A > 0 such that 0 € M(Xq, ), and A\ () = 0 if there
is no A > 0 such that 1 € M(Xq, \).
We have the following formula for the thresholding parameter \°(Q).

PROPOSITION 4.45. Let [X, B, m,v] be a reversible random walk space and assume that
v is a probability measure. Let Q) € B, then

) P(F)
(Q) = inf . L E QAE Q)¢
MO =i Ty —oman FEB ) <)
Moreover, if 0 < v(Q) < 1 and \°(Q2) = \J then Q is m-calibrable.
PROOF. Set
. P, (E) )

o= mf{y(Q) VO AE) EeB,v(QAE) < V(Q)}

Since

Em(XE, X0, A\Y(Q) = Pu(E) + N(QQu(QAE) and &,(0,Xq, \°(Q)) = \(Q)v(Q),
we have that A°(Q) < a. Let us see the opposite inequality. For this it is enough to prove
that 0 € M (Xq, «), that is
Emlu, Xa, a) = En(0,Xq, ) Yue LY(X,v).
By (4.20), this inequality is equivalent to

Ll (Pm(Et(u)) n a(u(Et(u) AQ)— y(Q)))dt >0 Yue LY(X,v).

Now,

f (Pm(Et(u)) + a(v(Et(u) A Q) — y(Q)))dt

0

- Ltm(&(u)m)_ymw (PulBiw) + o (m(Eilw) 5 9) — (@) )t

" Ltzy(&(u)m)_y(m} (Pu(Bw) + a(n(Ba) &9 — (@) ),

but the first integral in the right hand side is trivially non-negative and the second one is
also non-negative by the definition of a.

Let us see that, if 0 < v(2) < 1 and A\°(Q) > AP, then Q is m-calibrable. Suppose that
0e M(Xq,A&). Then, by Theorem 4.18, there exists £ € sign(—Xgq) such that

m m
a & e Al"0.
Consequently, £’ := —¢ € sign(Xq) satisfies —AZE" € AT'0 thus, by Remark 3.41(2), —A\{¢ €
AT"Xq. Now, by Theorem 3.42, this is equivalent to {2 being m-calibrable. U
REMARK 4.46. Note that, if Xg € M (Xq, A), then
(4.30) A (E) <A< AT(E),
where

_ L Pm(U) _Pm(E)
A(E) = Sup{y(QAE) —V(QATD)

:U e B, V(QAU)>V(QAE)},

Universitat de Valéncia Marcos Solera Diana



158 4.2. The m-ROF-Model with L'-fidelity term
. P,(U)— P,(F
AT(B) i= inf { (2 A(E; - u(Q(A)U)
Indeed, if Xg € M(Xq, \), then, for any U € B,
Po(E)+  W(QAFE)<P,(U)+ W (QAU)
thus, if v(Q A U) > v(2 A E), we have that
A\ > Pm(U)_Pm(E)
vVIQAE)—v(QAU)’
and, if v(QAU) < v(Q A E), we have that
A\ < Pm(U)_Pm(E)
T UQAE)-v(QAU)
Furthermore, observe that, if Xg € M(Xq, A), then
(4.31) Po(E) =inf{P,(U) : UeB,v(QAU) =v(QAE)}.
Conversely, (4.30) and (4.31) imply that Xgp € M(Xq, A).

:UeB, V(QAU)<V(QAE)}.

The following example proves that the minimizer when the observed image is the charac-
teristic function of a set Q0 need not be the characteristic function of a set contained in €.
Note that in the continuous setting, when € is a bounded convex domain, it is known that for
almost all X > 0 there is a unique minimizer which, moreover, is the characteristic function of
a set contained in § (see [55, Corollary 5.3]). We also observe how, with the ROF-model with
L'-fidelity term, the scale space is mostly constant and makes sudden transitions at certain
values of the scale parameter. In particular, we see how a set may suddenly vanish.

ExXaAMPLE 4.47. Consider the locally finite weighted discrete graph G with vertex set
X = {1,2,3,4,5,6} and weights w12 = 5, we3 = 6, w34 = 2, wys = 1, wsg = 3 and
w; j = 0 otherwise. Let [X, dg, mC, vi] be the associated metric random walk space and let

Q= {1,2).
We have that

{0} = M (X125, M) for 0 < A < £ =x°(),
{Xq12345 1 c€[0,1]} = M(X{19),A) for A\ = %,
X12341} = M(X{125, ) for 1 <X <3,

$ Xpaog + Xy 1 ce[0,1]} = M(X(1 93, A) for A= 3,
{Xg12.31} = M(Xq1,21, A) for <A< 3,
Xpoy + Xy 0 € [0,1]} = M(Xj19),A)  for A= 35,

L Xy = M (X103, A) for A > 1 = \(Q).

Indeed, to start with, note that
Em(Xa, Xa, A\) =6 =: hi(\),
Em(Xq1,2,31, X, A) = 2+ 8X =: ha(N),
Em(X{1,2,3.41, X, A) = L+ 11X =: hz(A),
and
Em(0,Xq, A) = 16X =: hy(N).
We have that,
o if 0 <A < i, then hy(N) < hy() for i =1,2,3,
o if% <A< %, then hg(\) < h;(A) for i =1,2,4,
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. if% < X < 3, then ho(A) < hi(A) for i = 1,3,4,

o and, if § < A < 1, then hy(A) < h;()) for i = 2,3, 4.

Moreover, for any other set F' < {1,2,3,4,5,6} different from {1, 2}, {1,2,3} and {1,2,3,4},
(M)}

and for any A > 0, we have that &, (XF,XQ, A) is larger than min{h; (), ha(N), hg(A), ha
Following Remark 4.19, to see that Xo € M(Xq, ), take

1 1
9(172) =~ 71q 9(273) = _1) 9(3’4) = _17 9(475) = _57 9(576) =0

10
and ) )
For A < 3, since ha(\) > h3(X), we have that Xq ¢ M (Xq, A). Moreover, by Lemma 4.32 (i)
we get that
1
{Xq} = M(Xq,A) for A\ > >

Since Em(X{1,2,335 Xas %) = En(Xa, Xa, %) we have that X 233 € M(Xq, %) and using the
convexity of M(f, \) we get that

{Xg1,2) + Xqgp 1 c€[0,1]} € M (X193, 1/2)
Now, {1,2} and {1,2,3} are the unique minimizers of £5(-,Q,1/2), thus, by Theorem 4.25,
we have that
{Xg12y + Xggp 1 c€[0,1]} = M (Xq1.93,1/2) .
To see that Xy 93y € M(Xq, %), take

1
— = 9(273) = " a

1,2) =
9(1,2) z 5

9(3,4) = —1, g(4,5) = —1, ¢(5,6) =0

and
E0)= 3, €)= -1, €B) =1, €W =1, £6) = 3, £6) =0.

Consequently, by Lemma 4.32 (iii) we have that X 33 € M (Xq, A) for % < A < 3. Moreover,
{1,2,3} is the unique minimizer of £5(-, €, \) for such parameters A thus, by Theorem 4.25,
X{1,2,3} is the unique element in M (Xgq, A) for % <A< %

Since & (X{1,2,3.43, X0, %) = Em(X{1,2,31, Xa, %) we have that X 2343 € M (Xq, %) and, as
above, by Theorem 4.25,

{X{17273} +cXqyy € [0, 1]} =M (X{LQ}’ 1/3) .
Now, to see that X(; 234y € M (Xq, %), take
1 8 4 1

1,2) = —2, g(2,3) = —— 4) = —2, g(4,5) = —1 -
g( Y ) 57 g( 73) 157 9(37 ) 57 g( 75) I 9(576) 15

and
) =-1,£2)=-1,£3)=1,£4) =1, £B) =1, £6) = 3
Then again, by Lemma 4.32 (iii), we have that X 5345 € M(Xq,A) for % <A< % and as
before, by Theorem 4.25, {X{17273,4}} = M(Xq, \) for % <A< %
Finally, the fact that &, (X{1,2,3.4}, X, %) = &En(0, Xq, %) gives, by Theorem 4.25, that

{CX{172’3,4} I CE [O, ].]} =M (X{LQ}’ ]_/5)

and, by Lemma 4.32 (ii), {0} = M (Xq, ) for 0 < A < =
Note that A% = 3 < 3 = A(Q) thus, by Proposition 4 41, (2, s Xq) is not an m-eigenpair.

However, () is m-calibrable since it consists of two points. Note also that
Po(®) — Pu({1,2.3) 6-2 1

v(QA{1,2,3)) s —3 O
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160 4.2. The m-ROF-Model with L'-fidelity term

Pm({1727374}) _ 1 — 1 — )\O(Q)
v(Q) —v(QA{1,2,3,4) 16—-11 5 ’
and, regarding Corollary 4.46,

Pn({1,2,3}) - Pn({1,2,3,4)  2-1 1

v(QA{1,2,3,4}) —v(QA{1,2,3}))  11-8 3°
Finally, observe that by Corollary 4.27, since

2 1
7_‘76?1,2,3,4}(4) =1-2my({1,2,3,4} =1 - 23 = BEY
in order for {1,2,3,4} to be a minimizer of £5(,{1,2}, )), we must have
1
A< o,
3

and % is precisely the upper thresholding parameter for this set.
Observe that, if we add a loop at vertex 4, ws4 = o > 0, the set {1,2,3,4} can be a
minimizer of £5(-,{1,2}, \) only if (by (4.23))
W44 1 1

A< _Hgfl,z,3,4}(4) - . ~ 31 a < 3"

In the following example, for which we avoid to give as much detail as in the previous
one, we can see how, as the value of A is decreased, minimizers become coarser as smaller
objects merge together to form larger ones.

EXAMPLE 4.48. Let [Z2, dy2, m?, vz2] be the metric random walk space given in Example
3.57(2) and consider the set Q given in Figure la. Then, for % <A< %, the minimizer for
the ROF-model with the L!'-fidelity term and datum Xgq is the characteristic function of the

set F represented in Figure 1b.

(0,0) (0,0)
(A) Q is the set formed by the points inside (B) The minimizer, E, for 1 < A < £ is the set
the shaded region. formed by the points inside the shaded region.

FIGURE 1. The point (0,0) is labelled in the graphs, and the adjacent points
are represented by dots.

This set ¥ merges together the two components of {2. Note that
Em(Xa, Xa, \) = 28,
Em(XE, Xa, A) =20 + 20,
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and

Em(0,Xq, A) = 80A.
By restricting the ambient space to a big enough bounded subset of Z? and recalling Example
1.42 we obtain a finite invariant measure and the same calculations work.

4.2.3. The Gradient Descent Method. In order to apply this method one needs to
solve the Cauchy problem
v € AT"(t) — Asign(v(t) — f) in (0,T) x X
(4.32)
v(0,z) = vo(x) in X,
that can be rewritten as the following abstract Cauchy problem in L*(X,v)
(4.33) V' (t) + 0Em(u, f,\)(v(t)) 20, v(0) = vp.

Let f be in LY(X,v). Since En(-, f, ) is convex and lower semi-continuous, by the theory of
mazimal monotone operators ([43]), we have that, for any initial data vy € L?(X,v), problem
(4.33) has a unique strong solution. Therefore, if we define a solution of problem (4.32) as
a function v € C(0,T; L*(X,v)) n W1 (0, T; L2(X,v)) such that v(0,z) = vo(z) for v-a.c.

loc

x € X and such that there exists £(t) € sign(v(t) — f) satisfying
XE(t) + ve(t) € AT (v(t))  for a.e. te€(0,T),
we have the following existence and uniqueness result.

THEOREM 4.49. Let [ X, B, m,v] be a reversible random walk space and assume that v is
a probability measure. For every vy € L?(X,v) there exists a unique strong solution of the
Cauchy problem (4.32) in (0,T) for any T > 0. Moreover, we have the following contraction
principle in any LI(X,v)-space, 1 < q < o0:
(4.34) lv(t) = w(t)llLa(x) < lvo —wollpe(xy YO<t<T,
for any pair of solutions v, w of problem (4.32) with initial datum vy and wq, respectively.

Note that the contraction principle (4.34) in any Li-space follows from the fact that the
operator OEm (-, f, \) is completely accretive. Indeed, given (uy,v1), (uz,v2) € 0En (-, f, \) and

pePy:={qeC®R) : 0<q¢ <1, supp(q) compact and 0 ¢ supp},
we need to prove that
J;( (vg — v1)p(ug — uy)dyv = 0.
Now, there ezist & € sign(u; — f) such that v; — A& = w; € 0Fn(u;), i = 1,2. Then, since

0Fm is a completely accretive operator and

M (@ optu —undy =3 [ (€~ pl(u— )~ (0~ v 0,
X X
we have that

JX(’UQ —v1)plug —ug)dv = JX

Let (T\(t))¢=0 be the semigroup in L*(X,v) associated with the operator 0Ey, (-, f, ), that
is, T\(t)vg is the solution of problem (4.32). On account of the contraction principle we have
that for any u* € M(f, ), if Lox(u) = |lu — u*|p2(x ), then

(ws — w)p(uz — ur) + A L@ — e)p(us — ur)dv > 0.

(4.35) L+ is a Lyapunov functional for the semigroup (Tx(t))i=0-
Indeed, fort > s, we have
Lux(Tx(t)vo) = |Ta(t)vo — v*|r2(x,) = ITA(E = 5) (Ta(s)vo) — Ta(t — s)u™ | 12(x.0)

< Ta(s)vo — u¥|lr2(x ) = Lux(Ta(s)vo).
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162 4.2. The m-ROF-Model with L'-fidelity term

THEOREM 4.50. Let [X, B, m,v] be a reversible random walk space and assume that v is
a probability measure. Assume that f € L'(X,v). Let vg € L*(X,v) and v(t) := T\(t)vo. If
the w-limit set
w(vo) := {w e L*(X,v) : It, — +ow s.t. lim v(t,) = w}
n—0o0
is non-empty, then there exists u* € M(f, \) such that
lim v(t) = u* in L*(X,v).

t—00
PROOF. Let u* € w(vp), then there exists ¢,, — 400 such that

nlglgo v(ty) = u*.

By [43, Theorem 3.2], we get

+

(4.36) %(t) 08 (- [N (W(1) 30 for all £ € (0, +90)

and, by Theorem 4.24, we have that M(f,\) # & thus 0 € R(0&(+, f,A)). Therefore, by
[43, Theorem 3.10],

d
(4.37) lim T”(tn) —0.
Since 0&,(+, f, A) is closed, from (4.36) and (4.37) we get

0€ En(:, fLN)(u"),

e, u* e M(f,\). Now, by (4.35), L, is a Lyapunov functional for the semigroup (7)(t)):=o0,
from where it follows that
lim v(t) = v* in L*(X,v). O
t—00
Proving that the w-limit set w(vg) is non-empty is not an easy task here. For example,
one could try to proceed with the usual method of proving that the resolvent is compact, but
this requires the use of regqularity results which are difficult to obtain in our context due to the
non-locality of the problem. Nometheless, in finite graphs it is trivially true that the w-limit
set is non-empty. Consequently, we have the following result.

COROLLARY 4.51. Let [V(G),dg, m%, vg] be the metric random walk space associated to
a locally finite weighted discrete graph G = (V(G), E(G)). Suppose that vg is a probability
measure. Then, for everyvo € L*(V(G),vg) and for v(t) := Tx(t)vo, there evists u* € M(f, \)
such that
lim v(t) = u* in L*(V(G),vq).

t—0
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CHAPTER 5

Nonlocal doubly nonlinear diffusion problems with nonlinear
boundary conditions

In this chapter we study the existence and uniqueness of mild and strong solutions of
nonlocal nonlinear diffusion problems of p-Laplacian type with nonlinear boundary conditions.
The problems are posed in a subset W of a reversible random walk space |X,B,m,v|. The
nonlocal diffusion can hold either in W, in its nonlocal boundary 0,W, or in both at the
same time. We will assume that W, is m-connected (recall Definitions 1.51 and 1.32) and
that v(W,,) < oo. The formulations of the diffusion problems that we study are the following:

v (t, z) — divpayu(t,z) = f(t,x), zeW, 0<t<T,

51) v(t, z) € y(u(t,x)), xeW, 0<t<T,
5.1
—NiPu(t, z) € Blu(t, z)), red,W, 0<t<T,
U(O,l’) = UO(ZE)v zeW,

and, for nonlinear dynamical boundary conditions,

-

v (t, ) — divpayu(t,z) = f(t,x), zeW, 0<t<T,

v(t, z) € y(u(t, x)), xeW, 0<t<T,

wy(t,z) + Ny u(t,z) = g(t,z), zx€d,W, 0<t<T,
52) < w(t,z) € Blu(t,z)), zed,W, 0<t<T,

v(0,2) = vo(x), xeWw,

w(0,x) = wo(z), x € oW,

where v and B are mazimal monotone (multivalued) graphs in R x R with 0 € v(0) n 5(0),
dwwpyay, s a nonlocal Leray-Lions type operator whose model is the nonlocal p-Laplacian type
diffusion operator, and Nf” is a nonlocal Neumann boundary operator (see Subsection 5.1.1
for details). In fact, we will solve these problems with greater generality, as we will not only
consider them for a set W and its nonlocal boundary 0, W, but rather for any two disjoint
sets 1, Q9 € B such that their union is m-connected and of finite measure.

These problems can be seen as the nonlocal counterpart of local diffusion problems gov-
erned by the p-Laplacian diffusion operator (or a Leray-Lions operator) where two further
nonlinearities are induced by v and B (see, for example, [13] and [33] for the local problems).
In [18], and the references therein, one can find an interpretation of the nonlocal diffusion
process involved in these kind of problems.

On the nonlinearities (brought about by) v and B we do not impose any further assump-
tions aside from the natural one (see Ph. Bénilan, M. G. Crandall and P. Sacks” work [33]):

0 € ~(0) n 5(0),
and (in order for diffusion to take place)
vWT™ 4+ v(0pnW)B~ < v(W)I't +v(0, W)BT,
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where
I'™ :=inf{Ran(~)}, I't :=sup{Ran(v)}, B~ := inf{Ran(B)} and B+ := sup{Ran(B)}.

Therefore, we work with a rather general class of nonlocal nonlinear diffusion problems with
nonlinear boundary conditions that, in particular, include the homogeneous Dirichlet boundary
condition or the Neumann boundary condition.

With our general approach we are able to directly cover: obstacle problems, with unilateral
or bilateral obstacles (either in W, in 0,,W, or in both at the same time); the nonlocal
counterpart of Stefan like problems, that involve monotone graphs like the graph inverse of

r if r <0,
Os(r):=< [0,A] ifr=0,
A+r ifr >0,

for X > 0; diffusion problems in porous media, where monotone graphs like ps(r) = |r|*r,
s > 0, are involved; and Hele-Shaw type problems, which involve graphs like

0 ifr <O,
H(r):=< [0,1] ifr =0,
1 if r > 0.

Moreover, if v(r) = 0 in the first problem, then the dynamics only take place in the nonlocal
boundary and we obtain the evolution problem for a monlocal Dirichlet-to-Neumann operator
as a particular case.

Motivation for the study of these nonlocal diffusion problems of p-Laplacian type involv-
ing nonlocal Neumann boundary operators is provided by the nonlocal Neumann boundary
operators studied (for the linear case) in [72] and [96]. Nevertheless, due to the generality of
the hypotheses considered in our study, the results that we obtain lead to new existence and
uniqueness results for a great range of problems. This is true even when the problems are
considered on weighted discrete graphs or RN with a random walk induced by a nonsingular
kernel, spaces for which only some particular cases of these problems have been studied (some
references are given afterwards). In these ambient spaces, and for the nonlocal p-Laplacian
operator, Problem (5.1) has the following formulations (recall Example 1.38 and Definition
1.51, for the necessary definitions and notations):

1
wlta) =+ 3wy luly) —u@P2uly) —u@),  zeW, 0<t<T,
* yev(G)
v(t, ) € y(ult, z)), zreW, 0<t<T,
<
1
S weyluly) — u@) P uly) — u@) € Blult ), 7 oW, 0<t<T,
T yew, o
U(I‘,O) = UO('T)> zeW,
for weighted discrete graphs, and
w(t.) = | I@= o) - u@)P ) ~u@)dy,  weW 0<t<T.
RN
v(t,z) € y(u(t,x)), zxeW, 0<t<T,

JW J(y — 2)|u(y) — u(z)[P"2(uly) — u(x))dy € Blu(t,z)), x€dpW, 0<t<T,

v(x,0) = vo(x), xeW.
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5. Doubly nonlinear diffusion problems with nonlinear boundary conditions 165

for the case of RN with the random walk induced by the nonsingular kernel J. We have
detailed these problems with well-known formulations in order to show the extent to which
Problems (5.1) and (5.2) cover specific nonlocal problems of great interest.

Nonlinear semigroup theory will be the basis for the study of the existence and uniqueness
of solutions of the above problems. This study will be developed in Section 5.3, where we
prove, as a particular case of Theorem 5.21, the existence of mild solutions to Problem (5.2)
for general data in L', and of strong solutions assuming extra integrability conditions on the
data. Moreover, a contraction and comparison principle is obtained. The same is done for
Problem (5.1) in Theorem 5.27. See [23], [24], [28], [32], [43], [67], [68] and [69] for details
on such theory, a summary of it can be found in the appendiz.

To apply the nonlinear semigroup theory our first aim is to prove the existence and unique-
ness of solutions of the problem

{ Y(u(x)) — divpayu(x) 3 p(z), reW,

(5.3) X
Ny Pu(z) + B(u(z)) 3 p(x), z € OmW,

for general mazimal monotone graphs vy and B. This is the nonlocal counterpart of (local)
quasilinear elliptic problems with nonlinear boundary conditions (see [14] and [33] for the
general study of the local case) and is an interesting problem in itself due to the generality with
which we address it. To this aim, we will make use of the generalised Poincaré type inequalities
introduced in Section 1.6, but even with this at hand we can not obtain compactness arguments
like the ones used in the local theory or in fractional diffusion problems. Consequently, we have
to make the most of boundedness and monotonicity arguments in order to prove our results,
being the main ideas an implementation of those used in [14] and [33] (see also [16] for a
very particular case). The same holds for the diffusion problems. The study of Problem (5.3)
will be developed in Section 5.1, where we prove, for a more general problem, the existence
of solutions (Theorem 5.14) and a contraction and comparison principle (Theorem 5.13). At
the end of that section we deal with another nonlocal Neumann boundary operator.

For linear or quasilinear elliptic problems with boundary conditions, obstacles complicate
the existence of solutions. The appearance of this difficulty is better understood when one
takes into account the continuity of the solution between the inside of the domain and the
boundary via the trace. In fact, for a bounded smooth domain 0 in RN, v with bounded
domain [0,1] and B(r) =0 for all r, it is not possible to find a weak solution of

{ —Au+7y(u)s¢p inQ,

Vu-n=yp mn 052,

for data satisfying ¢ < 0, ¢ < 0 and ¢ # 0 (see [14]). However, in our non-local setting
this sort of continuity is not present and the study of these nonlocal diffusion problems with
obstacles hence differs from the study of the local ones (see [15] for a detailed study of these
local problems). In particular, we do not need to impose any assumptions on the nonlinearities
v and B aside from the natural ones.

There is a very long list of references for the local elliptic and parabolic counterparts of
the problems that we study; see, for example, [13], [14], [28], [29], [30], [33], [157], and
the references therein. See also [103] for a Hele-Shaw problem with dynamical boundary
conditions and the references therein. For some particular nonlocal problems we refer to [16],
[17], [18], [34], [50], [60], [97], [106] and [125]. For fractional diffusion problems we refer,
for example, to [119], where Dirichlet and Neumann boundary conditions are considered;
to [39], [40], [65], [137] and [90], where fractional porous medium equations are studied,
see also J. L. Viazquez’s survey [158] and the references therein; and to [153] and [154] for
fractional diffusion problems for the Stefan problem.

AsSsuMPTION 1. All along this chapter [ X, B, m,v] is a reversible random walk space.
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5.0.1. Yosida approximation and a Bénilan-Crandall relation.
Given a maximal monotone graph ¢ in R x R (see [43]) and A > 0, we denote by ¢, the
Yosida approzimation of ¥, which is given by 0 := A\(I — (I + 39)71).
The function ¥y is mazimal monotone and 2\-Lipschitz. Moreover, limy_, o 9x(s) =
¥0(s) where
the element of minimal absolute value of ¥(s) if s € D(V),
¥90(s) ;== { +o if [s, +0) n D(Y) = &,
— if (—o,8] nDW) = .
Furthermore, if s € D(¥9), [9x(s)] < |9°(s)| for every A > 0, and |9x(s)| is nondecreasing in
A.
Given a mazimal monotone graph ¥ in R x R with 0 € 9(0), we define, for s € D(¥}),

9(s) if s >0,
vi(s) =% ¥(0)n]0,4c] ifs=0,
{0} if s <0,
and
{0} ifs>0,
v_(s):=<% ¥(0)n[-0,0] ifs=0,
I(s) if s <0.

Note that the Yosida approximation (V1)x of 94 is nondecreasing in X > 0 and (9_)y is
nonincreasing in A > 0. Observe also that (9:)x(s) = 0 for s < 0 and (V_)x(s) = 0 for
s =0, for every A > 0, and 9, +9_ = 9.

The following lemma is easy to prove.

LEMMA 5.1. Let ¥ be a mazimal monotone graph such that 0 € 3(0), A > 0 and ry :=
sup D(¥) < +oo. It holds that
Ia(r) = A(r —ry)

for every r > 1y + +9°(ry).

Given a mazimal monotone graph ¥ with 0 € D(V), jo(r) := §,9°(s)ds, r € R, defines a
convex and lower semicontinuous function such that ¥ is equal to the subdifferential of jy:

¥ = 0jy.
Moreover, if jg* is the Legendre transform of jg, then
9t = 070"

We now recall a Bénilan-Crandall relation between functions u,v € L'(Q,v). Denote by
Jo and Py the following sets of functions:

Jo:={j :R—[0,40] : j is convex, lower semi-continuous and j(0) = 0},
Py:={peCPR) : 0<p' <1, supp(p’) is compact and 0 ¢ supp(p)} .

Assume that v(Q) < 4+ and let u,v € LY(Q,v). The following relation between u and v is
defined in [31]:

U< v sz ju) dv §J j(v)dv for every j € Jp.
Q Q

Moreover, the following equivalences are proved in [31, Proposition 2.2] (we only give the
particular cases that we will use):

(5.4) J vp(u)dv 20 Vpe Py < u<u+v VYA>0,
Q

(5.5) J vp(u)ydv 20 Vpe Py — vdry <0 < f vdv  Yh > 0.
Q {u<—h} {u>h}
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5.0.2. Two useful lemmas. The proofs of the following lemmas are similar to the proof
of [13, Lemma 4.2].

LEMMA 5.2. Letp = 1. Let [X,d, m,v] be a reversible random walk space. Let A, B € B be
disjoint sets and assume that Au B is non-v-null and m-connected. Suppose that [X, B, m, V]
satisfies a generalised (p,p)-Poincaré type inequality on (A, B). Let o and T be mazimal
monotone graphs in R? such that 0 € a(0) and 0 € 7(0). Let {uy}nen = LP(A U B,v),
{Zn}neny © LY(A,v) and {wp}nen © LY(B,v) be such that, for every n € N, z, € a(u,) v-a.e.
in A and wy, € T(up) v-a.e. in B. Finally, let Q1 := (Au B) x (Au B).

(i) Suppose that R . = 40 and that there exists M > 0 such that

f Z}fdu—i-f wrdv <M VneN.
A B

Then, there exists a constant K = K(A, B, M, «,T) such that

1
ilicione 5 ([, 10 - sitopam i) +1) e
' Q1
(it) Suppose that R_ 5 = —o0 and that there exists M > 0 such that
f z;dl/—i-f w,dv <M VneN.
A B

Then, there exists a constant K= IN((A, B,M,a,T), such that

1
[ o ay < K (( J, 0 0) — w7 0) P (1)) ) +1> VneN.
1

LEMMA 5.3. Letp = 1. Let [X,d, m,v] be a reversible random walk space. Let A, B € B be
disjoint sets and assume that A v B is non-v-null and m-connected. Suppose that [X, B, m, V]
satisfies a generalised (p,p)-Poincaré type inequality on (A, B). Let o and T be mazimal
monotone graphs in R? such that 0 € «(0) and 0 € 7(0). Let {uy}nen © LP(A U B,v),
{Zn}neny © LY(A,v) and {wp}nen © LY (B,v) such that, for every n € N, z, € a(uy,) v-a.e. in
A and wy, € T(uy) v-a.e. in B. Finally, let Q1 := (AU B) x (Au B).

(i) Suppose that R, . < +00 and that there exists M € R and h > 0 such that

J zndu—kf wpdy < M <RI V¥neN,
A B ’

and
+

Rer
max f |zn|du,J lwp|dv p < ———— VneN.
{r€A:zn<—h} 2€B :wn(z)<—h} 8

Then, there exists a constant K = K(A, B, M, h,«,T) such that

1
ilicin <5 ( ([, 1200 - sitopan i) 1) vmes
1
(ii) Suppose that R, > —o0 and that there exists M € R and h > 0 such that
J anV—}-f wpdv > M >R, . VneNlN,
A B ’

and

M — R;T
max J zndu,f wpdy p < ——— VYneN.
{z€A:zn>h} 2€B :wn(z)>h} 8
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168 5.1. Nonlocal stationary problems

Then, there exists a constant K(A,B,M, h,o,7) such that

K=
lwn | raom) < <( <x>|pdmx<y>du<x>)”+1> Vn e N.

5.1. Nonlocal stationary problems

In this section we will give our main results concerning the existence and uniqueness of
solutions of the nonlocal stationary Problem (5.3). We will start by recalling the class of
nonlocal Leray-Lions type operators and the Neumann boundary operators that we will be
working with.

5.1.1. Nonlocal diffusion operators of Leray-Lions type and nonlocal Neu-
mann boundary operators. For 1l <p < +00, we consider a functiona, : X x X xR — R
such that

(x,y) = ap(z,y,7) is v @ my-measurable ¥r € R;
(5.6) ap(z,y,.) is continuous for v @ my-a.e (z,y) € X x X;
(5.7) ap(z,y,r) = —ap(y,z,—r) forv@mg-a.e (z,y) e X x X and Vr e R;

(56.8)  (ap(z,y,r) —ap(z,y,s))(r—s5) >0 forv@mg-a.e. (x,y) € X x X and Vr # s;

there exist constants c,, Cp > 0 such that

(5.9) lay(z,y,7)] < Cp (1+ |r|p_1) forv@mgy-a.e. (x,y) € X x X and Vr e R,
and
(5.10) ap(z,y,r)r = cp|r|’  for v @mg-a.e. (xz,y) e X x X and Vr e R.

This last condition implies that
ap(z,y,0) =0 and signg(ay(x,y,r)) = signg(r) for v @ my-a.e. (z,y) € X x X and Vr e R.
EXAMPLE 5.4. An example of a function a, satisfying the above assumptions is

p(z) + (y) =2
2 )

being ¢ : X — R a v-measurable function satisfying 0 < ¢ < ¢ < C where ¢ and C' are
constants. In particular, if p(z) = 2, z € X, we have (recall Definition 1.44) that

divin(ap(z, y, Vu(a, y))(x) = divin(ap(z, y, uly) — u(z))(z)

ap(aj7 y> ’F) =

= JX |uy) — u(@) P~ (uly) — u(z))dma(y) = JX Ve, y) P~ Vu(e, y)dm. (y)
is the (non-local) p-Laplacian operator on the random walk space [X, B, m,v].

Observe that divy,(ay(z,y,u(y) —u(x))(z) defines a kind of Leray—Lions operator for the
random walk m.
We now introduce the nonlocal Neumann boundary operators that we will be working with.

DEFINITION 5.5. Let W € B with v(W) > 0. The Gunzburger-Lehoucq type Neumann
boundary operator on @, W is given by

N u(z) :=—J 8 (2,4, u(y) — u(@))dma(y), = € W,

where, taking into account the supports of the measures m,,, we have that, in fact, the integral
is effectively being calculated over the nonlocal tubular boundary é,,W U 0, (X\W) of W.
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5. Doubly nonlinear diffusion problems with nonlinear boundary conditions 169

On the other hand, the Dipierro-Ros-Oton—Valdinoci type Neumann boundary operator
on 0, W is given by

Agrula) i= = [ aploputy) — u(@)dma () o€ W,
w
for which the integral is effectively being calculated over the nonlocal boundary é,,(X\W) of
X\W.

For each of these Neumann boundary operators we can look for solutions of the following
problem

Y(u(x)) — divpayu(x) 3 p(z), xeW,
{ NEu(@) + (@) 3 9(2),  w €W,
j€{1,2}, where we are using the simplified notation
divmapu(z) 1= divy, (ap(z, y, u(y) — u(z))(z).
On account of (5.7), we have that
1

divmapu(z) = 3 JX (ap(z,y, u(y) — u(z)) — ay(y, z, u(x) — u(y)))dmg(y)

= J ap(z,y, u(y) —u(x))dmy(y).
X

Moreover, by the reversibility of v with respect to m and recalling the definitions of 6, W and
Wi (Definition 1.51), we have that mg(X\W,,) = 0 for v-a.e. x € W. Indeed,

f i (X\ W) du (2) =J e (W)dv(z) = 0.
w X\Wp,
Consequently, we have that, in fact,

(5.11) divmapu(zr) = J ap(z,y,u(y) —u(z))dmy(y) for everyxze W.

m

LEMMA 5.6. Let Q € B with v(2) < o0 and let {uk}ren < LP(2,v) such that uy £y ue
LP(Q,v) in LP(Q,v) and pointwise v-a.e. in §). Suppose also that there exists h € LP(Q,v)
such that |ug| < h v-a.e. in Q. Then,

a, (2, y, ur(y) — ur(@)) = ap(e,y,uly) — u(z)) in L (Q x Qv @m,)

and, in particular, for v-a.e. x € €,

f (2, 9, wi (y) — wn (@) dma(y) f 8, (2, y, u(y) — u(@))dmy(y) in IP (2, ).
Q Q

PROOF. Let A c Q be a v-null set such that |ug(z)| < h(z) < +w0 for every z € Q\A

and every k € N, and such that wug(z) LN u(x) for every x € Q\A. By (5.6), there exists a
v @ my-null set N1 < Q x Q such that a,(z,y,-) is continuous for every (z,y) € (2 x Q)\N;.
Therefore,

k
ap (e, y, ur(y) — ur(x)) — ap(e, y, u(y) — u(z))
for every (x,y) € (2 x Q\(N1 U (A x Q) U (2 x A)), where, by the reversibility of v with

respect to m, N1 u (A x Q) U (Q x A) is also ¥ ® m,-null. Moreover, by (5.9), there exists a
v ® mg-null set No < Q x Q such that

lap (2, y, uk(2) = ur ()] < Cp(1+ |ug(x) = us(y)P™") < O+ Jup(@) P~ + |ur(y) P~

< O+ [h@)P + )P
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170 5.1. Nonlocal stationary problems

for every (z,y) € (2 x Q\(Ny U (4 x Q) U (2 x A)) and some constant C, where, again,
Nou(AxQ)u(2x A) is v®my-null. Then, taking (x,y) € (AxQ)\(N1UN2U(AXQ)U(2x A)),
we have that
ay (1, uk(y) — ur(2)) = ay (g, uly) — u(x))
and N
lap (2, y, up(z) = ur(y)] < O+ [h(@) P+ [A(y)P).

Now, by the invariance of v with respect to m, since h € LP(Q2, m,) and v(Q2) < 400, we
have that 1 + |[h(2)|P~* + |h(y)[P~! € LV (Q x Q,v ® m,) so we may apply the dominated
convergence theorem to conclude. ([

REMARK 5.7. Taking a subsequence if necessary, the v-a.e. pointwise convergence and
the boundedness by the function h in the hypotheses are a consequence of the convergence
in LP(Q,v).

5.1.2. Existence and uniqueness of solutions of doubly nonlinear stationary
problems under nonlinear boundary conditions. As mentioned in the introduction the
aim here is to study the existence and uniqueness of solutions of the problem

{ v(u(z)) — divpayu(z) 3 ¢(z), x €W,
N{Pu(z) + B(u(z)) 3 (), z € O W,

where W € B is m-connected and v(W,,) < +00. See [14] and [33] for the reference local
models. In Section 5.2 we will address this problem but with the nonlocal Neumann boundary
operator Ny* instead.

Problem (5.12) is a particular case (recall (5.11)) of the following general, and interesting
by itself, problem. Let Q1,9 € B be disjoint non-v-null sets and let

Q.= Ql UQQ.

Given ¢ € L*(Q,v) we consider the problem

() — fQ (@, uly) — u(@))dma(y) 3 p(z),  x e,

(5.12)

(5.13)  (GP2TP)
Blu(x)) - fQ ap(a,y,uly) — ule)dma(y) 5 o(x), e

For simplicity, we will generally use the notation (GP,) in place of (GP;”’V”B). However, we
will use the more detailed notation further on. Moreover, we make the following assumptions.

ASSUMPTION 2. We assume that Q = Q1 U Qg is m-connected and v(§) < +00.

REMARK 5.8. Observe that, given an m-connected set 2 € B, m,(€2) > 0 for v-a.e. x € Q.
Indeed, if
N :={zxeQ:my(Q) =0}
then
L, (N,Q)=0
thus v(N) = 0.
ASSUMPTION 3. Let
NEi={zeQ:(m,LQ) L wLQ)}.
We assume that (recall that similar assumptions where considered in Section 1.6.1)
v (Nf) = 0.

REMARK 5.9. Note that, for z € {2 such that m,(Q2) > 0, if m, < v (i.e., m, is absolutely
continuous with respect to v) then (m,L Q) &£ (vL Q). Therefore, by Remark 5.8, if m, < v
for v-a.e. x € Q) then v (/\/’f) = 0. Hence, the above condition is weaker than assuming that
my < v for v-a.e. z € Q.
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5. Doubly nonlinear diffusion problems with nonlinear boundary conditions 171

ASSUMPTION 4. We will assume, together with 0 € v(0) n 3(0), that

Ry 5 <Rig
where
R, 5 :=v(1) inf{Ran(y)} + v(Q2) inf{Ran(p)},
Rjﬂ = v(Qy) sup{Ran(v)} + v(Q2) sup{Ran(B)}.
Set

Q1 :=Q x Q.

ASSUMPTION 5. We assume that [X, B, m,v] satisfies a generalised (p,p)-Poincaré type
inequality on (0, &), i.e., given 0 < 1 < v(Q), there exists a constant A > 0 such that, for
any u € LP(Q,v) and any Z € B with v(Z) > 1,

J wdy| | .
zZ

REMARK 5.10. Observe that, in fact, Assumption 5 implies that € is m-connected (which
is part of Assumption 2). Indeed, suppose that Assumption 5 holds but €2 is not m-connected.
Then, we may find non-v-null sets A, B € Bg such that Au B = Q and L,,(A, B) = 0 (recall
Definition 1.32). Let us first suppose that v(A n B) = 0. Then, if we define v : @ — R by

lull oo,y < A ((JQI lu(y) — u(x) |pdmm(y)d1/(x)); +

From now in this chapter we work under Assumptions 1 to 5.

, ifxeA,

we have that v e LP(Q,v), {,udv = 0 and

J;J;““y>‘14wﬂﬂhnz@0m4x>:(1

Therefore, by Assumption 5, we get that |ul rr(9,) = 0 which is a contradiction.

If v(An B) > 0 then v(A\B) > 0, v(B\A) > 0 or v(A) = v(B) = v(2). In the first
two cases we have that L,,(A\B,B) < Ly (A,B) = 0 and L,,(4, B\A) < L,,(A,B) = 0,
respectively, so we work as before. If v(A4) = v(B) = v(Q) then L,,(£2,Q) = 0 and we may
take, for example, A’ = Q1 and B’ = (5 in our previous argument.

DEFINITION 5.11. A solution of (GP,) is a pair [u,v] with u € LP(Q,v) and v € L¥ (Q,v)
such that
1. v(z) € y(u(x)) for v-a.e. z € Qy,

2. v(x) € B(ulx)) for v-a.e. x € Qo,
3. [(2,9) > ap(@y, u(y) — u(@)] € L7 (2 x 2,0 @my),
4. and
@) = | aplap ) — u@)dm,) = ¢(@). e
A subsolution (supersolution) to (GP,) is a pair [u,v] with u € LP(2,v) and v € L}(2, v)
satisfying 1., 2., 3. and

vm—L%@@mw—wmwmwswm,xda

(0600 = [ avtameuts) = ua)dm,) > (@), we0).
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172 5.1. Nonlocal stationary problems

REMARK 5.12 (Integration by parts formula). The following integration by parts formula
follows by the reversibility of v with respect to m (recall Lemma 1.48). Let ¢ > 1. Let
u : X — R be a measurable function such that

[(z,y) = ap(z, y, u(y) — u(x))] € LYQ1,v @ my)
and let w € LY (Q, ), then

- J jﬂ (2, . u(y) — u(z))dm (y)w(z)dv(z)

Q

__ J J ay(z, 9, u(y) — u(z))dma (y)w(z)dv(z)
0 JQ

| [ st utw) - @)dm. o)
Qg JQ
1
3 | o) - u@) @) - we@)de © m) )
1
Let us see, formally, the way in which we will use the above integration by parts formula
in what follows. Suppose that we are in the following situation:

- L ap(e,y uly) — u(@))dma(y) = f(2),  @e o,

_ jﬂ ap(e, g, uly) — u(@))dma(y) = g(z),  ze .

Then, multiplying both equations by a test function w, integrating them with respect to v
over {21 and 29, respectively, adding them and using the integration by parts formula we get

% JQI ap(z, y, u(y) — u())(w(y) —w())dv @ ma)(z,y)

= f(@)w(x)dv(z) —l—J g(x)w(z)dv(zx).
Q1 Qo

Moreover, as a consequence of these computations and (5.8), taking v = w;, f = f; and
g = ¢gi, t = 1,2, in the above system and given a nondecreasing function 7' : R — R we obtain

f (fi(x) = fol@)) T (u1 () — uz(x))dv(x) + f (91(2) = g2(2)) T (ur () — ua(x))dv(z)
Q1 QQ
1

= 2J 1 (ap(z,y,u1(y) —ui(x)) — ap(z,y, ua(y) — uz(x)))

x(T(ur(y) — ua(y)) = T'(ur(z) — ua(x)))dv @ mq)(z,y) = 0.

The next result gives a mazimum principle for solutions of Problem (GP,) given in (5.13)
and, consequently, also for solutions of Problem (5.12).

THEOREM 5.13 (Contraction and comparison principle). Let @1, @2 € L'(,v). Let
[u1,v1] be a subsolution of (GP,,) and [ug,v2] be a supersolution of (GP,,). Then,

(5.14) JQ(UI — ) Tdr < fﬂ(gpl — o) dv.

Moreover, if o1 < o with @1 # pa, then vi < vy, v1 # va, and uy < uy v-a.e. in €.
Furthermore, if o1 = 2 and [u;,v;] is a solution of (GP,,), i = 1,2, then vy = va v-a.e.
m Q and uy — ug is v-a.e. equal to a constant.

PROOF. By hypothesis we have that

vi(z) —va(z) — fﬂ(ap(x, y,ur(y) —ui(z)) — ap(x, y, u2(y) — u2(x)))dmz(y) < p1(z) — p2(z)
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for x € Q. Multiplying this inequality by %T,j (u1 — ug + ksigng (v1 — v9)) and integrating
over §) we get

fﬂ (1) — va(e) 1T} () — un(a) + b s (v () — wal)) o ()

—f f (8, 1, 11 (y) — 1 (2)) — ap( y, 1a(y) — ua(2)) )i (y)
QJQ

(5.15) LT () — ) + Ksigng (v1 () — va(@)))du(z)

< f (1(2) = wz(w))%T;f(m(@ — ua(x) + ksigng (vi(x) — va(x)))dv(z)
Q

< fg«ol(x) — o)) ().

Moreover, by the integration by parts formula, we have that

= | @l (o) = 1) =y, 0200) =~ a0 )
« %T,j (w1 (@) — ua(z) + ksignd (v (z) — va(2))) dv(2)
=5 | | @ote ) - @) - ayle . ) - wa(@)

(T (00) s + s ()~ va0)
L s () — wn(e) + esizng (vn (@) — v2<x>>>)dmx<y>dv<x>.

Now, since the integrand on the right hand side is bounded from below by an integrable
function, we can apply Fatou’s lemma to get (recall the last observation in Remark 5.12)

timint = | [ (oo 6) = 1a(0) = (o . 0al0) = o) o)
1

XET;:(Ul(JJ) — ug(z) + ksigng (v1(z) — va(x)))dv(z) = 0.

Hence, taking limits in (5.15), we get

J (01 () — v2(x)) " dv(z)
Q

= Jim | (@i(2) —us(a) LT () — ua() + ksigng (v1 () = va(e))dv(2)

< JQ«ol(x) — o)) dv(a),

and (5.14) is proved.
Take now ¢1 < @2 with 1 # 9, then, by (5.14), we have that v; < vg v-a.e. in Q. Now,
since |u1,v1] is a subsolution of (GP,,) we have that

vi(z) — JQ ap(z,y, u1(y) — ur(z))dma(y) < ¢1(x)
thus

[ o = || apte i) - n@)imwive) < | @i,

n'g

=0
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174 5.1. Nonlocal stationary problems

Therefore, with the same calculation for [ug, v2], we have that

Lm@ww<meww<Lm@wm<Lw@wm

thus v # vg. Now, since (p1 — @2)t =0 and (v; —v2)™ =0, from (5.15) we get that

0> fﬂ (in() — val)) T3 (ur () = ) o ()

- f J (a2, 4, ur(y) — 1 (2)) — ap(r, y, ua(y) — us(2))
QJQ

1
XET]: (ur(z) — ua(z))dmy(y)dv(x).
However, uj(z) < ug(z) for v-a.e. x € Q such that v (z) < va(x), so

(vi(x) — va(x)) %TJ (u1(z) — uz(x))) =0

for v-a.e. x € 2, and we have that

- f f (@ (@, ur (1) — 01 (2)) — gy, 1 (y) — (@) ST (i () — o)) dima () ()
QJa k

is non-positive. Now, recalling Remark 5.12 and (5.8), we obtain

. | @t = 1) = ayle g ao) = o))
x((ur(y) —u2())™ — (ua(z) — uz(2)) " )dme(y)dv(z) = 0

thus

(5.16)

(@p(@,y, ur(y) — ur(z)) — ap(z, y, uz(y) — u2(2)))((ur(y) — u2(y)™ — (ur(z) —uz(2))") =0
for (z,y) € (2 x Q)\N where N < Q x Q is a v ® my-null set. Let C < € be a v-null set such
that the section N, := {y € Q : (z,y) € N} of N is my-null for every z € Q\C and let’s see
that u1(z) < uz(z) for every x € Q\(C U NP (recall Assumption 3 for the definition of the
v-null set N$Y). Suppose that there exists xg € Q\(C U M) such that uj(z¢) — uz(xo) > 0.

Then, from (5.16) (and (5.8)) we get that ui(y) — ua(y) = ui(xo) — ua(xo) > 0 for every
y € Q\Ng,. Let

Si={yeQ: ui(y) —u2(y) = wi(zo) — u2(z0)} > NNy,

then, since zo ¢ V% and my, (Ny,) = 0, we must have v(S) = v(Q\Ny,) > 0. Now, following
the same argument as before, if z € S then Q\N, < S thus m,(Q\S) < mz(Nz) = 0 and,
therefore,

Lin(S,Q\8) = 0.

However, since (2 is m-connected and v(S) > 0 we must have v(Q\.S) = 0 thus u; (y) —ua(y) =
ui(xo) — ua(zp) > 0 for v-a.e. y € Q. This contradicts that v; < vg, v] # vg, v-a.e. in Q.

Finally, suppose that [u1,v1] and [ug,v2] are solutions of (GP,) for some ¢ € L'(2,v).
Then,

vi(x) —va(x) — L(ap(% y,ui(y) — wa () — ap(e, y, uz(y) — ua(x)))dma(y) = 0

thus, since v1 = v9 v-a.e. in 2,

- Jﬂ<ap<x, your(y) — un(2)) — ap(a v, ua(y) — ws(@)))dma(y) = 0.
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5. Doubly nonlinear diffusion problems with nonlinear boundary conditions 175

Multiplying this equation by u; — ue, integrating over €2 and using the integration by parts
formula as in Remark 5.12 we get

f f (ap(, g, 11 (y) — 11 (2)) — ap(, 1, 12(y) — ()
QJ0Q

X (un(y) — (@) — (u2(y) — ua(2))) dme (y)di(z) = 0
thus, by (5.8),

(5.17) (ap(z,y, u1(y) —ur(z)) — ap(z,y, ua(y) —ua(x)))(u1(y) — w1 (z) — (u2(y) —uz(x))) =0
for (z,y) € (2 x Q\N' where N' € Q x Q is a v ® my-null set. Let C' < Q be a v-null set
such that the section N, := {y € Q : (z,y) € N'} of N’ is v-null for every x € QO\C’ and let’s
see that there exists L € R such that uj(z) — us(x) = L for v-a.e. x € Q. Let xg € Q\C’,
L := uj(x0) — ua(wp) and
S i={yeQ: ui(y) —ua(y) = L} > QO\N,,.

By (5.17) we have that Q\C} < S'. Proceeding as we did before to prove that v(Q\S) = 0
we obtain that v(Q\S") = 0. O

In order to prove the existence of solutions of Problem (5.13) (Theorem 5.14) we will
first prove the existence of solutions of an approximate problem. Then we will obtain some
monotonicity and boundedness properties of the solutions of these approximate problems that
will allow us to pass to the limit. This method lets us get around the loss of compactness
results in our setting with respect to the local setting. Indeed, we follow ideas used in [14],
but, as we have said, making the most of the monotone arguments since the Poincaré type
inequalities here only produce boundedness in LP spaces (versus the boundedness in WP
spaces obtained in their local setting). This will be done in the following subsections.

5.1.3. Existence of solutions of the approximate problem. Take ¢ € L*(Q,v).
Letn, ke N, K >0 and

A= Apy: IP(Q0) - LV (Q,v) = LF (Q1,v) x LV (Q,v)

be defined by
A(u) = (A1(u), Az(u)),

where

Ar(u)(@) := Tr((v)e(u(@))) + Tr (v )n(u(z))) — L ap(x, y, u(y) — u(x))dma(y)

L@ Pt @) - Ll @),

for x € Qq, and

Ax(u)(@) := Tr((B)r(u(x))) + T (B-)n(u(z))) = L ap(e, y, uly) — u(z))dme(y)

@) PRt (@) = () (@),

for x € Qo. Here, Tk 1is the truncation operator defined as
-K ifr < —K,
Tr(r):=<% r if Ir] € K,
K ifr > K,
and (Y4 )k, (V=)n, (B+)k and (B-), are Yosida approximations as defined in Subsection 5.0.1.

It is easy to see that A is continuous and, moreover, it is monotone and coercive in
LP(Q,v). Indeed, the monotonicity follows by the integration by parts formula (Remark 5.12)
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176 5.1. Nonlocal stationary problems

and the coercivity follows by the following computation (where the term involving a, has been
removed because it is nonnegative, as shown in Remark 5.12):

1 1, _
|, Atwyuas > L g + 1 e

Therefore, since p € L*(Q,v) < L (Q,v), by [42, Corollary 30], there exist u, ) € LP(Q,v),
n, k € N, such that

(A1(un i), A2(unk)) = .

That s,
TrA(v+ )k (un k(@) + Tr (V- )n(unk(2))) — f ap(@, Y, Un e (y) — un,k(2))dma(y)
(5.18) . @
()Pt () = 7 () P2 (2) = () forw ey,
and
Tr((B+ )k (tnk(2))) + Tr (B-)n(unk(2))) — f ap(@, Y, Un e (y) — un,k(2))dma(y)
(5.19) @

— 1 9
+ﬁ|un7k(aj)|p 2u;k(:p) - E|un,k($)|p 2umk(fv) = p(x) forxz e Q.

Let n, ke N. We start by proving that unj, € L*(2,v). Set

1
M = ((k + )@l (0.) " -

Then, multiplying (5.18) and (5.19) by (unr —M)™, integrating over Q1 and Qq, respectively,
adding both equations and removing the terms which are zero, we get
(5.20)

Ik«<v+>k<unﬁ<x>»<un$<x>—-A4>+dv<x>+-J; Tre (B4t (@))) (1 (&) — M) dv(z)

971
—jj%@%wﬂw—%mmwwm—Mwwmwmm
QJQ

+if |un,k(l')|p—2u;k($)(un’k(w) — M)*dv(z)
Q

=f¢mwmm—Mﬁwm.
Q

Now, by the integration by parts formula (recall Remark 5.12), we have that
— |, a0l 0) = @) 0 a0) = 20 i )

= 3 [ vt i) = ) (i) = M) = (ansle) = M) i)z > 0

Hence, removing nonnegative terms in (5.20), we get

JWmeWngmmmam—wnwwm<nj¢mxwaw—wnwwm,
Q Q

thus

J T (lun i (@) P20} 1 (2)) (un i (x) = M) dv(z) < nJ (@) (unk(x) — M) dv(z).
Q Q
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5. Doubly nonlinear diffusion problems with nonlinear boundary conditions 177

Now, subtracting J Mp_l(unvk(x) — M)tdv(zx) from both sides of the above inequality yields
Q
|| (@t 2t = 7) (o) = M) d(o)

1
< nJ (gp(:v) - Mpl) (unx(z) — M) " dv(z) <0
9] n
and, consequently, taking K > M, we get
Unkp S M v-a.e. in €.

Similarly, taking w = (uy,, + M)~ , we get

L (a2 () + MP ) (1t ) + M)~ do()
1
= kj <<P(:1:) + kMp_1> (un gk + M) dv(z) =0
Q
which yields, taking also K > M,
Up g = —M  v-a.e. in €.
Therefore,
lwn ll e (o) < M

as desired.
Now, taking

K > max {Mv ('7+)k(M)a _(Vf)k’(_M% (6+)n(M)v _(B*)n(_M)} )
equations (5.18) and (5.19) yield

(Y )k (un (@) + (- n(un k() — L ap (2, Y, tn g (y) — tnk())dmz(y)

(5.21) ) )
+funk () P20 () = %Iun,k(w)lp”u;k(w) =p(z), zelh,
and
(ﬁJr)k(un,k(;E)) + (ﬁ*)n(un,k(x)) - J ap(xvyaun,k(y) - un,k(x))dmx(y)
(5.22) @

p—2, + -2

1 1 _
o n e (@) g (2) = L lun (@) ur  (2) = o(x), 2 € Q.

Take now ¢ € LP (Q,v) and, for n,k € N, set

(5.23) Pk = sup{inf{n, o}, —k}.

Then, since @, € L®(2,v), by the previous computations leading to (5.21) and (5.22),
we have that there exists a solution u,j € L*(Q,v) of the following Approzimate Problem
(5.24)~(5.25):

()it (1)) + ()t () — f 0, (2, tn o () — (7)) dma(y)
(5.24) . @
+

_ 1 _
k()7 (@) = g (@)

U, 1 (7)) = onp(z), x€,

(B k(i (@) + (B )tk (2)) — j a1, (2, () — o)) A ()
(5.25) @

1 _ 1 o
(@) PP (2) = (@) (2) = pup(@), @ e Qs
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178 5.1. Nonlocal stationary problems

Moreover, we obtain the following estimates which will be used later on. Multiplying (5.24)
and (5.25) by %Ts(u:’k), integrating with respect to v over 1 and o, respectively, adding
both equations, applying the integration by parts formula (Remark 5.12), and letting s | 0,
we get, after removing some nonnegative terms, that

1
(5.26) f |un7k|p2u:;kdu+J
n Jo ?

Q1

(V)i (i) dv +J (B4 )k (wn g )dv < J P pdv < J ¢ dv.
2 0 0

Similarly, multiplying by %Ts(u;k) we get

1
6520) 1 [ funalr o=

1951

()i — |

(B i) < | oy < [ gman
Qo Q Q

5.1.4. Monotonicity of the solutions of the approximate problems. Using that
©n k 18 nondecreasing in n and nonincreasing in k, and thanks to the way in which we have
approzimated the mazimal monotone graphs v and B, we will obtain monotonicity properties
for the solutions of the approrimate problems.

Fiz k € N. Let ny < ng. Multiply equations (5.24) and (5.25) with n = n1 by (up, k —
Un, k)", integrate with respect to v over Qi and Qg, respectively, and add both equations.
Then, doing the same with n = no and subtracting the resulting equation from the one that
we have obtained for n = ni we get

L (v )ty 1 (@) = (v Dk (g 1 (2))) (Wt 1 (7) = g () Tl ()
+ L (V) (ttmy & (2)) = (V- s (thny () (g () = Uy () Tl ()

1

+

+
F 9

(B4 ) (g () = (B )k (1t 1)) (thy () =ty () * ()

(B (1 () = (B=)no (U k() (s (%) = gy (7)) ()

[ (ot kP 25 1(0) = )08, 1) ) ) o) o)

Jﬂ<ap<x, Uty e () — iy () — B (2, 1y e () — 1y (1))

x (unhk(‘r) - un2,k(x))+dmx(y)dy(‘r)

Q2

_% L (Ium,k(:v) P72y () = [ty (@) |p—2u;2,k(x)) (U, o () — tng o)) ()

- fQ (s () = Doy (2)) 1ty (&) — 11y (1)) () < 0.

Since (74 )k and (B4 )k are mazimal monotone the first and third summands on the left hand
side are nonnegative, and the same is true for the second and fourth summands since (Y—)n, =
(Y )ngs (B-)ny = (B-)n, and these are all maximal monotone. The fifth summand is also
nonnegative as illustrated in Remark 5.12. Then, since the last two summands are obviously
nonnegative, we get that, in fact,

1 _ 1 -~
[ (s P 28,40 = s P28, 40)) (i 400) s 0)) () =
and

;jﬂ (Ft b @121, @) = it (@), () ) (g () = 1 () () = O
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5. Doubly nonlinear diffusion problems with nonlinear boundary conditions 179

which together imply that
Upy k(T) S upy k(x)  for v-a.e. z € Q.

Similarly, we obtain that, for a fived n, uy j is v-a.e. in ) nonincreasing in k.

5.1.5. An LP-estimate for the solutions of the approximate problems. Multi-
plying (5.24) and (5.25) by

1
Unk — ~7 N J un,de7
v(1) Jo,

integrating with respect to v over 1 and o, respectively, adding both equations and using
the integration by parts formula (Remark 5.12) we get

(5.28)
1
[l (otnaate + Gdutuns@) (ate) = g [ ) dote)
+f (B )b (e (2)) + (B (1t ())) (umk(as) - (;21) L ukd> v (z)

Qo
= L L 1, (2, Y, 1 (4) — 1 (2)) (e () — () s (y) o ()
1 o 1 S 1
+ JQ <n|un7k(:c) [ (@) = 2 lun g (@) un,k(:c)> <Un,k(37) o) L un,de) dv(x)

_ L onp(@) (umk(m’) _ y(;zl) L un,kdy) du(z).

For the first summand on the left hand side of (5.28) we have

Ll (1t g) + (7o) (uk - L ukd) dv

B JQI ((%)k(un’k) ~ O (V(lﬂl) Ll unk)) (unk - V(lQl) Ll un’kdy> W
L i o)) (o )0

and for the second

j% (Bt ) + (B In(tm ) (uk el ukd) dv

= [ (@t = Gon (i [ ) ) (k= g [, amst)
Lo (om0 (g [ ) ) (s ey [ o)
- Bkt + (B (i [ = | gl )
1

> LQ (Bt ) + (B ) (unp)) (U oy Ll - y(lszz) LQ umkdu) .
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Since Fyi(s) := L|s|P=2sT — 1|s|P~2s™ is nondecreasing, for the fourth summand on the left
hand side of (5.28) we have that

[ (Gl 240 = Flans@lP 409 ) (o) = o [ ) o
:J (Fnk(unk( ) — Frx ( (slzl) Uy, v )) (u )Ll Un,kdy> dv (x)
+L2 ( ok (Un k(7)) — F, < (g122 Uy, de>> (unk (12 2 LQ “n,kd’/) dv(x)

1
Fn,k Unk ) < J nkd’/> )
) v(th) Jo, Qs
1

unkdu> (2).

Finally, recalling (5.10) for the third summand in (5.28), we get

Ep JQ JQ |un,k(y) - un,k(x)|pdmx(y)dy($)

1
< n nk = T/ \ n d d
J ok (u . v(h) JQlu * V) Y

+ L2 k(Un k) + (B=)n(unk)) (y(lQl) Ll Up pdV — y(ng) LQ unn,kdy) dv

e[ (Gl o) = @l (o)

1 1
X [ —— Up pdV — ———— Un.pdy | dv.
<I/(Q1) Jﬂl * v(Q) JQQ * >

Now, by Hélder’s inequality and the generalised Poincaré type inequality with | = v(€))
(let A1 denote the constant appearing in the generalised Poincaré type inequality in Assump-

tion 5), we have that
f © <u ! J u du) dv < | ¢ u ! J Up AV
n,k nk — T 7~ N n,k =X "(Q.u nk = T 7~ \ n,k
Q v() Jo, Ly () v() Jo,

< lelirian ([ [ 1ma0) = wns(@iPim. vt )

Lr(Q,v)

and, by (5.26), (5.27) and the generalised Poincaré type inequality with | = v(1) and with
I =v(Qs) (let As denote the constant appearing in the Poincaré type inequality for the latter
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5. Doubly nonlinear diffusion problems with nonlinear boundary conditions 181

case), we obtain that

[ (00 + Balaid) + s 00 = Flonal)P 00

1 1
X | ——— Uy AV — ——— Up pdv | dv
(umn L FT () L * )

< el ! J Up AV — . J Up kdV
v() Jo, v(Q2) Jo,
1 1 1
< H()DHLl(Q,l/)il un,k - V(mf un,de + 'U;n,k — V(mf un,kdy
v(Q)r 1) Joy LP(Qv) 2) JQ, LP(Qv)
A+ Ay

< el

Q) (JQ JQ [k (y) = tn (@) |pdmm(y)du(:v)> %

Therefore, bringing (5.28) and the subsequent equations together, we get
(5.29)

N e

C AL+ A
5 (J f [t 1:(y) = un,k(:n)|pdmx(y)du(l‘)> < M@l o + ———1lelni -
QJQ (Q)p

v

5.1.6. Existence of solutions of (GP,). Observe that a solution (u,v) of (GP,) sat-

isfies
J vdv + J vdy = f ®,
2 Qo Q

therefore, since v € y(u) in Q1 and v € f(u) in Qo, we need ¢ to satisfy
- +
R%ﬂ < JQ pdv < R%ﬁ'

We will prove the existence of solutions when the inequalities in the previous equation are
strict, this suffices for what we need in the next section. Recall that we are working under the
Assumptions 1 to 5.

THEOREM 5.14. Given ¢ € LP (Q,v) such that
- +
R 5 < JQ pdv <R 5,
Problem (GP,) stated in (5.13) has a solution.

Observe then that any solution (u,v) of (GP,) under such assumptions will also satisfy
- +
R%B < JQ vdy < R%B’

this will be used later on.
We divide the proof into three cases.

PROOF OF THEOREM 5.14 WHEN R;—F/B = o0. Suppose that

R —o0 and R+B = 400.

8= 7

Let p € Lp,(Q, V), ¢n i defined as in (5.23) and let u, ; € L*(,v), n,k € N, be solutions of
the Approzimate Problem (5.24)—(5.25).

Step A (Boundedness). Let us first see that {|un kl|rr(0,)}nk is bounded.

Step 1. We start by proving that {|u.’ ,|lzr(0,.)}n,k is bounded. We will see this case by case.

Since Rjﬂ = 400, we have that sup{Ran(y)} = +o or sup{Ran(5)} = +o0.

Universitat de Valéncia Marcos Solera Diana



182 5.1. Nonlocal stationary problems

Case 1.1. Suppose that sup{Ran(y)} = +0. Then, by (5.26) we have that

f (v4)k(upp)dy < M := f wdv for every n,k e N.
951 Q

Let z;’k = (74 )k (up,x) and ﬁnk = {a: e z:{k(a:) < %} Then

+ _ + . +
0 < ﬁ Zn’kdl/ = f zn’kdy J _ zn’kdv
Qn,k: Q1 Ql\ﬂn,k

~ 2M ~ 2M
<M —(v() — V(an))m = V(ka)y(gl) - M,
from where 0
V(ﬁn,k) = V(2 1) .

Case 1.1.1. Assume that sup D(y) = +o0. Let rg € R be such that v%(rg) > 2M /v(Q4) and
let ky € N such that

(5.30) 1/2(QM1) < (y)r(r0) <4°(ro) for k = ko.

Then, since in SN)nk we have that (v.)k(unk) = 27, < %, from (5.30) we get that

u::k <rg in Q,, for every k > ko and every n € N.

)

Therefore, this bound, the generalised Poincaré type inequality with [ = © (21) and (5.29)
yield that {[u, ,[lzr(0.0)}nk is bounded.
Case 1.1.2. If r := sup D(7y) < 400, by Lemma 5.1 we have that
(Y k(1) = k(r —1y),  for r =1y + 17°(ry).
Then, in ank we have that

L. 2M _ 2M - 1 [ 2M
(ML) < rs < s +7°0) = e (i + 1 (s #2700 ) ).

thus, for all n and k,

1/ 2M ~
Up g S Ty F Z (V(Ql) + ’yo(m)) in Q, k.
Therefore, again, this bound together with the generalised Poincaré type inequality with
l = @ and (5.26) yield the thesis.
Case 1.2. If sup{Ran(5)} = +o we proceed similarly.
Step 2. Using that R_ 5 = —o0 we obtain that {|u,, ;|rr(@,v)}nk is bounded with an analogous
argument.

Consequently, we get that {||u, kl|1r(0,) }nk is bounded as desired.
Step B (Taking limits in n). The monotonicity properties obtained in Subsection 5.1.4 to-
gether with the boundedness of {|un k/|rr (0,1 }n,k allow us to apply the monotone convergence
theorem to obtain ug € LP(Q,v), k € N, and u € LP(, v) such that, taking a subsequence if
necessary, uy x —> ux, in LP(£2,v) and pointwise v-a.e. in  for k € N, and uy, * win LP(Q,v)
and pointwise v-a.e. in €.

We now want to take limits, in 7 and then in k, in (5.24) and (5.25). Since u,  —> u, in
LP(Q,v) and pointwise v-a.e. in 2, we have that

(5.31) L (2, st () — t () dima () fﬂ (2, 9, ui (y) — u () dma (1),

1 -
—Jun g (@) () = 0
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and . )
s @ ugy (@) = lun@)P g ()

in LPI(Q,I/) and, up to a subsequence, for v-a.e. x € ). Indeed, for the second and third
convergences note that, by the mean value theorem, for a, b € R,

’ / p=2 ’ / _1 ’
"= = < (p— 1)7 max{[al?, [P} [a — b < (p— VP (|al” + |bf) T |a — bJ?
thus, by Hoélder’s inequality,

Hup_l p

-1 / p=2
nk Uk HLP’(Q,V) <(p-1)P (Hun,k |LP(Q,Z/) + Huk”LP(Q,u)) P up g — ukHLP(Q,y)

hence uz_kl RLN uz_l in LPI(Q, v). Moreover, since {uy;} is nonincreasing in n, we have that
[tn k| < I7nax{|u1,k|, |uk|} v-a.e. in Q, for every n, k € N, so Lemma 5.6 yields the convergence
(5.31) in LY (Q, v).

Now, isolating (7: )e(ttn k) + (7 Jn (ttn ) and (81 ) (tn )+ (B (1) in equations (5.24)
and (5.25), respectively, and taking the positive parts, we get that

(V4 )k (un k() = (JQ ay(z, Y, un k(y) — unk(z))dm.(y) + %|Un,k(33)|p72“:,k(x)

1 . +
s i, 0) + o))

for z € Q¢, and

(B4 )k (unk(z))

= <JQ ap(l‘, Y, un,k(y) - un,k(x))dmx(y) + %|un7k(‘r) |p_2u;:,k(x)

1 B B +
kD 2 0) + (o))

for x € 5. Therefore, since the right hand sides of these equations converge in Lp'(Ql, v) and
LP (Q, ) (and also v-a.e. in Q1 and Q»), respectively, we have that there exist z; € LY (Qy,v)
and w € L (Qg,v) such that (74 )k (tnr) — z in LP (Q1,v) and pointwise v-a.e. in Q1, and
(B4 )k (ung) = w in L (s, v) and pointwise v-a.e. in Qy. Moreover, since (74 ) and (84 )k
are maximal monotone graphs, z; = (v+)(ux) v-a.e. in Qq, and w;” = (B4 )x(ug) v-a.e. in
Qo.

Similarly, taking the negative parts, we get that

3 lirfoo('y,)n(un,k(x)) =z, () in LP (Qy,v) and for v-a.e. every x € Q,
and

3 lim (B )n(uni(z)) = w, () in LP (Q,v) and for v-a.e. every x € Qs.

Moreover, by [33, Lemma GJ, z, € 7 (uy) and w;, € f_(uy). Therefore, we have obtained
that

632 5 (@) + 5 @) = | ayleun) —u@)dme ) - Hu@l 2 @) = o).

for v-a.e. every x € 21, and

633wl (@) + 07 @)~ | anepnls) — ue)dma() - )P @) = ela)

for v-a.e. every x € s.

Step C (Taking limits in k). Now again, isolating z;7 + z;, and w; + w; in equations (5.32)
and (5.33), respectively, and taking the positive and negative parts as above, we get that
there exist 2t € L (Q,v), 2~ € LP (Q,v), wt € LP (Qy,v) and w™ € LP (Qy,v) such that

k — k _ . / . . . k _ k _
zlj — z" and z;; = 2z~ in LP (1, v) and pointwise v-a.e. in §, and w,j — w’ and w;, = w
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184 5.1. Nonlocal stationary problems

in LV (Q2,v) and pointwise v-a.e. in Qs. In addition, by the maximal monotonicity of vy_
and O_, z= € 7_(u) and w™ € f_(u) v-a.e. in Q; and Qo, respectively. Moreover, by [33,
Lemma GJ, 27 € y4(u) and wt € 81 (u) v-a.e. in Q; and Qg, respectively.

Consequently,

z(x) — JQ ay(z,y, u(y) —u(z))dm,(y) = p(x) for v-ae. z e Qy,
and
w(z) — JQ ap(z,y, u(y) —u(x))dmy(y) = p(z) for v-a.e. € Qy,

where z = 27 + 27 € y(u) v-a.e. in Q1 and w = w™ +w™ € B(u) v-a.e. in Qy. The proof of
existence in this case is done. (]

PROOF OF THEOREM 5.14 WHEN R;—rﬂ < o0. Suppose that
- +
—0 < R%ﬁ < R%ﬁ < +00.
Let ¢ € L” (2, v), and assume that it satisfies
- +
R, s < JQ wdv < RS 5

Then, for ¢, ;, defined as in (5.23), there exist M;, My € R and ng, ko € N such that
(5.34) R.5 <M< L Onrdv < My < Rjﬁ

for every n = ng and k > ko. For n,k € N let u,, € L*(Q,v) be the solution to the
Approzimate Problem (5.24)—(5.25), and let

(5.35) Mz := sup
n,keN

< +00.
LP(Q,v)

1
Un ke — f un’de
v(th) Jo,

Observe that Ms is finite by the generalised Poincaré type inequality together with (5.29).
1

Let k1 € N such that k1 > kg and M; + %Mgl/(Q)P(P*U < ’R;B for every k > k.

Step D (Boundedness in n and passing to the limit in n) Let us see that, for each k € N,

{[vnkllr(0,0)}n is bounded. Fix k > ki and suppose that {|unllrr(0,)}n is not bounded.

Then, by (5.35), we have that

1 J n—-40oo
— | uppdy =57 +oo.
v() Jo,

Thus, since u,, i, is nondecreasing in n, there exists nq = ng such that

1 B 1 -
U, . < Unk—f Uy, AV + J Uy, AV
" Tov() Jo, v(th) Jo,
1 _
= u'fL —_ un dV )
( () fﬂl . >

for every n = n1, thus

|y, o) < M3 for every n = ny.

1
Consequently, |lu, ,[rr-1(0,) < M3v(€2)?@=D for n = ny. Then, with this bound and (5.34)
at hand, integrating (5.24) and (5.25) with respect to v over Q1 and Qq, respectively, adding
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5. Doubly nonlinear diffusion problems with nonlinear boundary conditions 185

both equations and removing some nonnegative terms we get

L (’Y+)k(un,k(96))+(’y—)n(un,k(ﬂf))dl/(ﬂff)JrfQ (B4 )1 (un k(7)) + (B=)n(un k(2)) dv(z)

N / N
1 2 g

Zn,k(w) wn,k(x)

1 _1
< M; + %ng(ﬂ)f’(f’_l) < R—;’ﬁ.

. v

My

g

Therefore, for each n € N, either

(5.36) JQ zn.kdv < sup{Ran(y)}v(Q) — g
(5.37) JQ wp xdv < sup{Ran(B)}r(Q) — g,

where § := Rjﬁ — My > 0.
For n € N such that (5.36) holds let

Ky = {ac € : zyp(x) <sup{Ran(y)} — 4y(i21) } :

Then,

1) 1)
Zp pdv = J Zn g dV — f Zppdy < —— + V(K i (sup Ran(vy)} — ) ,
JK . . T vl (sup{Ran()} - o

and

J Zp kdv = inf{Ran(y)}v (K k).
Kn,k

Therefore,
V(K k) (sup{Ran(’y)} — inf{Ran(v)} — 4V(591)) > g,
thus v(K, ) > 0, sup{Ran(v)} — inf{Ran(y)} — 4V(691) > (0 and
5/4

V(Kn,k) =

sup{Ran(v)} — inf{Ran(v)} — %.
Note that, if sup{Ran(v)} — % < 0 then z,; < 0 in K, thus u:{k = 0 in K, and,

consequently, Hu;:kH Lr(K = 0. Therefore, by the generalised Poincaré type inequal-

n,kvl’)

ity and (5.29) we get that {|unkllrr(0,)}n is bounded, which is a contradiction. We may
therefore suppose that sup{Ran(vy)} — % > 0. Then, for ko > k; large enough so that

sup{Ran((7+)1)} > sup{Ran(v)} — gy for k = ko,

1 3 o
[ o, oy < VR R) 7 (1) 1 <sup{Ran(fy)} a 41/(91))

and by the generalised Poincaré’s inequality and (5.29) we get that {|u, x| Lr(0,.) }n is bounded,
which is a contradiction. Similarly for n € N such that (5.37) holds.

We have obtained that {||u,k|rr(@u)}n is bounded for each k € N. Therefore, since
{tn i }n is nondecreasing in n, we may apply the monotone convergence theorem to obtain
up € LP(Q, v), k € N such that, taking a subsequence if necessary, uy, j 55wy, in LP(Q, v) and
pointwise v-a.e. in € for k € N. Proceeding now like in Step B of the previous proof we get:
zF e LV (Q,v) and wi € LP (Qa, ) such that 2 € v (uy) and w; € B (uy) v-a.e. in Q; and
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186 5.1. Nonlocal stationary problems

9, respectively; and z; € LP (Qy,v) and wy € LP (Q,v) with 2 € v—(uy) and w; € B_(ug),
v-a.e. 1 and s, respectively, and such that

6538 @)+ @)~ | ayep )~ w@hdm ) - P i (@) = o),
for v-a.e. every z € €y, and
65:39) @)+ @)~ [ ayep i) - u)dn) - @ P @) = )

for v-a.e. every x € Q.
Step E (Boundedness in k and pass to the limit in k) We will now see that {|ux|rr.)}e i

wn

bounded. Since u)f < uf, it is enough to see that {|uj |Lr(q,.)}k is bounded.
Now, (5.38) and (5.39) yield

J S () + 2 () dvla) + JQ Wi (@) + wp (@) dv(e) > My > R,

0O~

2z (@) wk(z)

Therefore, for each k € N, either

(5.40) JQ zpdy > inf{Ran(vy)}r (1) + (;,
(5.41) JQ wrdy > inf{Ran(8)}v () + (;,,

where ¢’ := My — R 5> 0.
For k € N such that (5.40) holds let K}, := {z € Q1 : zi(z) > inf{Ran(vy)} + ﬁéll)}'
Then

f 2dv :f zkdu—J 2pdv
Ky, Q1 Q1\Kg

> (inf{Ran(y)}u(Ql) + (;/) — (v() — v(Ky)) (inf{Ran(v)} + 4]/?;)1))

!

5 . &
=7 + v(K}) <1nf{Ran(’y)} + 41/(91)) )

and
j zidv < sup{Ran(v)}v(Ky).
Ky,

Therefore,

v(160) (sup{Ran(:)} ~ inf{Ran() ~ 175 ) >
thus v(K}) > 0, sup{Ran(v)} — inf{Ran(y)} — 4]/25;)1) > (0 and
8’ /4
sup{Ran(v)} — inf{Ran(y)} — %'

V(Kk) =

Now, if inf{Ran(~)} + ﬁ;h) > 0 then 2, = 0 in Ky, thus u, , = 0in Ky and |uy | 1ok, ) =
0; so by the generalised Poincaré type inequality and (5.29) we get that {|ux|rru)}n is
bounded. If inf{Ran(~)} + ﬁél) < 0, then

B 1. o'
Huk HLI’(Kn,Ic,V) < —V(Kk)pfy_l (mf{Ran(’y)} + 4]/(91))
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5. Doubly nonlinear diffusion problems with nonlinear boundary conditions 187

and by the generalised Poincaré inequality and (5.29) we get that {|uk|zr(q,)}x is bounded.
Similarly for k£ € N such that (5.41) holds.
Now, proceeding as in Step C of the previous proof, we finish this proof. O

Finally, we give the proof of the remaining case. Some of the arguments here differ from
those of the above cases.

PROOF OF THEOREM 5.14 IN THE MIXED CASE. Let us see the existence for

(5.42) 0 <R, 5 <R}, =+,
or
(5.43) —w0 =R 5 <RI, <+

Suppose that (5.42) holds and let p € LP (Q, v) satisfying
R; 5 < JQ pduv.

If (5.43) holds and we have ¢ € L¥ (2, v) satisfying J pdv < R?ﬁ’ the argument is analogous.

Q
Let ¢, be defined as in (5.23) and let u, , € L*(Q2,v), n,k € N, be the solution to the
Approzimate Problem (5.24)—(5.25). Then, by Lemma 5.2 together with (5.26), we have that
{l,t .| Lr(2,0) Yk 18 Dounded. However, for a fixed k € N, since u,  is nondecreasing in n we

have that {|u,, .|lr(0,)}n is bounded. Therefore, proceeding as in Step B of the first case,
we obtain uy € LP(Q,v), 2, 2 € L¥(Qy,v) and wi, wy € LP (Q,v), k € N, such that

A 5 () + @) = [ aylea ) — n@)dme) - @)l @) = o)
for v-a.e. every z € )y, and
(5.45) @)+ ) = | aplng (o) — usle))dme) = Flun@) 0 (@) = (o)

where, for k € N,
2= (v4)k(uk), 2, € 7=(ug) v-a.e. in Q,
and
wi = (B4)k(uk), wy, € B-(u) v-ae. in Qy.
We will now see that {|u||rr(q.)}x is bounded. Proceeding as in Step E of the previous
proof and using the same notation, we get that for each k € N, either

(5.46) ng zpdy > inf{Ran(vy)}r(Q1) + (;,
(5.47) JQQ wirdyv > inf{Ran(5)}r(Q2) + (;I

We now proceed by dividing the proof into cases. However, we first need the following
estimate. Let p € Fy. Multiplying equations (5.44) and (5.45) by p(u;’), integrating with
respect to v over 0 and Qg, respectively, and using the integration by parts formula (Remark
5.12) we get, after removing some nonnegative terms,

JQ (% xa, + wi xa,) pluy )dv < JQ o pluf)dv.

Therefore, from (5.5), we get that, for any h > 0,

J (Z;:XQl + w]:XQQ) dv < J goz;rdy.
{u]:'>h} {

u:>h}
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188 5.1. Nonlocal stationary problems

Now,
+ + 1/p +1p W
opdy < (V({uk > h})) lp™ P dv
{uf>h} Q
and .
Juge [P Juy [P

l/({u,': > h}) < Wdl/ < o ﬁdl/,

which implies that
1
(5.48) f (28 xan + Wi xa,) dv < EHSOHLp'(Q,y)HUHLP(Q,V)-
{uz>h}

Case 1. For k € N such that (5.46) holds, let

Ky := {x € W : zi(x) > inf{Ran(y)} + 4VE5;21) } .

Then,

5 5
5.49 j zduzJ zdu—f zpdv > — + V(K <infRan’y + )
(5.49) < o oy 7 T ) ( inf{Ran(y)} )

Case 1.1. Suppose that sup D(y) = +oo. Taking h > 0 such that

1
EH‘PHLP’(Q,V)HUHLP(Q,V) < 5'/87
we have that, by (5.48),

!

J
f zpdy = J zpdv + J zedv < — 4+ (K )Y (h).
Ky Kkﬂ{uk>h} Kkm{ukgh} 8

Therefore, recalling (5.49), we get

!

o + v(Ky) (inf{Ran(v)} + i ) < il + v(Ki)y'(h)

4 ()] =8
thus
5 oo 5
3 < v(Ky) (’y (h) —inf{Ran(vy)} — 41/(Ql)> .
Consequently, v(K3) > 0, 4°(h) — inf{Ran(y)} — 41/?;21) > (0 and
o' /4

V(EL) > —
7%(h) — inf{Ran(y)} — ()
From here we conclude as in the previous proof.

Case 1.2. Suppose now that sup D(y) = ry < 400.

Case 1.2.1. If, moreover, sup D(f) = rg < +00, by Lemma 5.1,

(5.50) (vi)k(r) =k(r—ry)™ forr=ry+ £9°(ry) = r’j,
and
(5.51) (B)k(r) = k(r—rg)™ forr=rg+ %Bo(m) =: rg.

Let’s suppose that r, < 73 (if rg < r, we proceed analogously) and let W (r) := k(r — rg’)*.
Let p € Py. Multiplying equations (5.44) and (5.45) by p(¥x(ug)), integrating with respect
to v over 21 and €9, respectively, adding them and applying the integration by parts formula
as illustrated in Remark 5.12 we get (after removing the nonnegative term involving a,)

| Gxa, i xa) ptuntuar < | o)
Q Q
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5. Doubly nonlinear diffusion problems with nonlinear boundary conditions 189

thus, using equations (5.50) and (5.51) and noting that p(¥(ux)) > 0 only if uy > rg, we
have

J k(ur — )" p(Wg(ug))dy < J (k(up —74) " Xa, + k(ur — rg) " Xa,) p(¥r(ug))dv
Q Q

< | etotuar < | ot o).
Therefore, by (5.4), we get that
k(up — )" < k(up —rg)™ + At — k(ur, —rf)™)
for every A > 0. In particular, for A =1,
(5.52) k(up —rp)" < k(ug —r5)" + 0" — k(ug — rZ)*.
Now, k(ug(z) —r8)" + o™ (x) — k(ui(z) — 1“5)+ is equal to
ot (x) for z € Q such that uy(x) < 7,
ot (z) + k(ug(x) —rg) for x € Q such that rg < uy(z) < rg,
ot (z) + k:(rg —rg) for x € Q such that ug(x) > rg,
thus 0 < k(ug(z) — 1)t + ¢ (x) — k(uk(z) — r§)+ < pT(z) + BO(rp) for every x € Q. Con-
sequently, by (5.52), ||k(ux — r5)+||Lp/(Q’V) < et + BO(TB)”LP’(Q,V) thus, up to a subsequence,
k(ug —rg) Fwe L (Q,v) weakly in L¥ (Q,v).
Let’s see that, up to a subsequence, z;° ke LP (Q1,v) weakly in L' (Q1,v). As above,
given p € Py, multiplying equations (5.44) and (5.45) by p(z; + w;’) we get

J (2 Xa, + wi Xa,) plzd +w)dv < J e oz +wi)dv.
Q Q
Therefore, reasoning as before, we get

55wl <z twh 4 (o = (2 Xa, +wiXa,)) = ¢t + 2 Xa, +wi Xa,
thus

+ + + + +

Iz Lo ) F 126 1 000y < 128 Do () + 190k | 0 0y 107 10w (0 09

which yields
+ + +
12 ”Lp’(Ql,y) < Jwy HLp’(Ql,y) +lle HLp’(Qh,,)-
We conclude because, by the previous computations,
+ _ +
190k o @1 furzrty ) = 1R = 78) " | o (@~ fug i 0
is uniformly bounded and \|cuk+\|Lp/(Qm{Uk<r§}7V) < Hﬁo(rg)HLpr(Qw) < +o00.
Finally, by the Dunford-Pettis Theorem (see, for example, [7, Theorem 1.38]), {z;} is

an equi-integrable family and, therefore (see [7, Proposition 1.27]),

lim sup zrdy = 0.

h—+00 keN Lzeﬁl sz (x)>h}
Consequently, we may find h > 0 such that
!/

su zpdy < —.
p k 3

keN J{:(:GQ1 tzp(x)>h}

Then again,
!

(5.53) J zpdy = J zpdy + J Zpdy < o + v(Kx)h,
Ky Kkﬁ{zk>h} Kkﬁ{zkéh} 8

and we finish as in the previous proof.
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190 5.2. Other boundary conditions

Case 1.2.2. Suppose that sup D() = +o0. Set r¢ := r,ly = 1y +7°(r,), which obviously
satisfies rg > r’j = 1y + 17°(ry) for every k € N. Then, since (74 )x(ro) 1 +00 there exists
ko € N such that (y)r(ro) = B%ro) = (By)k(ro) for every k > ko. Therefore, recalling
that the Yosida approximation (3, )y is k-Lipschitz, we have that (84 )k(r) < k(r — o)t +
(Y4 )k(ro) < k(r —ry)t = (74 )k(r) for every r = 7y and k > ko. Therefore, we proceed as
in the previous case but with Wy (r) := ((84)k(r) — B%(ro)) " instead of ¥y to obtain (noting
that p(Uy(ug)) > 0 only if uj, > o)

jﬂ<ﬁ+>k<uk>p<@k<uk>>du < fﬂ (ks — 1) X + (B i) Xers) p( ()

< | etotutanir < | ot pBuu))d
Q Q
for every k > kg. Again, as before,
(B )k(ur) « (B)w(ur) + @* = (B4 )x(ur) = 82(ro)) ", k = ko,
but (B )x(ur) + ot — ((B4)k(ur) — B%(r0))* is equal to
{ ot (x) + (B )k(ug) for € Q such that (B4)x(uk(x)) < £%(ro)
ot (z) + B°(ro) for z € Q such that (B8.)x(ur(z)) > B°(ro)

thus 0 < (B+)r(ur) + ¢ — ((B+)e(ux) — B%(r0))* < 9" + B%(ro) in Q. Consequently,
1Bk (i) o () < lo™ —i—ﬁo(ro)||Lp/(Q ») and we can get, as in the previous case, that (5.53)

holds for some h > 0.
Case 2. For k € N such that (5.47) holds, let

6/
4V(QQ) }

and proceed similarly. U

Ki = {z e Qy : wi(z) > inf{Ran(B)} +

REMARK 5.15.
(i) Taking limits in (5.29) we obtain that, if [u,v] is a solution of (GP;”’W’[}), then

1
‘ v A+ A
5 (L L |u(y) — u(x) |pdmm(y)du(x)> < Mol ) + 1)12|¢|L1m7u)

v

where ¢, is the constant in (5.10), and Ay and Ap come from the generalised Poincaré type
inequality and depend only on p, 1 and .
(ii) Observe that, on account of (5.9) and the above estimate, we have

()

Therefore, since [u,v] is a solution of (G P;lpv%ﬁ)’

2C,
ol sy < Cor(@) -+ (2220214 82) 1) ol
P

L

P v 20,
dv(z) < Cpr(2) + C—(2A1 + A2)lel Lo .0
P

f ap (2, uly) — u(z))dma (y)
Q

(iii) When ¢ = 0 in Q9, we can easily get that v < ¢ in €.

5.2. Other boundary conditions

We can now ask for existence and uniqueness of solutions of the following problem (which
was introduced in Section 5.1.1)

{ Y(u(z)) — divpayu(z) 3 o(z), zeW,

(5.54)
NyPu() + B(u(x)) 3 (x),  x€dnW,
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5. Doubly nonlinear diffusion problems with nonlinear boundary conditions 191

or, of the more general problem,
@) = | aylepuls) = u@)dme() 2 pla). v =W
wieS

> u(x) + Blu(z)) 2 ¢(2), z € S dmW.
Recall that N;” 1s defined as follows

NEPu(z) = — fw (2, , u(y) — u(@))dmy(y), € oW,

which involves integration with respect to v only over W, or more specifically over O, (X\W).

For Problem (5.54) we know that, in general, we do not have an appropriate Poincaré
type inequality to work with (see Remark 1.85). Therefore, other techniques must be used to
obtain the ezistence of solutions. In the particular case of y(r) = B(r) = r this is done in
Section 5.5 by exploiting further monotonicity techniques.

However, if a generalised Poincaré type inequality (Definition 1.80) is satisfied on (A =
Q1, B = Q9) (this holds, for example, for finite graphs even if Qo = 0, W ), we could solve the
above problem by using the same techniques that we have used to solve Problem (5.12). Indeed,
we work analogously but with the integration by parts formula given for Q2 in Remark 5.16
below.

In any case, one could try to solve the stationary problem for both types of boundary
conditions for data in LY (Q,v), where max{p — 1,1} < ¢ < p, by using a generalised (q,p)-
Poincaré type inequality. In Theorem 1.87 we give sufficient conditions for this generalised
Poincaré type inequality to hold.

REMARK 5.16. Let Q := Q1 u Q9 and
QQ = (Q X Q)\(QQ X QQ)

The following integration by parts formula holds: Let ¢ = 1. Let u be a v-measurable function
such that

[(ﬂ?, y) = ap(xa Y, U(y) - U(ﬂl‘))] € Lq(QQ) ve® mx)
and let w € LY (Q, v), then

f f (2, , uy) — u(@))dma (y)w(z)dv(z)
0 JQ

) Aoy ut) = ute)dmaw(a)dv(a)

Qg IO
1
5 | ey u) -~ u@) @) - w@)de ©m.) ..

2

REMARK 5.17. It is possible to consider this type of problems but with the random
walk and the nonlocal Leray-Lions operator having a different behaviour on each subset €;,
i = 1,2. For example, one could consider a problem, posed in Q; U Qs < RY, such as the
following

() - JQ al(z,y, u(y) — u(x))Ji (@ — y)dy

—L o (2, y, u(y) — u(x)) Ja(x — y)dz 3 p(x), x ey,

Blu(x)) — f a2,y uly) — u(2))Js(x — y)dy

1951

L - [ @ uw) - @) e~ oo 90,z
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192 5.3. Doubly nonlinear diffusion problems

where J; are kernels like the ones in Example 1.37, and a; are functions like the one in
Subsection 5.1.1, ¢ = 1,2,3. This could be done by obtaining a Poincaré type inequality
involving O%OJO, where Jy is the minimum of the previous three kernels and ag = SRN Jo(2)dz.
This idea has been used in [52] to study an homogenization problem.

5.3. Doubly nonlinear diffusion problems

We will study two kinds of nonlocal p-Laplacian type diffusions problems. In one of them
we cover nonlocal nonlinear diffusion problems with nonlinear dynamical boundary conditions
and on the other we tackle nonlinear boundary conditions. We work under the Assumptions 1
to 5 used in Subsection 5.1.2.

5.3.1. Nonlinear dynamical boundary conditions. Our aim in this section is to
study the following diffusion problem

-

ve(t, z) — f ap(z,y,ult,y) —u(t,z))dm,(y) = f(t,z), ze, 0<t<T,
Q
v(t,x) € y(u(t, z)), rely, 0<t<T,

x
ay(z,y,u(t,y) —u(t,z))dmy(y) = g(t,z), xe€Q, 0 <t <T,

(555 { wlbo =)
w(t,x) € Bu(t,z)), xe, 0<t<T,
v(0,x) = vo(x), x €,
[ w(0,2) = wo(w), reQ,,

of which Problem (5.2) is a particular case and which covers the case of dynamic evolution
on the boundary 0, W when B # R x {0}. This includes, in particular, for v = R x {0}, the
problem where the dynamic evolution occurs only on the boundary:

( —divpayu(t,z) = f(t,x), xeW, 0<t<T,
wy(t, x) + N{Pu(t,z) = g(t,x), €duW, 0<t<T,
< w(t,x) € B(ult,z)), r€ W, 0<t<T,
[ w(0,2) = wy(x), x € O W.

See [13] for the reference local model.
Note that we may abbreviate Problem (5.55) by using v instead of (v,w) and f instead of

(f,9) as

v (t,z) — JQ ap(z,y, u(t,y) —u(t,x))dmy(y) = f(t,z), zeQ, 0<t<T,
(5.56) 4 v(t, x) € y(ult,x)), re, 0<t<T,
v(t,z) € Blul(t, x)), r€EQN, 0<t<T,
[ v(0,z) = vo(x), z € Q.

To solve this problem we will use nonlinear semigroup theory. To this end we introduce a
multivalued operator associated to Problem (5.56) that allows us to rewrite it as an abstract
Cauchy problem. Observe that this operator will be defined on

LYQ,v) x LY(Q,v) = (Ll(Ql,y) X Ll(Qg,l/)) X (Ll(Ql,y) X Ll(Qg,y)).
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5. Doubly nonlinear diffusion problems with nonlinear boundary conditions 193

DEFINITION 5.18. We say that (v,?) € BZ;’%B if v,9 € LY(Q,v), and there exists u €
LP(Q,v) with
u € Dom(y) and v € y(u) wv-a.e. in )y,

and
u € Dom(pB) and v € B(u) v-a.e. in g,
such that
(x,y) = ap(z,y,uly) —u(x)) € ¥ (QxQrvemy)
and

- | avte ) —u@)in.) = n o
that is, [u,v] is a solution of (GP,;) (see (5.13) and Definition 5.11).

On account of the results given in Subsection 5.1.2 (Theorems 5.13 and 5.14) we have
the following result.

THEOREM 5.19. The operator B;ZL,"Y”B is T-accretive in L'(Q,v) and satisfies the range
condition

{gp e LV (O, v) : R 5 < JQ pdv < R,JYF”B} c R(I + )\BZ;’%B) VA > 0.

With respect to the domain of such operator we can prove the following result.

THEOREM 5.20. It holds that
el () )
D(Bg;’% ) = {UGLP(Q,V):F_ <v<ItTinO, B <v<B"in Qg}.
Therefore, we also have that
L W)
D(Ba ") = {’UELl(Q,V)ipi <v<ItTinQ, B <v<B"in Qz}.

P

PRrOOF. It is obvious that

LY ()

D(Bg’%ﬁ) c {UELPI(Q,V):Ff <v<ITinO, B <v< B in Qg}.

For the other inclusion it is enough to see that

——1" Q)
{ve L®(Qv): I <v< It inQ, B <v< B in O} DBa)

Suppose first that v and S satisfy
I'— <0, I't >0,
B~ =0, BT >0.
It is enough to see that for any v € L*(Q,v) such that there exist m; < 0, m; € R, ]\Z € R,
M; > 0, i = 1,2, satisfying
I~ <my<mi<v<M <M <I'* in Qq,
0<fr2§<v<]\72<M2<%+inQQ,

L ()
it holds that v € D(Ba, ")

By the results in Subsection 5.1.6 we know that, for n € N, there exists u,, € LP(2, v) and
’ 1
vy, € LP (Q,v) such that [uy,v,] is a solution of (GPU”ap"Y"B), ie., v, € y(u,) v-a.e. in Qy,

vp, € B(uy) v-a.e. in g and

vp(x) — % fﬂ ay(z,y, un(y) — un(z))dmy(y) = v(xz) for v-a.e. xe .
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In other words, (v, n(v —vy,)) € BQZ;A”B or, equivalently,
—1
o= T+ lgmmﬂ (v) e D(Bmmﬂ)
n - n_ap a, :

Let us see that v, — v in L? (Q,v).
Let a;m, <0 and ap, = 0 such that
mi € y(am,) and My € y(anr, ),

and let byz, = 0 such that

Mg € B(ng)
Set
=R Ml, T € Ql,
v(x) =
M2a T e 927
N ar, €,
u(x) =
bMQ, T € QQ,
and

M- L L ay(@,y, 8y) — A())dma(y), e 0,
Mo = o [ ay(op.8) — 2)dmaty), o€

1
Then, [u,?] is a solution of <GP£nap B >

Similarly, for

N my, x €8,
() =
07 T € QQ,
~ Ay T c Ql,
U(x) :=
0, X € QQ,
and .
my — TIJ ap(xay7 _aml)dmz(y)v T € Ql:
~ Q
On(x) = 1 2

L apy—an)ana), we
n N

1
we have that [, 7] is a solution of (GPga"’%B )

n

Now, recalling (5.9), we have that there exists ng € N such that
v < MiXq, + MaXq, < 3, in Q
and
v = MiXa, +MaXa, > Gp in O
for n = ng. Consequently, by the maximum principle (Theorem 5.13) we obtain that
u<u, <,
thus
{HUTLHLCZ»(Q’V)}R is bounded.

Finally, since

vp(z) —v(x) = :lfﬂ ay(z,y, un(y) — un(z))dmy(y) v-ae. in Q,

Universitat de Valéncia Marcos Solera Diana



5. Doubly nonlinear diffusion problems with nonlinear boundary conditions 195

we conclude that, on account of (5.9),
vy —> v in LV (Q, v).

The other cases follow similarly, we will see two of them. Note that, since R; 5 < Rj{' 8

it is not possible to have v = R x {0} and 8 = R x {0} simultaneously. For example, suppose

that we have
I' =0, I''>0,

B~ =0, BT >0.

We will use the same notation. Let v € L®(Q,r) such that there exist m; € R, M; € R,
M; > 0, i = 1,2, satisfying

(kdm<v<EZ<Aﬁ<F+mQh

0 <y <v< My < My<BF in Q.
As before, the results in Subsection 5.1.6 ensure that there exist u, € LP(Q,v) and v, €
LP(Q,v), n € N, such that [uy,v,] is a solution of (GPJI‘ap’%B) Let ap, = 0 and by, =0

such that
M1 € ’y(aMl) and M2 € 5([)]\/[2)

=N Ml, .CCEQl,
(x) =
M27 T e QQ?

N ar,, €82,
u(x) =
bMQ, x € Qg,

Now again, let

and )
M= | gl 0() — @) dma (), o€ 0,
Q

Mo = [ (o080~ 2e)dmaty), o€ 0

1
~ AT . Zap,y,B
Then, as before, [u, ] is a solution of GPsg v .

n

Now, taking v, @ and ¢ all equal to the null function in © and recalling that a,(z,y,0) = 0

laP{YMB

for every x,y € X, we obviously have that @, 7] is a solution of (GPO" ) Consequently,

again by the second part of the maximum principle, we obtain, as desired, that 0 < u, <0
for n large enough.

Finally, as a further example of a case which does not follow exactly with the same
argument, suppose that v := R x {0} and, for example,

B~ =0, B > 0.

In this case we have to take 0 # v € L®(Q,v) such that v = 0 in ©; and such that there
exists My > 0 satisfying

0<v< My in QQ.
As in the previous cases, there exist u, € LP(Q,v) and v, € L” (Q,v), n € N, such that

lZi
[tn,vp] is a solution of (GPU” p’%ﬁ). Let bys, = 0 such that Ms € 5(bas,),

N O, X € Ql,
(x) =
MZ: T e QQ:

u(z) :=bry, v€Q,
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() 0, {L‘EQl,
Pnld) = MQ, CEEQQ.

and

1
Then, [u,?] is a solution of (GPsg‘nap ’%'B). Finally, take ¥ and % again equal to the null

function in Q so that [@,?] is a solution of (GPO’llap ’7’6). Consequently, for n large enough,
we get that 0 < u,, < 7. O
In the next result we state the existence and uniqueness of solutions of Problem (5.56).
THEOREM 5.21. Let T > 0. For any vo € LY(Q,v) and f € L*(0,T; LY(Q,v)) such that
I' <wv<I't mn 1,
B~ <ug < BT in Q,
and

t
(5.57) R75<J vodu—i-J f fdl/dt<7?,$ﬁ VO<t<T,
' Q 0 JQ '

there exists a unique mild-solution v € C([0,T] : LY(2,v)) of Problem (5.56).
Let v and ¥ be the mild solutions of Problem (5.56) with respective data vo, v € L' (2, v)

and f, fe LY0,T; LY (2, v)), we have

f@ﬁa%ﬁwwﬁwm><jmmm—%mﬁmm>
Q Q

+ Lt JQ <f(s,x) — f(s,x)>+ dv(z)ds, YO<t<T.

If, in addition to the previous assumptions on the data, we impose that

(5.58) wo € LP(Q,v), fe L (0,T;L”(Q,v)) and J
Q1

then the mild solution v belongs to W1(0,T; LP (Q,v)) and satisfies
oro(t) + BaPu(t) 3 f(t)  for a.e. te (0,T),
v(0) = vy,

that s, v is a strong solution.

Jy(vo)dv + J 35 (vo)dv < 40,
Qo

PROOF. We start by proving the existence of mild solutions. Let n € N and consider the
partition
ty=0<ti<---<ty_ <ty =T
where tI' := iT/n, i =1,...,n. Now, let fI' € LP(Q,v),i=1,...n, and vy € LP(Q,v) such
that

n o . T
(5.59) S0 = e <
=19t
and
. T
(5.60) lvo — v HLI(Q,V) < P

Then, setting
fn(t) = £, fortelt? ,t'],i=1,...,n,
we have that
’ T
f 1£(t) = fallorudt < —.
0 n
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5. Doubly nonlinear diffusion problems with nonlinear boundary conditions 197

From the results in Subsection 5.1.6 we will see that, for n large enough, we may recursively
T
find a solution [u}, v]'] of (GP%;ﬁ:ﬁ ), i=1,...,n, in other words,
ndi i—1
it (x) — o Qap(x,y, ui(y) — ug' (z))dma(y) = Efi (z) + vy (z), z €,

or, equivalently,

son OO 0yt - i ein) = 76). reg
with vf'(x) € y(u}(x)) for v-a.e. x € Q; and v}'(x) € B(ul'(z)) for v-ae. z€ Dy, i=1,...,n.

That is, we may find the unique solution v}* of the time discretization scheme associated
with (5.56):

T T
ol + EBZ;’%'B(’U?) 5 —fi+uly fori=1,....n

However, to apply the results in Subsection 5.1.6, we must ensure that

— T n n +
(5.62) R 5 < JQ <nfZ + vil) dv <R7 4

holds for each step. For the first step we need that
T
— n n +
R,s< JQ vy dv + po. JQ fidv <R 5

holds so that condition (5.62) is satisfied. Integrating (5.61) with respect to v over £ we get

T
J vi'dv :f vodv + J fidv
Q Q nJa

T T <
— | fFdv + J vidy = — J firdv + J vy dv,
n JQ 2 Q ! n JZ:I Q ! Q 0
so that, for the second step, we need
T 2
R, < — "d bdv < R .
. n;fﬂfa VJFL“O V<R

Therefore, we recursively obtain that, for each n and each step ¢ = 1,...,n, the following
must be satisfied:

thus

— T i n n +
Rop<—2, L £ du+Lv0du <RI,
j=1

However, taking n large enough, we have that this holds thanks to (5.57), (5.59) and (5.60).
Therefore,

vp(t) =

o, iftelt? i, i=2,...,n,

{ vy, if t e [ty t7],
is a T /n-approximate solution of Problem (5.56) as defined in nonlinear semigroup theory.
Consequently, by nonlinear semigroup theory (see [28], [24, Theorem 4.1], or [18, Theorem
A.27]) and on account of Theorem 5.19 and Theorem 5.20 we have that Problem (5.56) has

a unique mild solution v(t) € C([0, T]; L*(Q,v)) with
(5.63) vn(t) > v(t) in L'(Q,v) uniformly for ¢ € [0, T7.

Uniqueness and the maximum principle for mild solutions is guaranteed by the T-accretivity
of the operator.
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198 5.3. Doubly nonlinear diffusion problems

Let’s now see that v(t) is a strong solution of Problem (5.56) when (5.58) holds. Note
that, since vg € LPI(Q, v), we may take v{j = vg for every n € N in the previous computations
and f' € LP(Q,v), i = 1,...n, additionally satisfying

n T
ZJ Hf f HLp(Q v) <E7

thus, by Remark 5.15, we get that, in fact, v € L¥ (0,7, v (Q,v)). Indeed,

T T
[ 1ottt < 5 (14 [ Tl
for some constant K.

Multiplying equation (5.61) by u]* and integrating over {2 with respect to v we obtain

n

v (x) — vy () _ a(z. v u () — u™(x)dm u™(2Ndv(x
L T @) fQ fg (2, 0 () — (@) (y)ul () dv (2)

- j £ @) () dv ().
Q

Now, since v]'(z) € y(ul'(x)) for v-a.e. x € Q; and v](z) € B(ul'(x)) for v-a.e. x € Qy, we
have that

(5.64)

for v-a.e. x € Qq,

=3
—~
8
N
SN—
Il
D
.
=2 %
—~
@G

3
~~
S
SN—
N

{ (@) € 7 (]

ul(z) € B (v (z)) = dj5(vi(x)) for v-a.e. z € (.

{ 7yt (@) = 35 (v (@) = (v (2) — v (2))ui’(x)  for v-a.e. x €,

JE () = 30 ()) = (v, () — o (2))u(2) for v-ae. @ € Do,

1 o L 1
T/n Ll (G (@) = 32 (v (@) dv(z) + J

B QJQ
< L (@) (2)dv (z),

i =1,...,n. Then, integrating this equation over |t} |,¢"] and adding for 1 < i < n we get

fw ")) — 3% (vo(x)))du(z) + f (00 () — 72 (vo(a))dv(2)

Qo

—an || antov) =t @am. gy @)avta)ar
< ; f L FP (@)l (@) dv (@) dt,
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5. Doubly nonlinear diffusion problems with nonlinear boundary conditions 199

which, recalling the definitions of f,, u, and v,, and integrating by parts, can be rewritten
as

f (G (@) — 3 (vola >>>du<x>+J (500 () — 73 (o)) du(z)

Qo

(5.65) f f f (2, s n (D)) — un(8) () (un(£) (9) — 1) (@))dma (y)do ()t

j f Fol8) (@) un () (@) d () .

This, together with (5.10) and the fact that J5 and JB are nonnegative, yields

7 L L L | (8)(y) — wn () (2)[Pdme (y)dv (a)dt

1 T

2 JO ng JQ ap(l’, Yy un () (Y) — un () () (un () (y) — un(t)(x))dmy(y)dv(z)dt
s fm(j:(vo(x)))dy(x) +J92(j5(v0( f J fu(t) (t)(z)dv(z)dt

< Ll(j:wo(x)))du(x) ¥ JQQ(jE(Uo(HJ)))dV(Jf) + f a1t (D 00

Therefore, for any 6 > 0, by (5.58) and Young’s inequality, there exists C'(6) > 0 such that

(5.66) J [ [ 1ant00) = sy P ama vty < 0+ f [ () 0

Now, by (5.63), if Rjﬁ = +00, there exists M > 0 and ng € N such that

sup J vl (t)(z)dv(x) < M, ¥n = ny,
te[0,7] JQ

and, if R;rﬂ < +00, there exist M € R, h > 0 and ng € N such that

sup J v (t)(z)dv(z) < M < R"Tﬁ’
te[0,7] JQ

and
RI.—M

sup |vn () () |dv(z) < %, Vn = ng.

te[0,7] J{er con(t)(z)<—h}
Consequently, Lemma 5.2 and Lemma 5.3 yield

lum (D) ey < (U J )t ( ()(:c)|pdmx(y)dl/(x));+1)

for some constant Cy > 0. Similarly, we may find C'5 > 0 such that

it (o) < C (( [, ] 00 = 0@ i) + 1> |

Consequently, by (5.66), choosing ¢ small enough, we deduce that {u,}, is bounded in
LP(0,T; LP(2,v)). Therefore, there exists a subsequence, which we continue to denote by
{un}n, and u e LP(0,T; LP(§2,v)) such that

up —> u weakly in LP(0,T; LP(Q,v)).

Then, since v and /3 are maximal monotone graphs, we conclude that v(t)(z) € v(u(t)(x)) for
Ll x v-ae. (t,2) € (0,T) x Q1 and v(t)(x) € B(u(t)(z)) for L1 x v-a.e. (t,z) € (0,T) x Q.

Universitat de Valéncia Marcos Solera Diana



5.3. Doubly nonlinear diffusion problems

200
Note that, since, by (5.66),

{ ' [ ] o) - un<t><x>|pdmx<y>dv(m>dt}n

then, by (5.9), we have that {[({,z,y) — ay(z,y,un(t)(y) — up(t)(z))]}n is bounded in
LP(0,T; LP (2 x Q,v ®m,)) so we may take a further subsequence, which we still denote in

is bounded,

the same way, such that
[(t,2,y) = ap(2, 5, un () () — un(t)(z))] > &, weakly in L (0,T; LF(Q x Q,v @ m,))

Note that, for any & € LP(§2,v), by the integrations by parts formula we know that

~ [ [} A s un00) — @)@ () (2)
- 1[ f (2, tn (1) () — tn (1) (2)) (€ (y) — £(x)) A (y)dor()

, thus taking limits as n — o0 we have

D)dmiva) = 5 | | B2 0)(E0) - @)dm.()dv(a).

for t € [0, T

(5.67) JJ (t,z,y)¢

Now, from (5.61) we have that
pos) ORI g (00) = (0@ ) = £(0(e)

for t € [0,T] and z € Q. Let ¥ € W' (0, T; LP(Q, v)), then

J T on(t)(2) = va(t = T/n) () W(t)(x)dt

0 T/n
(T U+ T/n)@) = V(D)) ), (1wl O@) (T wl(0)@)
- fo on(t) () o dt + JT_T/H e L i

for z € Q. Therefore, multiplying (5.68) by ¥, integrating over (0,7) x Q with respect to

L' ® v and taking limits we get

f J D)z dt—f JJ (2, ) dims ()0 (8) () oo (2)
ij (e)dv(x)dt.

P(t)¢(x), where ¢ € Wol’l(O,T) and & € LP(Q,v), we obtain that

(5.69)

Therefore, taking W(t)(x)

O e

v(t)(x J(t)dt, for v-a.e. x € Q.

It follows that v € WH1(0, T; L (€, v)) and
' (t)(x) — J O(t,x,y)dmy(y) = f(t) for ae. te(0,T) and v-a.e. x €.

Q
Hence, to conclude it remains to prove that

f B(t, . y)dm. () = f a2,y u(t) (y) — u(t) () dma(y)
Q Q

Marcos Solera Diana
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5. Doubly nonlinear diffusion problems with nonlinear boundary conditions 201

for L' @ v-a.e. (t,z) € [0,T] x Q. To this aim we make use of the following claim that will
be proved later on,

i sup f J f 20, (11, () () — e (E)()) (2t (8) () — 10 (8) (2))) i () ()t
5 70

J J J (8,2, y)( — u(t)(x)))dmy(y)dv(z)dt.

Now, let p e LP(0,T; LP(Q,v)). By (5.8) we have

fo JQ JQ ap(z,y, p(t)(y) — p(t)(z))
<) f, 00 - st

* (un(t)(y) — p(0)(y) — (un(t) () — p(t)(2)))dmz(y)dv(x)dt

thus, taking limits as n — o and using (5.70), we obtain

JOT | | aestrm - stee)

x(u(t)(y) — p)(y) = (wt)(z) = pt)(x)))dma(y)dv(z)dt

T
<f f f B(t, 2, 9)(u(t)(y) — p(t) () — (u(t) (2) — p(t)(@)))dme (y)dv(z)dt
0 QJQ

which, integrating by parts and recalling (5.67) becomes
T
[ ][ 2 = 1@ )t ) = pl0) @)
0 QJQ
T
> fo JQ JQ B(t, 2, y)dma (y) (ult) (2) — p(t) () dv ().
To conclude, take p = u £ X{ for A > 0 and £ € LP(0,T; LP(Q2,v)) to get
T
[ ] ] a0 £29000) = (2200 (@) ()e(e) @) )i
0 QJIQ
T
> fo fQ L‘P(tw,y)dmx(y)f(t)(:v)dV(:v)dt
which, letting A — 0 yields
T
[ [ | astevutro) = utepim. et @vtaar
J f J (t,z,y)dm, (y)E(t) (x)dv(x)dt
for any &£ € LP(0,T; LP(Q,v)). Therefore,

[ vt 00 — w0 @)at) = [ @t 0
Q

Q
for £! @ v-a.e. (t,x) € [0,T] x Q.
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Let’s prove claim (5.70). By (5.65) and Fatou’s lemma, we have
(5.71)

tisup 3 f j f (Y n (£)(4) — 1t (1) (2)) (1t (£) (9) — 0 () (2) ) () s ()

< - f (G5 ((T) () = 35 (v(0)(x)))dv(z) — J (75 ((T)(@)) — j5(v(0)(x)))dv(x)

L — 8

Moreover, by (5.69), we have that

T
(5.72) fo v(t)( x)dt = J F(t x)dt, for v-a.e. x € Q,
where F' is given by
(5.73) F(t)(x) = - Jﬂw,x,y)dmx(y) — f(t)(), zEQ.
Let ¢ € Wy''(0,T), ¢ =0, 7> 0 and
1 t+1
w0 =1 [ w@ @, te.7) ze0

Then, for 7 small enough we have that 7, € WOI’I(O,T; LP(Q,v)) so we may use it as a test
function in (5.72) to obtain

T
j Fit 2)dt —fo o(0) () o (1))
T u TIT T)—U X
) Jo sy M DD 1)~ O,
TU — TIxr) — v T
- [ A=y o

Now, since

310 = ditr) =2 [ 0
and u(t) € v (v(t)) in Q1 and u(t) € S~ (v(t)) in Qa, we have

v(t—T7)(x)
(v(t —1)(x) — v(t)(x))u(t)(z) < J(t)( : (v"H)%(s)ds, for v-a.e. x €y,

and
(t=T)(x)
(v(t —1)(z) — v(t)(x))u(t)(z) < J (B~ H0%s)ds, for v-a.e. z € Qy,

) ()
thus

J ' f F(t)(z)n, (t)(z)dv(z)dt
J L Lat(;) ’ 10 (s)dsdu(a)p(t)dt + ~ f L Ji; <x S

f LJ (s)dsdv(z )w(t+TT)_¢(t)dt
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5. Doubly nonlinear diffusion problems with nonlinear boundary conditions 203

which, letting 7 — 0% yields

T
‘[ij@mw@wmwuw

J JQIJ ok 7 H0(s)dsdv(z dt+f JQ2J o (s)dsdv(z)y' (t)dt
- J; J;1j71<v<t>< dt-+‘[ J, oD@
- J;F‘ﬁllj:<v<t><x>>du<x>¢/<t>dt-+ J; t£22jE(v(t)(w))du(w)d/(t)dt

Taking
t+7
fmmm=£ u(s — 7)(@)(s)ds

-
yields the opposite inequality so that, in fact,

j‘[ () () ()t

- , T . ,
:LJQ“@@“WM@¢®ﬁ+LJémww@mwmw@ﬁ
Then,

51— ([ 0w + [ Beo@o) = [ Fowo@ie
in D’'(]0,T), thus, in particular,
J 35 (w(t)(2))dv(z) + J J5(v(t)(x))dv(z) € WHH(0,T).
(o5 Q2

Therefore, integrating from 0 to 7" in (5.74) and recalling (5.73) we get

LT JQ JQ D(t, x, y)u(t)(x)dmy (y)dv(z)dt

:_J (G5 (D) (@) = 35 (v (0)(:r)))dV(x)—J (15 ((T)(x)) — j5(0(0)(z)))dv(x)

Q2
jjf (2)dv ()t

which, together with (5.71), yields the claim (5.70). O

Observe that we have imposed the compatibility condition (5.57) because, for a strong
solution, we have that

J;Z vodv + Lt JQ ft)dtdv = fﬂ v(t)dv, forte|0,T].

EXAMPLE 5.22. Let W < X be a v-measurable set such that W, is m-connected. Given

f € LY (0, W, v), we say that a function u € L (W), v) is an a,-lifting of f to W, = WU, W
if

—divppayu(z) =0, zeW,

u(z) = f(z), x € OmW.
We define the Dirichlet-to-Neumann operator D, < L'(0,,W,v) x L'(0,,W,v) as follows:
(f, ) € Da, if

N{Pu(z) = ¥(z), =€ dnW,
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204 5.3. Doubly nonlinear diffusion problems

where u is an ay-lifting of f to W,,.

Then, rewriting the operator Dy, as BQ;’%B fory(r) =0and B(r) =r,re R, (Q; = W and
Qo = 0,,W), by the results in this subsection we have that D, is T-accretive in LY(8,,W,v)
(it is easy to see that, in fact, in this situation, it is completely accretive), it satisfies the
range condition

L7 (0 W,v) € R(I + Da,),
and it has dense domain. The non-homogeneous Cauchy evolution problem for this nonlocal
Dirichlet-to-Neumann operator is a particular case of Problem (5.56):

—divpmap(u)(xz) =0, xreW, 0<t<T,
w(t,2) + NiPu(t,x) = g(t,x), x€do,W, 0<t<T,

w(0, ) = wo(x), x € O W.

See, for example, [9], [10] [98], and the references therein, for local evolution problems with
the p-Dirichlet-to-Neumann operator, see [34] for the nonlocal problem with convolution
kernels.

5.3.2. Nonlinear boundary conditions. In this subsection our aim is to study the
following diffusion problem

w(t.) = | ayle,pult.y) - uta)dma(y) = f(t.o), e 0<t<T,
Q
v(t,x) € y(ult, z)), re, 0<t<T,
(pPp?)
J ap(z,y, ult,y) —u(t, z))dm,(y) € B(u(t, x)), rell, 0<t<T,
Q
”U(O,Cl?) = ’UO(‘T)’ T e Ql’

that in particular covers Problem (5.1). See [33] for the reference local model.
We will assume that
I <r*
since, otherwise, we do not have an evolution problem. Hence, R;ﬂ < R;F’B. Moreover we
will also assume that
B~ < BT,
since the case B~ = BT (f =R x {0}) is treated with more generality in Subsection 5.5.1.
We will again make use of nonlinear semigroup theory. To this end we introduce the cor-

responding operator associated to (DP?’;Q’B), which is now defined in L*(Q,v) x L' (4, v).

DEFINITION 5.23. We say that (v,9) € BZ;’%B if v,9 € L'(Qq,v) and there exist u €
LP(Q,v) and w € LY(Qo,v) with

u € Dom(y) and v € y(u) v-a.e. in Qy,

and
u € Dom(f3) and w € B(u) v-a.e. in Q,
such that
(2,9) = ap(x, y,u(y) — u(z)) € LP (Q1,v @ my)
and

_ L ay(z,y,u(y) — u(x))dma(y) =6 in O,

w — fﬂ ap(z,y, u(y) —u(x))dmg(y) =0 in Qo
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5. Doubly nonlinear diffusion problems with nonlinear boundary conditions 205

that is, [u, (v,w)] is a solution of (G'P44,0)), Where 0 is the null function in Qg (see (5.13)
and Definition 5.11).

Set
R g =v( Q)T + Av(Q2)B,
R:;)\B =v(Q) T + Av(Q)BT.

On account of the results given in Subsection 5.1.2 (Theorems 5.13 and 5.14) we have:

mvﬁ

THEOREM 5.24. The operator By is T-accretive in L'(Q,v) and satisfies the range

condition

{go e LX(,v) 1 R4 < L pdv < R w} < R(I+ABXP) vA>0.

REMARK 5.25. Observe that, if R_ 5 = —o0 and R}, = +o0, then the closure of Bg};v’ﬁ

76 -
is m-T-accretive in L'(Qq,v).

With respect to the domain of this operator we prove the following result.

THEOREM 5.26.

— 7 () .
D(B:Py ={vel’(,v): I <v<IM)
Therefore, we also have
75L1(91,V)
D(Ba"?) ={ve L}Q,v): " <v< I}
ProOF. It is obvious that
L (Q1,0)

D(Bg;’%ﬁ) c{quLI[’I(Ql,V):F*<1}<FJr in Ql}.

For the other inclusion it is enough to see that
75”/(91#)
{fve L®(Q,v): I <v<I'"inQ} < D(B") :
We work on a case-by-case basis.
(A) Suppose that I'™ < 0 < I'*. Tt is enough to see that for any v € L®({;,v) such that
there exist me R, m < 0, M > 0, M € R satisfying

I <m<m<v<M<M<T" in

—ogma Y @)
it holds that v € D(Ba, !

By the results in Subsectlon D. 1 6 we know that, for n € N, there exist u, € LP(2,v),

vp € LY (Q1,v) and wy, € LP (Q,v), such that [u,, (v, Lw,)] is a solution of (GP(’;TS’W B),

ie., vy € y(uy) v-a.e. in Q, wy, € Buy,) v-a.e. in Oy and

@)= 5 | 8o n(9) = wnle)dma o) = ola), for e 0,
wp(x) — JQ ay(z,y, un(y) — un(x))dmy(y) = 0, for x € Qs.

In other words, (v, n(v —uv,)) € BZ,Z"“B or, equivalently,
1 —1
vy = (I + nBZ:%ﬁ) (v) € D(BZ:P).

Let us see that v, — v in L? (Q,v).
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206 5.3. Doubly nonlinear diffusion problems

(A1) Suppose first that supD(5) = +o. Take apr > 0 such that M € y(ap) and let

N € B(apr). Let
=N ]\4'7 iL'EQl,
v(x) =
]\77 QZEQQ,

u(x) :=apy, x € Q,
and

o) =

M, xe Ql,
0, x € (.

Then, [, 7] is a supersolution of (GP@'I‘ ar ’%ﬁ) and (v, 0) < ¢ thus, by the maximum principle
(Theorem 5.13),

U, <U=apy inQ, YneN.
(A2) Suppose now that supD(3) = rg < +00. Again, by the results in Subsection 5.1.6 we

know that, for n € N, there exist %, € LP(Q,v), ¥, € L¥ (Q1,v) and @, € L¥ (Qy,v), such

1
that [y, (¥, 2@,)] is a solution of <GP(’]I\;%’)7 Ay Therefore, by the maximum principle

(Theorem 5.13),
Un < %n in Ql.

Now, since ¥, « M in €; (recall Remark 5.15 (7)), we have that ©,, < M and, consequently,
also v, < M. Hence, since M < M < I'", we get that

up < inf (V_I(M)) in Q,
but we also have
Uy, <rgin g, VneN.
(B) For I'" <0=TI":1let ' <m < <0, and ve L*(Q,r) be such that
m<v<0.

As in the previous case, by the results in Subsection 5.1.6, we know that, for n € N, there exist
U, € LP(Q, 1), v, € L (Q,v) and w,, € L (Qy, v), such that [u,, (v, Lw,)] is a solution of

1
<GP(Z?)”)’%’B>. Then, since for the null function 0 in 2, we have that [0, 0] is a solution of

1
<GPO” & mﬁ) and v < 0, the maximum principle yields

Uy, <0in Q, VneN.

Therefore, in all the cases, {u,}, is L*(Q, v)-bounded from above. With a similar rea-
soning we obtain that, in any of these cases, {uy}, is also L*(Q,v)-bounded from below.
Then, since

1 .
o) = 0(@) =+ | syl ) = wn0)idmes) in 0,
we obtain that
vn 5 v in LV (Q,v)

as desired. O

In the following theorem we prove the existence and uniqueness of solutions of Problem

(DPR?). Recall that I~ < T'* and B~ < B,
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5. Doubly nonlinear diffusion problems with nonlinear boundary conditions 207

THEOREM 5.27. Let T > 0. Let vo € L*(Q1,v) and f € L*(0,T; LY(Qy,v)). Assume

and
either R

and

F_<1}0§F+ ian,

Q1

Jp =t or flx, t)dv(z) < v(Q)BT VO<t<T,

either R 5 = —o0 or flz,t)dv(z) =2 v(Q2)B~ YO<t<T.

Then, there exists a unique mild-solution v e C([0,T] : L*(Q1,v)) of <

1951

ap,7,3
DPY).

Let v and ¥ be the mild solutions of the problem with respective data vg, ¥ € L'(Q,v)
and f, f e LY0,T; LY(Q4,v)), we have

f (v(t,2) — Bt 2))* dv(z) <j (vol) — To(x))* dv(z)
1951

+
J J (s,x) — f(s, ZL‘)) dv(x)ds, Y0<t<T.
Q1

Under the additional assumptions

vo € LP (O, v) and f € LP (0, T; L¥ (4, v)) with

(5.75)

J o (vo)dv < 400 and
951

T
J vy dv + J f(s)Tdvdt < v()TT,
(o 0 Jou

T
J vy dv + J f(s) dvdt < —v(2)T,
951 0 J

the mild solution v belongs to WH(0,T; LP (4, v)) and satisfies the equation

{

dro(t) + Ba"Pu(t) 3 f(t)  for a.e. te (0,T),
v(0) = v,

that s, v is a strong solution.

The proof of this result differs, strongly at some points, from the proof of Theorem 5.21.

PROOF. We start by proving the existence of mild solutions.

partition ¢ = 0 <t} <

- <tp_y <ty =T where ] :=iT/n, i =

Let n € N. Consider the
0,...,n.

Now, since B~ < BT, thanks to the assumptions in the theorem we can take vj €
LV (Qy,v) and f* e LV (Q,v), i = 1,...n, such that

(5.76)

and

Then, setting

T

HUO - Ug‘|L1(Ql,l/) < g

T
> [ 0= Rl <
i=1 n

v(2)B~ < f"dl/ <v(Q)BT.

fn(t) = £, fortelt? |,t],i= ,n,
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208 5.3. Doubly nonlinear diffusion problems

we have that
T T
| 10 = f@nmd <

Using the results in Subsection 5.1.6, we will see that, for n large enough, we may recur-

sively find a solution [u?, (v?, Lw?)] of (GP”ap’% g 0))’ i=1,...,n, so that
1

RN ( f+ol
@) = [ aple ) — @) (y) = @)+l (), v
(5.77) °
we) = [ aplwpl (o)~ )dma(y) = 0 re,
Q

or, equivalently,

vit(z) —viy (7)

- [ antept) = wdma ) = 7). e 0

T/n
(5.78) /
0 (w) = | ayop (o) =l (@))dmo o) = 0. vet,
with v]'(z) € y(ul'(x)) for v-a.e. x € Q; and wl'(x) € f(ul(x)) for v-a.e. x€Qg,i=1,...,n.
That is, we may find the unique solution v} of the time discretization scheme associated with
(DPJ?%’Y 5)
,V0 '

To apply these results we must ensure that

_ T
R%%B < Ll (nfi” + vinl) dv < R+7ZB

holds for each step, but this holds true thanks to the choice of the f*, i =1,...,n.
Therefore, we have that

® vy, ift e [tf, 1],
v =
" o, i telt? ], i=2,...,n,

is a %—approximate solution of Problem (DP;Z;;’ A ) Consequently, by nonlinear semi-
group theory ((see [28], [24, Theorem 4.1], or [18, Theorem A.27])) and on account of

Theorem 5.24 and Theorem 5.26 we have that (DP;’;’O’Y”g ) has a unique mild solution
v(t) € O([0,T]; L' (1, v)) with

(5.79) vp(t) > v(t) in L'(Qy,v) uniformly for ¢ € [0, T].

Uniqueness and the maximum principle for mild solutions is guaranteed by the T-accretivity

of the operator.
We now prove, step by step, that these mild solutions are strong solutions of Problem

(DPap 7B > under the set of assumptions given in (5.75)
Step 1. Suppose first that R_

In the construction of the mild solution, we now take v§ = vy (since vy € L¥ (Q,v)) and
the functions f/" € L (Qq,v), i = 1,...n, additionally satisfying

n T
] NNTCEN A

g = L and 7?,+7ﬁ = 4o00.

and
v(2)B~ < f”dl/ < v(Q)BT.
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5. Doubly nonlinear diffusion problems with nonlinear boundary conditions 209

Multiplying both equations in (5.78) by w, integrating with respect to v the first one
over 2 and the second one over {29, and adding them, we obtain

f v () —U? (@ ) uM(z)dv(z) + JQ wi(x)ug (x)dv(x)

- [ ] aste v a0) = @t @i )avio)

= | Sl @) (@)dv(z).
951
Then, since wl(z) € B(ul(x)) for v-a.e. x € Qy the second term on the left hand side is
nonnegative and integrating by parts the third term we get

n

vi'(@) — i 4 (x)
fgl T/n u (x)dv(x)

)

1 n n n n
(5.80) 5 || aste ) = @) ) = @) () v(o)

< | S @)ug (z)dv ().
951
Now, since v}*(z) € y(u}(x)) for v-a.e. x € 1, we have that

ul(z) e v Lol (x)) = 055 (vi'(x)) for v-a.e. x € Q.

(2

Consequently,
35 Wit (2)) = 35 (vi'(2) = (021 (2) — vj' (z))ui’(z) for v-ae. z €.
Therefore, from (5.80) it follows that

n

S NGICIORFHERENTZED
w5 || ante s ato) = @) @) — i @)dm. () dv(o)

< | St (@)de(z),
1951
i =1,...,n. Then, integrating this equation over |t;_1,t;] and adding for 1 < i < n we get

foy( ")) — % (vo(@)))dv(x)

"2 le J J ap(z,y, v (y) — v (2)(ui' (y) — ui' (x))dmg (y)dv(z)dt

< 2 f S ()i

which, recalling the definitions of f,, u, and v,, can be rewritten as

1 T
a0 5 ||| a0 - @) 000 - @ @)dm. )
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210 5.3. Doubly nonlinear diffusion problems

This, together with (5.10) and the fact that jJ is nonnegative, yields
e (T ,
2 JO L L [un(t)(y) = wn (t) ()" dme (y)dv(w)dt
1 T
31| e 06) = @) O 0) = (0@ dm v @)t

T
< J j:<vo<m>>du<x>+f L@ O @)

951 0

T
< L 7 (wo(@)dv (a) +f0 ()t (21 1 () L2, )
1

Therefore, for any § > 0, by (5.75) and Young’s inequality, there exists C'(§) > 0 such that,
in particular,

552 [ [ [ 100) — w0 Pima )@t < 0+ [ a0l 0,

Observe also that, for any n € N and i € {1,...,n}, and for ¢ €]t |,
teltn, ] ifi=1,

tn tn
(5.83) J t)dv + J J s)dvds < J vg dv + J fF(s)dvds.
Q0 o 0 Jou

Indeed, multiplying the first equation in (5.77) by 17, (ul) and integrating with respect to

if i = 2, or

v over {11, then multiplying the second by - z 1TJ“( ™) and integrating with respect to v over
s, adding both equations, removing the nonnegatlve term involving a,, (recall Remark 5.12)
and letting r | 0, we get that

T T
f @yrd + L[ )ty < f W )+ = [ ytan,
N n Jqo, O n Jo,
ie.,

[ eprar< [ emytars T =T [ wptan
(951 Q 1951

Q2
Therefore,

J (wf) " dv
Qo

j=1

ny\+ ny\+ v n
J, wnyrav< | ey +j2 o

which is equivalent to (5.83).
Now, by (5.79), if I'" = +00, there exists M > 0 such that

sup J v, (t)(z)dv(x) < M for every n € N.
te[0,T] V1

Consequently, Lemma 5.2 applied for A = Qy, B = J and a = ~, yields

it (1) 1r(0,0) < Ko <( || mrow —u:<t><x>|pdmx<y>dy<x>)p . 1)

for every ne€ N and 0 < ¢t < T, and for some constant Ko > 0.
Suppose now that I't < +oo. Then, by (5.83) we have that, for any n € N and i €
{1,...,n}, and for t €|t |, t?| if ¢ > 2, or t € [t{, 7] if i = 1,

J vt (t)dv < f vy dv + J i [ (s)dvds
Q1 0 0 91
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5. Doubly nonlinear diffusion problems with nonlinear boundary conditions 211

thus, by the assumptions in (5.75) and by (5.76), we have that there exists M € R such that
sup J vp(t)dv < M < v()TF
tE[O,T] (951
for n sufficiently large and, by (5.79), such that

Q)+t —M
v () |dv < v - M

sup

te[0,T] J{erl top (t)<—h}

for n sufficiently large. Therefore, we may apply Lemma 5.3 for A = Qq, B = and o = v
to conclude that there exists a constant K4 > 0 such that
1

(1) o) < KD ((L fQ it () (y) — u <t><x>|pdmm<y>du<x>) g 1) L VOSEST,

for n sufficiently large.
Similarly, we may find K3 > 0 such that

()L < K (( L jQ iy (1) () — <t><x>|ﬁdmx<y>du<x>) g 1) . VO<t<T,

for n sufficiently large.
Consequently, by the generalised Poincaré type inequality together with (5.82) for ¢ small
enough, we get

T
J Hun(t)HLp(Qﬂ,) dt £ K4, VYneN,
0

for some constant Ky > 0, that is, {un}, is bounded in LP(0,T; LP(2,v)). Therefore, there
exists a subsequence, which we continue to denote by {uy}n, and u € LP(0,T; LP(£2,v)) such
that

u weakly in LP(0,T; LP(Q, v)).

Note that, since f J f |un (t) —un(t)(as)|pdmx(y)dy($)dt} is bounded, then, by

(5.9), we have that {[(t,2,) — a,(x, Y, un(t)(y) —un(t)(x))]}n is bounded in LP (0, T; LP (Q x
Q,v®m,)) so we may take a further subsequence, which we continue to denote in the same
way, such that

[(t, 2, y) = ap(@,y, un(t)(y) — un(t)(x))] = &, weakly in L' (0, T; LF (2 x Q,v @ my)).
Now, let W € W, (0, T; LP(Q,v)), then

J ") = el =T/ gy
0 T/n

e U+ T/n)(@) - OO (T B, [T () (@)
- [ s R el B v

for x € Q. Therefore, multiplying both equations in (5.78) by ¥, integrating the first one
over €)1 and the second one over 2y with respect to v, adding them, and taking limits as
n — +00 we get that

fﬁh z)dv(z dt+J LQ (z)dv(z)dt
- fo L fﬂ@(t,x,y>dmx<y>w<t><x>du<x>dt

T
- [ ], fo@v@@ain@a.
0 (951
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212 5.3. Doubly nonlinear diffusion problems

Therefore, taking ¥ (t)(z) = ¥ (t)&(x), where ¢ € W(}’l(O T) and £ € LP(2, v), we obtain that

JOT J J (t, z,y)Y(t)dmy(y dt—f F@)(z)y(t)dt

for v-a.e. x € Q.

It follows that v € WH1(0,T; L'(21,v)). Then, by Remark 5.25, we conclude that the
mild solution v is, in fact, a strong solution (see [28] or [18, Corollary A.34]). Hence we have
that
(5.84)

v'(t)(:c)—fQ ap(z,y, u(t)(y) —u(t)(x))dmy(y) = f(t)(x) for a.e. te[0,T] and v-a.e. z € (.

Let’s see, for further use, that J Jy(v(t))dv € Wh1(0,T). By (5.81) and Fatou’s lemma,
Q
we have '

. 1
imsun 5 [ [ [ a1 (6000) = (000 00 (00) = ) () o)

< fmu;‘(v(T)( ) — 57 ol j D@ @

Moreover, by (5.84), we have that

T T
(5.85) JO v(t)(x)jt\ll(t)(:c)dtzjo F(t)(z) T (t)(z)dt,

where F' is given by

F(t)(z) = - L ap(z,y, u(t)(y) —u(t)(@))dms(y) — f(t)(2), =€ .

Let 1 € Wy''(0,T), ¢ =0, 7 > 0 and

e (8) () = 1L ") (@) (s)ds, te[0,T], e .

T

Then, for 7 small enough we have that 7, € Wol’l(O, T; LP(21,v)) so we may use it as a test
function in (5.85) to obtain

["[ roemowsma [ Jm L e

S R R, ESTOTC T P
951

T

_ L L v(t = 7)( T‘” O@) ) @y () do ().
Now, since
170 = 2iysr) =0 ([ 67 shas)

and u(t) € v~ (v(t)) v-a.e. in Qy, we have

(vt = 7) (@) = v(t)(x))u(t)(z)

N

(t=7)(x)
J (y"H0(s)ds, for v-a.e. z € Qy,
v(

Universitat de Valéncia Marcos Solera Diana



5. Doubly nonlinear diffusion problems with nonlinear boundary conditions 213

and thus, for v-a.e. x € {21 we have

jOT PO )@ f N j( T 0 sy sty ()t
) f L F(t <x>(7_1)0(8)dsw(t+?—w(t) et

which, letting 7 — 0" yields

L ! L F(tu(t) (@) (dv(@)dt < J ' JQ f ) 0 ) () ()
- JQIJW o ()i

j L J () (@) (£)du()dt.

nr(t)(x) = = L v u(s —7)¥(s)ds, te[0,T], z e Q,

Taking

-
yields the opposite inequalities so that, in fact,

T T
f F(8) (o)ult) (2)dv ()i ()t = j f 5 (0(t) () dw () ()t
0 Ql 0 Ql

ie.,
d » :
—dtf 75 @)(@)dv(z) = |  F(t)(@)u(t)(z)dv(z) in D'(]0,TT),
Ql Ql
thus, in particular,
(5.86) J i (v)dv e WH(0,T).
Q1
Step 2. Suppose now that, either R = —o0 and R+B < 400, or R 5> —© and R;’B =
+00. Recall that we are assuming the hypotheses in (5.75) and that Uo = yg for every n € N.
Suppose first that R = —o0 and R+5 < 400. Then, for k € N, let 8 : R — R be the
following maximal monotone graph
B(r) if r <k,
Bh(r) = [B°(k), B*] ifr =k,

Bt +r—k ifr>k.

We have that S — B in the sense of maximal monotone graphs. Indeed, given A > 0
and s € R there exists r € R such that s € r + A3(r) thus, for k& > r, we have that
ser+AB(r) =7+ MN6F(r), ie., r = (I + AB) " 1(s) = (I + \BF)"1(s).

By Step 1 we know that, since R; g = —© and R;’ gr = 0, there exists a strong solution

v, € WH(0,T; LY (Q4,v)) of Problem <DP;”’?’5:>, i.e., there exist uy € LP(0,T; LP(Q),v))
k?

and wy, € LY (0, T; L” (Q, v)) such that
(5.87)

E0@) = | a0 0)(6) — O @)mo) = F@) = . v, 0<t<T.

wg(t)(x) — Jﬂ ap(x,y, up(t)(y) — up(t)(x))dma(y) = 0, zey, 0<t<T,
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214 5.3. Doubly nonlinear diffusion problems

with vy, € y(ug) v-a.e. in Q and wy, € BF(uy) v-a.e. in Qy. Let’s see that

(5.88) up < Upyp1, v-a.e. inQ, keN,
and
(5.89) v < Ugy1, v-a.e. in Qp, ke N.

k
Going back to the construction of the mild solution, in this case of (DPap ’Y’B ) , for each step

7?””0
n € N and for each i € {1,...,n}, we have that there exists uy, € LP(,v), vy, € LY (0, v)
and wy . € LP (Q, v) such that

i) = 3 [ o) = a)dme ) = - (5260 = 1)+ ok alo), we
wa(@) = | oo ua0) = uia()dma) =0, e,

with vp; € y(uy ;) v-a.e. in Oy and wy; € Bk(uzz) v-a.e. in Qg. Let
n 3 n
W11, if ug.q,; <k,
no._ + 3 n —
i =14 B if Upyp,; = k,
k(,n ieamn
g (uk+1,i) ifug,,,; >k,

for ne N and i€ {1,...,n} (observe that 5¥(r) is single-valued for » > k and coincides with
BF+1(r) = B(r) for r < k). It is clear that ) € B*(uf, ;) and, since B¥ = BF*! we have
that 2;!;, > wyl, ;. Then, for n € N and z € (),

v1?+1,1(x) - % L ap(z,y, UZ+1,1(y) - uZH,l(a:))dmx(y) = % (fln(x) — k:—lirl) + vo(x)
> % (f?(x) - ]1) + vo(x) = v 4 (x) — % L ap(z,y, uf 1 (y) — ul 1 (2))dmy(y)

and, for n € N and x € s,

20(0) = | a1 0) = s o)) )
> @) = [ aplem o) = uhera(@)dm. ()

= 0= wfy () fﬂ (2,9, 00 () — uf1 (2))dma (y).

)

Hence, by the maximum principle (Theorem 5.13),
Uy S Upprn anduly Supyg veae
Proceeding in the same way we get that
Ui S Vg and up; Supy; v-ae
for each n € N and i € {1,...,n}. From here we get (5.88) and (5.89).
Since v~ 1(r) = 9j%(r) and ug(t) € v~ (vg(t)) v-a.e. in Q, we have

L (g (t = 7) (@) — o () (2))ug () (z)dv (2) < f 35kt = 7)(2)) = 75 (v () () )dv ().

951
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5. Doubly nonlinear diffusion problems with nonlinear boundary conditions 215

Integrating this equation over [0,7], dividing by 7, letting 7 — 0% and recalling that, by
(5.86), J i*(ue)dy € W0, T), we get
1951

-| ' L(vk)t(t)(x)uk(t)( jﬂ 7 — (D) @) v ()
jﬁl 7 (0(0) (1)) du(z).

Therefore, multiplying (5.87) by u; and integrating with respect to v we get

T
3 || sttt = n®@) @00 - ) @)dm )i

<[ (s - 1) mr@an i eowae.

Now, working as in the previous step, since ' < oo, we get that {Huk”ﬁp(o 7oL (0 ”))}k
is bounded. Then, by the monotone convergence theorem we get that there exists u €

LP(0,T; LP(R2,v)) such that uy £, win LP(0,T; LP(S2,v)). From this we get, by [33, Lemma
G, that v(t)(x) € y(u(t)(z)) for a.e. t € [0,T] and v-a.e. x € Q.

Therefore, (5.87) and Lemma 5.6 (note that, by the monotonicity of {ux}, we have that
lug| < max{|uy],|u|} € LP(Q,v)) yield that (vj); converges strongly in L¥ (0,T; L¥ (Qy,v))
and wy, converges strongly in L (0,T; L” (Q,v). In particular, v € Wh1(0,T; LY(,v)),
w(t)(x) € B(u(t)(x)) for a.e. t € [0,T] and v-a.e. x € y, and

w@@ﬂ—ﬁfﬂ%%wﬂ@%ﬂﬁK@MmAw=fﬁmw,x69h0<t<ﬂ
w@@O—Lfﬂﬁywﬂw%ﬂWM@MmAw=0, e, 0<t<T.

The case R; g > —© and R;r g = T follows similarly by taking

B rr+k  ifr<—k

B = B, B0=k)] ifr = —F,
B(r) if r > —k.

instead of A, k e N.
Step 3. Finally, assume that both R; 5 and Rj 5 are finite. We define, for k € N,

B +r+k ifr<-—k,
B =3 [B 8= ifr = <k,
B(r) if r > —k.

By the previous step we have that, for k& large enough such that f + % satisfies

J d”+J Ll ( )duds < (),
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216 5.3. Doubly nonlinear diffusion problems

3k
there exists a strong solution v, € WH1(0,T; L'(Q1,v)) of Problem (DP;_‘;’?’?O ), i.e., there
k7

exist uy, € LP(0,T; LP(, v)) and wy, € L' (0, T; L (Qa, v)) such that

(vg)e(t)(z) — L ap(z, y, uk(t)(y) — ur(t)(z))dma(y) = f(t)(x) + %, 20, 0<t<T,

wi(t)(x) — JQ ap(z,y, up(t)(y) — ur(t)(x))dma(y) =0, €N, 0<t<T,

with vy € v(uz) v-a.e. in @ and wy, € B%(ug) v-a.e. in Qy.

Going back to the construction of the mild solution, in this case of <DP;_’; g’f :), for
each step n € N and for each i € {1,...,n}, we have that there exists uy,; € LrP(Q,v),
vg; € LY (€, v) and wy ;€ LP (Q, v) such that

i) = [ sl i) — ki odma) = 1 (0 + 1) ki), we

i a(o) = | aple ) = ) (y) = 0, rem,

n n ; n Bk(,m ;
where vy, € y(uy ;) v-a.e. in O and wi; € B%(u ;) v-a.e. in (. Let

Wiy if up ;> —k,
2= B if Up ;= —k,
Bk(uerl,i) if up g, < =k,
for n € N and i € {1,...,n} (observe that 3%(r) is single-valued for r < —k and coincides
with g**1(r) = B(r) for r > —k). It is clear that 2y, € 5k(uz+17i) and, since % < R we
have that 2}, < wp ;. 7€ {1,...,n}. Then, for n € N and = € O,

T T 1
Bera@ = [ apte i) D) = o (£ + ) + )

T

< (@ 1) ) = okato) ¢ [ apte s - @)

and, for n € N and x € s,

Ra(0) = | a0 = s o)) )
< @) = [ aplem o) = s @)dm. ()

= 0= wfy () fﬂ (2,9, 0 () — uf 1 (2))dma (y).

Hence, by the maximum principle (Theorem 5.13),
Uy 2 Vppyq and upg = upyg g v-ae.
Proceeding in the same way we get that, for n € N and i € {1,...,n},
U};i = ,U;CLJrl,i and u;cl,i = u7];:L+177; V-a.e..

Therefore,

Ug = Ugt1, v-a.e. in ) keN,
and

Vg = Uky1, v-a.e. in Qp, ke N.

Universitat de Valéncia Marcos Solera Diana



5. Doubly nonlinear diffusion problems with nonlinear boundary conditions 217

We can now conclude, as in the previous step, that

fOT i (8) | (et < K < fo ' ( jﬂ L i () (y) - u;(t)(wﬂpdmz(y)du(m)) s 1)

for some constant K5 > 0. Moreover, by the monotonicity of {uy}, we get that

T
+
{1 O},

is bounded. From this point we can finish the proof as in the previous step. O

5.4. A particular case

Let W € B and consider the following problem:
w(t, z) = divpayu(t,z), xeW, 0<t<T,

(5.90) N{Pu(t, z) = p(z), x€ oW, 0<t<T,
u(0,x) = up(x), xeW.

This is, of course, a particular case of the problem studied in the previous section. Indeed, it
corresponds to the choice Q. = W, Qg = 0,W, v(r) = r and B(r) = r. With this particular
choice we gain the complete accretivity of the associated operator (see Theorem 5.51) which
allows us to prove a stronger version of Theorem 5.27 (see Theorem 5.33).

Since we will continue to work with this particular choice of 1, 9, v and B in the
next section, let us rewrite some of the definitions and results. We continue to work under
Assumptions 1, 2, 8 and 5

Let

Q1 :=Wy x Wy, and  Qz := Q1\(0nW x 0, V).
In this particular case the integration by parts formula takes the following form (recall Lemma
1.48; the case j = 2 will be used in the next section).

PROPOSITION 5.28. Let j€ {1,2}. Let u: W,, — R be a measurable function such that
(z,y) = ap(z,y, uly) — u(x)) € LY (Qj,v @ my)
and let we LY (W,,), then

dlvmapu Jw(x)dv(z) + ./\Gapu(x)w(az)dl/(:c)
OmW

Lg ap (2, y, u(y) — w(@))(w(y) —wz))dv @ me)(z,y).
Moreover, if ue LP(Wp,,v), then
J divmayu(x)dv(z J ./\/ap (x)dv(x).

l\DM—\%

REMARK 5.29. Let us see, formally (as in Remark 5.12), the way in which the previous
proposition will be used. Suppose that we are in the following situation:

—divpapu(x) = f(z), xeW,
{ NiPu(z) = g(x), x € OmW,

J

for j = 1 or 2. Then, as in Remark 5.12, multiplying by a test function w, we get
1

5 J ap(z, y, uly) — u(@))(w(y) — wz))dv @ ms)(z, y)

f F(@yw(@)dv(z) + L o)),

Universitat de Valéncia Marcos Solera Diana



218 5.4. A particular case

Moreover, if
{ —divpapui(z) = fi(z), xeW,
AGapui(x) = g;(x), x € OmW,
i = 1,2, then, for a nondecreasing function 7' : R — R, we obtain
f (f1(@) = fa(2)T (ur(z) — uz(a))dv(z) + J (91(x) — g2(2) T (ur(2) — uz(x))dv(z)
w OmW
=5 ], (e 0) — ) = 2y 10(0) ~ valo)
< (T(ur(y) — uz(y)) — T(u(x) — uz(x)))d(v @ ma)(x,y) = 0.

To study problem (5.90) we define the following operator in L'(W,v) x L*(W,v) associated
to the problem. Observe that this operator does not correspond exactly to the one defined in
5.18. In particular, note that it depends on @ and the space of definition is L*(W,v) and not
LY (W, v).

DEFINITION 5.30. Let ¢ € L'(0,,W,v). We say that (u,v) € B! , if u,v € L'(W,v) and
there exists u € LP(Wp,,v) (that we will denote equally as u) such that Uy = u,

(w,y) = ap(z,y,uly) — u(@)) € L¥ (Q1,v @ my)

and
—div,apu = v in W,
lapu = in 0,W;
that is,
o) == [ aepaly) — u@)dna), e W,
and

() = f a, (2., u(y) — (@) dma(y), = € dnW.

THEOREM 5.31. Let ¢ € Lpl(é’mI/V, v). The operator By o is completely accretive and
satisfies the range condition

(5.91) LY (W,v) < R(I + BJ ).
Consequently, By,  is m-completely accretive in Lp,(W, v).

PROOF. To prove the complete accretivity of the operator BZ , we need to show that,
if (u;,v;) € B, i =1,2, and q € Py, then

Dyp?
L(Ul(w) — v2(2))q(u1(z) — uz(x))dv(z) = 0.

In fact, by the integration by parts formula given in Proposition 5.28 and having in mind
that, for both i = 1 and 2,

() = f (2,9, ui(y) — us(@))dma(y), € AW,
we get (see also Remark 5.29)
f (01 (2) — va(2))q(ua (2) — ua(z))dx
w

-2 f (ap(z,y, ur(y) — ua(x)) — ap(z,y, u2(y) — ua(x)))

2 1
x(q(ur(y) = u2(y) = q(ua () = uz(2)))d(v @ me)(x,y) = 0.
The range condition (5.91) follows from Theorem 5.14. O
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5. Doubly nonlinear diffusion problems with nonlinear boundary conditions 219

With a similar proof to that of Theorem 5.26 we obtain:

THEOREM 5.32. Let p € LP (6,,W,v). Then,
— 1w ’
DBy )" " = 0 (W),
The following theorem is a consequence of the previous results thanks to Theorems A.25,

A.45 and A.J8.

THEOREM 5.33. Let o € LV (0,,W,v) and T > 0. For any ug € ]_)(TQMM W) _

LY (W,v) there exists a unique mild-solution u(t,x) of Problem (5.90). Moreover, for any
q = p and ug; € LI(W,v), i = 1,2, we have the following contraction principle for the
corresponding mild-solutions w;:

[ (ur(t, ) = w2(t, ) paqwa) < [(uon = wo2) lraqwy) for any 0<t<T.

Ifup € D(BY, ) then the mild-solution is a strong solution.

REMARK 5.34. It is natural to ask whether u € L*(W,,,, v) whenever u is the solution of
the problem

u(z) — divpapu(z) = v(x), xeW,

N u(z) = p(), € O W,
with v € L®(W,v) and ¢ € L*(0,,W,v). In the next example we will see that this is not true
in general.

EXAMPLE 5.35. Let V(G) = {20,21,...,%n,...}, Waown = Wapazy = == for n € N,
Wa, 2 = 3% — 7% for n € N and w;, = 0 otherwise. Consider the metric random walk space

[V(G),dg, m©, vg] associated to this infinite weighted discrete graph. Note that this graph
is not locally finite. Then,

and
1 1 1 &1 2
V:65m0+2376wn7 V(V):6+237:§'
n=1 n=1
Let 1 < p < 40 and W := {x0}, and denote vg := v and m := m®, so that 0,V =

{1, ., xp, ..}
Let ay(z,y,7) = |r[P~2r, define u : W,,, > R by

0 if x = x9
u(x) = n
201  ifx=ux, n=1,

v:W - Rbyv(zg) = -2 and ¢ : d,W > Rby ¢(zy) = (£)", n = 1. Then u,v € L°(W,v),
o€ L@ W,v) and (,9) > ap(e,y, uly) — u(x)) € L (Qu,v @ my).
Now,

w(o) — j (20, 4, u(y) — (o)) (1)

= u(0) = ) lu(@n) = ulz0) "~ (u(zn) — u(wo))ymay ({2n})

n=l1
1 6 6 12
= u(wg) — Z u(xn)? 1771 = — Z 2”7—71 =% = v(zo)
nz=1 n=1
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220 5.5. Neumann boundary conditions of Dipierro—Ros-Oton—Valdinoci type

and

- J ap(wn, v, u(y) — wln))dme, (y) = —lu(zo) — ul@n)[P~?(u(wo) — ulzn))ms, ({zo}) =

= u(z,)P"! (?)n = <§)n = @(xn).

Therefore, u is a solution of the Neumann problem
u—div,apu = v in W,
Py = in 0, W.

Note that v € L®(W,v) and ¢ € L*(0,,W,v) but u ¢ L®(W,,,v). Note also that u €
LP(W,,,v) for sufficiently large p (p > @)
2

Consequently, since v € L®(W,v) and ¢ € L*(0,,W, v) but, for p < 10g1(§),
2

-1
u= I+ BQZ] o) v
does not belong to LP(W,,,v), we have that this metric random walk space does not satisfy
a (p, p)-Poincaré type inequality on (W, &).
5.5. Neumann boundary conditions of Dipierro—Ros-Oton—Valdinoci type

Let W € B. In this section we will study the evolution problem
w(t, ) = divpayu(t,z), xeW, 0<t<T,
(5.92) NyPu(t, x) = p(z), x€0W, 0<t<T,
u(0,x) = up(x), xeW,
and the following associated Neumann problem
u(z) — divmayu(z) = p(z), xeW,
{ Ny u(@) = ¢(x), x € 0mW,

but we will do so without requiring that a Poincaré type inequality holds (i.e., we drop As-
sumption 5). Note that, as in the previous section, this would correspond to taking Q1 = W
and Qo = 0, W, thus
Q2 = Wy, x W )\(@n W x 0, W).
Since we will not assume that a Poincaré type inequality holds, a price has to be paid
by restricting the functions ¢ which may appear in the Neumann boundary condition to the
following space of functions.

DEFINITION 5.36. We define
. ¥
L™®(0mW,v) = {90 : OmW — R : ¢ is measurable and ——— € L*(0,,W, y)} .
mey(W)

REMARK 5.37. Note that L™ (0,,W,v) ¢ L*(0,W,v).

Suppose that [V, dg, m&, v is the metric random walk space associated to a locally finite
weighted discrete graph as described in Example 1.38 and let W < V. Then, if 0,,W < V is
a finite set, we have that L™ (0,,W,v) = L*(0,,W, V).

Consider now the metric random walk space [RY,d, m”, L] given in Example 1.37. Let
W < RY be a bounded domain and denote

W, = {z e RY : dist(z, W) < r}.
Suppose that supp(J) 2 B(0, R). Then,

{pe L*(0,,W,v) : supp(p) € W,., r < R} € L"™®(d,,W, v).
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5. Doubly nonlinear diffusion problems with nonlinear boundary conditions 221

Indeed, let ¢ € L*(0,,W, v) such that supp(p) # & and supp(p) < W, for some r < R. It is
enough to see that there exists § > 0 such that

m? (W) :f Tz —y)dy 25> 0
w

for every x € supp(y). Suppose otherwise that there exists a sequence (x,) < supp(y) such
that lim,, {};, J(2n, —y)dy = 0, then, since d,,,W is bounded, there exists a subsequence of ()
converging to xg € supp(y). Therefore, by the continuity of J and applying Fatou’s Lemma
we get that §;. J(xo — y)dy = 0. However, this is not possible because dist(zo, W) <r < R
and, therefore, since W is open, we have that £V (B(xg, R) n W) > 0 with B(zo, R) n W <

supp(J(zg — .)) so

J J(wo — y)dy = J(zo — y)dy > 0.
w

JB(Z‘Q,R)F\W

In particular, characteristic functions of sets A ¢ W, with r < R, belong to L™*(0,,W, v).
To study problem (5.92), we define the following associated operator in L' (W,v)x LY (W, v).
DEFINITION 5.38. Let 1 < p < o0 and ¢ € L"™®(0,,W,v). We say that (u,v) € A}

ap,QO
if u,v € L'(W,v), and there exists a measurable function 7 in W,, with Uy = u (that we

denote equally as u) satisfying

my(W) lulP~! e LY (0,,W,v),

(l’,y) = ap(l‘,y,u(y) - u(aj)) € Ll(QQa V®mm)7

and
—div,apu = v in W,
{ S U= in 0, W,
that is,
oo) == | aylepuly) - u@)dmay), xe W,
and "

o(z) = — JW ap(z,y, u(y) —u(z))dmy(y), xe€d,W.

REMARK 5.39. Let 1 < p <o and ¢ € L™ (0, W,v).
1. Let u e LP(W,v) and, for x € 0,,IW, let ¥, : R — R be defined by

() = jW ap(,y, u(y) — r)dma (y).

Then, since ¥ is v-a.e. increasing (recall (5.8)), the equation

(5.93) - fw (2., u(y) — r)dma(y) = (),

has a unique solution r =: u(z) for v-a.e. z € 0, W (and w is easily seen to be measurable).
2. As a consequence, the extension of u to the boundary 0,,,W in Definition 5.38 is unique.

3. Let us see that, if uw € L*(W,v), then

_ 1 p—1
@l e oo winy < Nl (wpy + ——

cpr—1

I
my (W)

Indeed, let us denote u(z) := u(z), * € 0mW, and suppose that |[up=(a, ww) > Ul W),
otherwise the result is trivial. Let 0 <& < |u]z=(,,wu) — vl Lo,

L (0m W)

AT = {x € 0,W s u(x) > |ul e (o, wu) — €}
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and
AT i={r € 0nW ru(z) < —|u|pc @, W) +}-
Suppose first that (A7) > 0 and let
Bi={ye W :u(y) < —|ul-wu)}-
Then, since v(B) = 0, we have that v @ mz(A~ x B) = v ®m,(B x A7) = 0. Now,
u(y) — u(@) > |ure@,wu) = lullLrwp) —€ >0

for every (z,y) € A~ x (W\B). Therefore, since, by (5.10), a,(z,y,7) = cr?~! v @ my-a.e.
and for every r = 0, we have that

ap(2,y,u(y) — u(@)) = clul L@, ww) = [ulpe ) — )P

for v @ my-a.e. (z,y) € A~ x (W\B). Now, integrating (5.93) over A~ with respect to v, we
get:

_ L JW a,(z, y, uly) — u(x))dmg (y)dv(z)

> J ple)dv(z) = L mi((:;[)/) ma(W)dv(z)

f mg(W)dv(x).
L0 W) AT

e
my(W)

but, by the previous computations,

_ L jW a,(, 4, uy) — u(@))dma(y)dv(z)

< —lul o,y = il =27 | ma(Wyivi)

thus

p

— 2
el e o mm) — Nl () — )P < ‘
( ! ) MO e,y

and the result follows since € was arbitrarily small. If v(A~) = 0 then v(AT) > 0 and we
would proceed analogously.

THEOREM 5.40. Let ¢ € L™ (0,,W,v). The operator Ag;’w is completely accretive and
satisfies the range condition

(5.94) LY (W,v) © R(I + A7 ).

ProOF. The proof of the complete accretivity of A7}  follows similarly to that of BZ ,
(Theorem 5.31).
Let us see that AZL,@ satisfies the range condition (5.94), that is, let us prove that, for

@ € LV (W, v), there exists u € D(Ag ) such that
u+ Ay Jud .

We divide the proof into two steps.
Step 1. Assume that ¢ € L®(W,r). Working as in Subsection 5.1.3 but with

A(@)(@) = Tiew) @)= | ey uy) =ule)dma()+ o fule) P20 (@)= @) (@),

m

for x € W, and

Aau)(0) 1= = [ aplapu) = u@)dma () + @ 2 @) - L@l @),
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for x € 0,,WW, we have that, for k,n € N and K > 0, there exist u, € LP(W,,,v) such that

Tic () () — J 0, (2, 11, i () — i () ()

m

—2

1 _ 1 _
(@) 2] () — ()PP (2) = (@),

xz e W, and
1 _ 1 o _
= |l t0) = @) 0) + b @) (0) = )P ) = ()

x € OmW. Now, let M > 0. Multiplying the first equation by (u,, — M)" and integrating
over W with respect to v, by Proposition 5.28, we get that, after removing some positive
terms,

1 _
| Tt = 4 [ sl = M)

< J So(un,k - M)+dV + J ‘P(un,k - M)+dlj.
w mW
Therefore, taking

1 1
M = My i= max {[ol owanys (21 amwan)) 7 (B0 o owan) 7 }

we get that
1 _ -
f (T (k) = M) (e — M) dv + J (Jn P~ 2wy = MP™) (up e — M) Fdv
w nJomWw
1
< | =MD =yt [ = M s = M) < 0
w OmW n
and, consequently, taking K > M, we get that

Upp < M v—ae in Wy;

and, similarly, we get that
Upp = —M v —ae. in Wy,
Hence,

|t kel oo (Wi oy < M.

Therefore, we have

() — f (2, Y.t (4) — ()i (4)

(5.95) , ,
+funk(2) P20t (@) = %Iun,k(w)l’”u;k(:v) = ¢(z),
for x € W; and
— [ st a) = )0
(5.96) w . .
+ﬁlun,k(:v)lp_2u2,k(1:) - %Iun,k(ﬂb‘)lp_Qu;,k(:ﬂ) = (),
for z € 0,,IW.

Let us now see that |lu, k| r=w,, ) is uniformly bounded in n and k. First, working as
in the proof of Remark 5.39.3, we prove that

1
p—1

1
L7 (@nWw) S ltnplLewa) + ——
cr—1

Y
my (W)

il

L*(0mW,v)

for every m, k > 1. Indeed, define A~ as in that remark and integrate (5.96) over A~ with

respect to v (note that the term involving 1 |up x(2)[P7%w}  (2) — +|upk(2)[P~2u, () does
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224 5.5. Neumann boundary conditions of Dipierro—Ros-Oton—Valdinoci type

not affect the reasoning). The same can be done with A™. Therefore, it is enough to see that

1 ® p—1

)

L*(0mW,p)

1
cr-1

so that |[un kL= (o, we) < »ww) + K. Now, if all of the u, j are v-null the result is
trivial. Therefore, fix some u,j #Z 0 and 0 < & < |up k| w,). Let

A = {x e W upp(z) > |unkl Lo,y — €}

and

A ={zeW tuyi(z) < oWy + €}
Suppose first that v(A}) > 0. Integrating over A] in (5 95) we get:

JA?{ il f J - (@, Yy un, e (y) — unk(2))dme(y)dv(z)

1 _
+j ()P~ @)dv(e) = [ o)) < v(AD el v
n Jaf ’ AF

Consequently, dividing by v(A]), we have

1
W= oo |, 8 ) — Dm0 < el

Now, a,(z, Y, Un k(y) —tn k(7)) < ap(z,y, K +¢) < C (1 + (K 4+ )P™!) for v@m-ace. (z,y) €
A} x W, thus, since m,(W,,) =1 for v-a.e. x€ W,

v(flli) JA+ J ap(2, Y, un k (Y) — tnp(x))dme (y)dv(z) < C (1+ (K +e)P 1),

L* (amVV,y))

where the right hand side does not depend on n or k. If v(A]) = 0 then v(A,) > 0 and we
proceed similarly, that is, integrate over A, in (5.95) to obtain that

L: U i (z)dv(z) — L: J ) ap(, Y, tn () — o (x))dmg (y)dv (@)

and, since € > 0 is arbitrarily small, we conclude that

¥
my(W)

C

1
cww) < [elpomwy +C <1+

1 p—
1| s @)

*

= [ e@via) > ANl
Then, dividing by v(A, ), we have

ap(T, Y, Un k (Y) — un i (2))dme(y)dv(z) = —|@| Lo

m

which, using (5.7), is equivalent to

. | | e tnste) = wslo)ime vt

Now, ap(, Y, un k() —unk(y)) < ap(z,y, K +¢) < C (1 + (K +¢)P~!) for v@m-ace. (z,y) €
A, x Wy, and we conclude as before.

lwn kLo owy < lellewp) +€ + o
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5. Doubly nonlinear diffusion problems with nonlinear boundary conditions 225

Now, let us see that {u, ;L W} is v-a.e. nondecreasing in n, and v-a.e. nonincreasing in
k. Let n' < n. Multiplying (5.95) for w, j and w, by (un k — un k)", integrating over W
with respect to v, and subtracting we obtain

" (;|unr7k(:c)|p_2u:,7k(a:) - ;|un,k(x)|p—2u;k(x)) (th () — 11 () ¥ () —
W

Now, by Proposition 5.28 with w(z) = (uy g(x) — upk(x))t and recalling (5.8) (see also
Remark 5.29), and then using (5.96) we obtain

] ) = @) (@) = ) ) )

# ] s = @) (s 00) = (@) )

J (ap(xa Y, un’,k(y) - un’,k(:v)) - a;l?(x7 Y, un,k’(y) - un,k(x)))

2

N | —

X ((un’,k(y)) - un,k(y))+ - (un’,k(x) - un,k(x))+) dmx(y)du(x)

1[ f<%m%wﬂw—wnm—%@%%ﬂw—%mm>
omW m

% (s () = U o)) dmg(y)dv(z)

-] <£WMQW4%A@—HMMMW%h@00wﬂm—%M@fw@)
W \T n

_ ;L . (|Un’,k($)|p*2u;,7k(x) - |un7k(x)|P*2u;k($)) (o () — i p(2)) " ().
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226 5.5. Neumann boundary conditions of Dipierro—Ros-Oton—Valdinoci type

Consequently,

JW (un’,k(gc) - Un,k:(x)) (Unfyk(l‘) — Un,k(x))+ dl/(SL‘)
+ JW (771/,|Un’,k(13)|p—2l£:’,k(13) - :L|Unk(x)|P—2u:{k(a:)> (wn 1o() — un,k:(x))+ dv(z)

B JW % <|Un/7k(l’) |p_2u7:',k(x) - |un,k(x) |p_2UT_L’k(.T)> (Un/’k(x) — un’k(x))jL d]/(x)

+ me (i,hl«n’,lc(l’) |p*2u:;,7k($) — 711|Un,k($)|p2u:’k(x)> (Un',k(l’) . un,k(x))Jr dl/(x)

—% L B (ltn ()2 () = it o (@2 () ) (10 (2) = (@) ™ () < 0.

Therefore, since the last four summands on the left hand side are non-negative we get that

j (1t () — 11 () (10 () — 10 () () < 0
W

SO Uy LW is v-a.e. nondecreasing in n. Similarly, we get that u, ;LW is v-a.e. nonincreas-
ing in k.
Let us see that these monotonicities also hold in é,,J/. Recall that

= || e ta0) = s () = (@)~ )0+ ) o),
w

for x € 0,,/W. Now, let N ¢ X be a v-null set such that, for every z € X\ N,
(ap(z,y,7) —ap(z,y,s))(r —s) >0 for my-a.e. y € X and for all r # s.

Then, for a fixed k € N, let ' < n, z € 0,,W\N and suppose that u, ;(x) > uy,(z). Since
(U)W is v-a.e. nondecreasing in n, by the absolute continuity of m, with respect to v,
we have that (uy )L W is my-a.e. nondecreasing in n, therefore

0<~— JW (ap(a:, Y, un’ﬁ(y) - un’7k(x)) - ap(az, Y, un,k(y) - Umk(ﬂf))) dmr(y)

1 ~ 1 _
= ~Jun k(@) ut(z) - — fu g ()P u, ()

1 9 o
+ = (Jw @2 (@) = e @)P 2y, (@) <0

which is a contradiction. Consequently, u, ;L 0,,W is v-a.e. nondecreasing in n. Similarly,
Up, kL0, W is v-a.e. nonincreasing in k.

Then, for v-a.e. x € W,,, we can pass to the limit in n, and then in k, in (5.95) and
(5.96), to get u € L*(W,,,v) such that

u(w)—f ap(z,y,uly) — u(@))dmg(y) = p(z), zeW,

and
~ [ an(epuly) — @)ty = o), w7
w

Therefore, for p € L* (W, v) the range condition holds.
Step 2. Let us now take ¢ € L? (W,v). Let ©nk = sup{inf{p,n}, —k}, which is nonde-
creasing in n and nonincreasing in k. By Step 1, there exists a solution u, ; € L*(Wp,,v)
of

Un, k + Agr;,<p(un,k) 3 Pn,k,
that is,

un,k@:)—j 8 (2,9, tn s (4) — e (2))dma(y) = pui(@), zEW,
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5. Doubly nonlinear diffusion problems with nonlinear boundary conditions 227

and
- JW ap(xa Y, un,k(y) - un,k(x))dma:(y) = QO(:U)7 x € Oy W.

Let us see the monotonicity properties of u, ; . By the complete accretivity, we have that

(5.97) | (g = i)™ | Loy < 1 (wn = @nk) ™ lLoqw)
and
H (un’,k’ - un,k)i HLP’(W,V) < H (QOn’,k’ - Spn,k)i HLP’(W,V) :
This implies, for example, that if n’ < n then w, ; < wu,; v-a.e. in W thus, as before,
Uy, W is v-a.e. nondecreasing in n and v-a.e. nonincreasing in k. Moreover, it also implies

the convergence of u, ;LW in LP(W,v).
On the other hand, for n’ < n, we have

JW (ap($7 Y, un’,k(y) - un’,k(x)) - ap(xa Y, un,k(y) - un,k:(x))) dmx(y) =0

for every x € 0,,IW and, therefore, the same reasoning as before yields that u, ;(x) is nonde-
creasing in n and nonincreasing in k for v-a.e. x € 0, \W.
We want to pass to the limit in

Un k() — J ap(2, Y, tn k(y) — unk(z))dma(y) = eni(z), zeW, (a)
(5.98) m
- W ap(x7 Y, un,k’(y) - un,k(x))dmx(y) = 90(33)’ x € OmW. (b)

We start by letting n — 400. Let’s see that we can take limits as n — +00 in the terms
involving a,, (this follows similarly to the proof of Lemma 5.6, but with the added difficulty
of having to see what happens on the m-boundary of W). Fix k € N. By (5.97), we have

that w, . — uy in LP(W,v). Hence, there exists hy € LP(W,v) such that
|tn 1| < hy v-a.e. in W for every n e N.

By the invariance of v with respect to m we may take a v-null set B € B such that, for every
x € 0mW\B,

(a) upk 5wy in LP(W, my),

(b) hy € LP(W,my),

(€) |unk(y)| < hi(y) for my-a.e. y € W and for every n e N,
(d) ¢(z) < 400, and

(e) ap(x,y,7)(= —ay(x,y,—1)) = cprP~! for my-a.e. y € W and every r > 0 (recall

(5.10)).
Now, let’s see that u, ,(x) has a finite limit for every = € 9,,/W\B. Suppose otherwise that
there exists « € 0, W\B such that u, j(z) — +00. Then, given M > 0, there exists ny such
that, for n > ng, u, k(x) > M. Hence, for n > ng,
—ap(.l‘, '7un,k(') - un,k(x)) = _ap(x> g hk() - M) € Lpl(I/Va mx) mg-a.e. in W,

so we may apply Fatou’s lemma to obtain:

n

J liminf —a,(z,y, un k(y) — un ik (z))dm,(y)
w

< lim inf f (@, s i (y) — (@) dma(y) = p(z) < +a0
w

n

which is a contradiction. Indeed, since uy, i(x) — +00 and uy, 1 (y) < hi(y) < +oo for my-a.e
y € W, we have that, for n large enough,

—ap(2, Y, unk (y) — unk(2)) = cp(un (@) = unge(y)P~ > +oo for v-ae. ye W.
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228 5.5. Neumann boundary conditions of Dipierro—Ros-Oton—Valdinoci type

Therefore, u, p(x) — ug(r) < 400 for v-a.e. x € 9, W (thus, in particular, vy is mea-
surable on 0,,1/), and we can use the dominated convergence theorem (we omit the details
since they are similar to those in the proof of Lemma 5.6) to pass to the limit in (5.98)(b)
for v-a.e. x € 0,,WW, obtaining:

- [ ae ) — w@)dna ) = o)
w

It remains to take limits as n — 400 in (5.98)(a). Now,
(5.99) f ap(@, Y, Un ke (Y) = Un o (2))dma(y) = unp(®) — pni(x), €W,

thus, by the monotonicity of {u,x}, (and (5.8)), we have that, for v-a.e. z € W,

f 1y (2, s o) — (@) A (9) < () — P ().

Therefore, since the right hand side of this equation converges to a finite limit v-a.e. in W
as n — 400, we get that, for v-a.e. z € W, {ay(z,, up k(") — up(x))}n < LWy, my) is
an mg-a.e. nondecreasing sequence of functions with uniformly bounded m,-integrals (recall
that wu, € L®(Wy,,v), hence u, € L*(Wy,, m,) v-a.e.). Consequently, by the monotone
convergence theorem, we have that, for v-a.e. z € W, ay(z, -, ur(-) — up(x)) € L* (Wi, maz)
and (recall (5.6))

(5.100) J ap (2, Yy, un 1 (y) — ur(x))dma(y) — . ap(2, ¥, uk(y) — u(z))dma(y).

Moreover, by (5.10), we get that |ug|[P~t € LY(W,,,v).
On the other hand, by (5.99) and the monotonicity of {uy 1},, we also get that, for v-a.e.
rzeW,

| anenue) s dinats) = (@) - pnsto).

Hence, for v-a.e. z € W, {a,(z, -, up(-)—tn k() }n © L' (Wy,, my) is a nondecreasing sequence
of functions with uniformly bounded m,-integrals and we may again apply the monotone
convergence theorem to obtain

(5.101) j (2., u(y) — g (2))dma(y) =5 | ap(e v, un(y) — un (@) dma(y).
m W

Consequently, since, for v-a.e. z € W,

| e ) = ws ) dma )
<[ e mna) = walo)dma )
<[ a ) - )i,
by (5.100) and (5.101), we can also pass to the limit in (5.98)(b) to get that, for v-a.e. z € W,
we) = [ aplopnly) — un@)dma(y) = ou(a).
In particular, since ug, @i € Ll(I/V7 v), the previous equation yields
| et o) - o) dma ) € L2W.0),

thus a,(z,y, uk(y) — uk(z)) € LYW x Wy, v @ my). Therefore, by the reversibility of v with
respect to m (and (5.7)) we get that ay(x,y, ux(y) — ug(z)) € LY(Qa, v @ my).
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5. Doubly nonlinear diffusion problems with nonlinear boundary conditions 229

Finally, we take limits as & — +00. We may repeat the previous reasoning to obtain that
ug(z) = u(x) > —w for v-a.e. x € 0, W. Consequently, we have that uy — u in LP(W,v)
and wug tends to a measurable v-a.e. finite function u in 0,,W. Then, we apply the monotone
convergence theorem in the same way to get:

u(z) — J ap(z, y, u(y) — u(x))dm.(y) = ¢(z), veW
(5.102) ”

- | v - u@amaw) = ole). zedw
where

ay(z,y, u(y) — u(@)) € L'(Q2,v @ ma).
By (5.10), we have that
clu(y) — u(@)P~ < |ap(z, y, uly) — u(x))l,
thus
u() P~ < C (Jap(z, y, uly) — u(@))] + [u@)["~)

for every x, y € W,, and some constant C. Therefore, since mg(W,,) = 1 for z € W,

J e (W) u(z) P du(a jmj )P Ndmg(y)dv(z)

=] P dm )

<C (f () = ) @ ) o) + | |u<x>|p—1du<x>) S
2 w
This implies, in particular, that
(5.103) mey(W)|ulP~ € L (0mW, v). O

REMARK 5.41 (Regularity for p > 2). In the context of Theorem 5.40, let us see that,
for p = 2,

(5.104) ay(z,y,u(y) — u(x)) € L (Qa, v @ my)
and
(5.105) mey(W)|ul? € L (6mW, v).

Indeed, by (5.103), since 0 < m (W) < 1,

m(y (W)™ € LY (0 W, ).

Therefore,
mey(W)u e LP~H(0mW, v) € LN(0mW, v).
Hence, we get that

¥ 1
up = my(Wlu———— € L (0, W, V).
0W) mey(W) ( )

Now, multiplying the first equation in (5.102) by Tpu(x), integrating over W and then inte-
grating by parts,

| i+ 5 | an(ep. o) — u(@) Baly) ~ D) @ mo) )
w

2

= f lyudy + f PTudy.
w OomW
Hence, letting £ — oo, by Fatou’s lemma,

(,y) = ap(,y, u(y) — u(2))(u(y) — u(x)) € L'(Q2,v @ my),
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230 5.5. Neumann boundary conditions of Dipierro—Ros-Oton—Valdinoci type

and this is equivalent, on account of (5.9) and (5.10), to (5.104). Moreover, in this situation,
we can repeat the argument used to obtain (5.103) but using p instead of p—1, to get (5.105).
Indeed,

f e (W) () P f || utpam, i)
fjm ) Pdim, (y)dv(z)

<C ( f (&, g, u(y) — u(@) (u(y) — u(@))dv @ m,) (2, y) + jW |u<x>|pdu<:c>) < +o0.

With respect to the domain of the operator AT _, we have the following result.

ap,p’
THEOREM 5.42. Let p € L"™(0,,W,v). Then, we have
L¥(W,v) € D(Ay )

and, consequently,

LY (W)

D(Am ) = L” (W, v).

ap7<P

PRrROOF. Take u € L®(W,v). By Remark 5.39.1 & 3, there exists an extension of u to
OmW (which we continue to denote by u) satisfying

- | aevut) —u@)am, ) = o). zed,
and, moreover,
u€ L*(0mW,v).
Therefore, for z € W,

() = —J a2,y uly) — u(z))dma(y)

defines a function in L'(W,v), and we have that
ue D(AY ). O
THEOREM 5.43. Let p > 2 and assume that ¢ € L™ (0,,W,v). Then
LP~Y(W,v) c D(AZ ).

PROOF. Suppose that p > 2 ( the case p = 2 follows by a similar, but simpler, argument).
Given u € LP~Y(W, v), denote again by u the unique extension of u to the boundary &, W
satisfying

= | aululs) — w@)dma ) = o), @€ 2,7
Then, for z € 0,,W, we have

ap(x7 Y, u(y) B U(IL‘)) m
u(®) J{yeW:|u(y)u(x)>1} u(y) — u(z) ()

— (o) + J a2,y uly) — u(z))dma(y)
{yeW|u(y) —u(z)|<1}

ay(z,y,u(y) — u(:p))u -
i LyEW:u(y)—u(g@)>1} u(y) — u(g;) ( )d I(y)
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5. Doubly nonlinear diffusion problems with nonlinear boundary conditions 231

and, consequently, by (5.9) and taking into account (5.10),
a,(x,y,u(y) — u(z

) | o9 uly) — D) gy,

weWilu(y)—u(@)>1y  w(y) —u(@)

<l ()I+2C+2CJ S Ju(y) = u(@) P2 [u(y)|dma (y).
{yeW:|u u(x)|>

(5.106)

Now, by (5.10),

f () — u(@) P 2dma ()
{yeW:|u(y) —u(z)|>1}

weW:luy)—u(@)|>1}  wy) —u()
Hence, by (5.106), we get

<

AN ) = )P Edmay)
(5.107) {yeW:u(y)—u(z)|>1}

< lpl@)[ +2C0 +2C [u(y) — u(@)"~u(y)ldma(y)-
feW:lu(y)—u(z)|>1}

Let us now see that
(5.108) 0= J J z) [P dmg (y)dv(z) < +oo.

By (5.107) and the revers1b1hty of v, we have

|| o) = w@ptama i
OomW
- f f u(y) — u(@)P dme (y)dv ()
oW JyeW fu(y)—u(z)|<1}
w(y) — u(@) P dmy(y)dv(z
n L . f{ e ) =) (y)du(z)

+ J J lu(y) — u(x)|P—2|u(y)|dmx(y)dy(x)
OmW J{yeW:|u(y)—u(z)|>1}

" f ) u(y) — () P~2dma (y)v(z)
mW {yeW:|u(y)—u(z)|>1}

< (1 ; 20) VW) + L lptalavta)

+(1429) [ ], 1 = @ 2t lam. yivte)

Now, by using Hoélder’s inequality, with exponents and p — 1, and the reversibility of v,
we get
|, et = u@p 2t dm)avta)
omW

»

pP— 1

L - (s i)

1

< ([ Jy 9=t s )d”(”“’))p . lu(:c>|p1du<x>>m.
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232 5.5. Neumann boundary conditions of Dipierro—Ros-Oton—Valdinoci type

Therefore,

© < (1 + 23) v(Wy) + % Jamw |p(x)|dv(z) + (1 + 22) Y= (JW () |p1d,/(x)) T

and, consequently, © is finite. Observe that an explicit upper bound, depending on ||¢| 1,
and [ul|p-1(w,), can be stated.

Furthermore, we obtain the following regularity of u on the boundary:
(5.109) J (W) ()P~ L () < +.
OomW

Indeed, since |u(y)|P~! < C (Ju(y) — w(@)[P~! + |u(z)[P!) for some constant C and every z,
y € Wy, we have that

f (W) u(e) P o jj )P, (y)dv ()

f fm )P dma (y)do()

<C (J 2 lu(y) — u(z) P~ d(v ® mg)(z,y) + JW |u($)|p_1dl/(90)> ,

thus (5.109) holds.
Let us finally see that, for x € W,

o)== [ an(ep.uly) - u(@)dm. )
belongs to L'(W,v). Indeed,
[ Ao uty) - u@)dma )

= — f ap(w,y, uy) — u(x))dmy(y) — J ay(z,y, u(y) — u(x))dmg(y).
w

a'"L w

Now, the first summand on the right hand side belongs to L'(W,v). Let us see that the
second one also belongs to L*(W,v). Since

JW me ay(z,y, uly) — u(z))dmy(y)

< fw L gl ()~ u(e) ) (z)

dv(x)

P~Hdm vix
< f J@ WC(1+|u(y)—U(93)| Ydm (y)dv(x)

)+ cj f @ 2u(w)ldm ()i (z)
OomW
g f |, 1) = @ P2 ) (@l av(e).
we have that, by Tonelli-Hobson’s theorem, z — — ap(z,y, u(y) —u(z))dm,(y) belongs
OomW

to L' (W, v) if the following functions belong to L'(W,v):

T Ju(y) — u(@) P~ *uly)dma(y)
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5. Doubly nonlinear diffusion problems with nonlinear boundary conditions 233

and
R, J () — u(@) P 2dma (y)u(z).
OmW

With regard to the first function, by Holder’s inequality and the reversibility of v with respect
to m, we have that

f (o) = u@) ) ()| dv(o)

J Jm () P2 u(y) | dma (y)dv(«)

p 1

U Ja w (@)~ dma (y )dV(:c)> U Ja Juty)l Ly )dy(x)> =

» 1

(f f - 1dm<>du<x>)‘<fm f P (s)an(e) )~

- ( [, ] 1t =t g i) ) ([ . mx<w>|u<x>|p1du<x>);1

which is finite by (5.108) and (5.109). The second one also belongs to L'(W,v) since,

»

S
[

M

b~
—
-

]
»

S
[un

by (5.108) (using the reversibility of v with respect to m),  — J lu(y) —u(z) P~ 2dm,(y) €

LV (W,v), and u e LP~H(W,v). O

The following theorem is a consequence of the above results thanks to Theorems A.25,
A.45 and A.4S.

— " (W
THEOREM 5.44. Let ¢ € L™* (W, v) and T > 0. For any ug € D(AZ ) W) _
LY (W,v) there exists a unique mild-solution u(t,x) of Problem (5.92). Moreover, for any
q = p and ug; € LI(W,v), i = 1,2, we have the following contraction principle for the
corresponding mild-solutions u;:

[(ur(t, ) = uat, )" paw) < [(uox = u02) " lzagwy) for any 0 <t <T.

If ug € D(Ag”;’(p), then the mild-solution is a strong solution. In particular, if ug €

L*®(W,v), Problem (5.92) has a unique strong solution. For p = 2 this is true for data in
LP=Y (W, v).
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APPENDIX A

Nonlinear semigroups

This appendiz is part of the Appendiz in [12].

A.1l. Introduction

In this appendiz we outline some of the main points of the theory of nonlinear semigroups
and evolution equations governed by accretive operators. We refer the reader to [23], [28],
[32], [43], [67], [68], [69]. Our main objective will be the study of evolution problems of the
form:

u'(t) + Au(t) = f(t) on (0,7),
(A.1)
{ u(0) = o,

where X is a Banach space, f:(0,T) > X and A: D(A) — X is an operator.
Let us give one example of how to write a PDE problem as a problem in the form (A.1).

EXAMPLE A.1. Let  be a bounded domain in R with smooth boundary 0€2. Consider
the classical initial-boundary problem for the heat equation, that is, the problem

%(x,t) = AU)(ZC,t) in  x (0,00),
w(z,t) =0 on 09 x (0,0),
w(z,0) = f(z) in Q.

Write u(t) = w(-,t), regarded as a function of x, and take X to be a space of functions on (2,

for example, X = LP(Q) for some p > 1 or X = C(£2). Suppose we are in this last case. Let
A be the operator with domain

D(A):={veC(Q) : AveC(Q) and v(z) =0 V z € o0}

and defined by Av := —Aw, for v € D(A). Then, we can write the problem (A.1) in the
form (A.1). Note that the boundary condition of (A.1) is absorbed into the domain of the
operator A and into the requirement that u(t) € D(A) for all ¢t > 0.

A.2. Abstract Cauchy problems

From now on, X will be a real Banach space with norm denoted by || || and dual X*.

We will use multivalued nonlinear operators, not only because they permit the obtainment
of a coherent theory, but also because it is often mecessary in applications. So let us recall
some notations and basic facts concerning multivalued operators.

A mapping A: X — 2% from X into 2% (the collection of subsets of X ) will be called an
operator in X. For x € X, Ax denotes the value of A at x, D(A) :={x € X : Az # J} will
be called the effective domain of A, and R(A) := |J{Ax : x € D(A)} its range.

If A is an operator in X, it determines the subset

G(A) :={(z,y) e X x X : ye Ax},

called the graph of A. Conversely, a subset G of X x X determines a unique operator A
whose graph is G, i.e., the operator A is given by Az := {y : (x,y) € G}. Whenever it is
convenient we will identify an operator with its graph.
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236 A.2. Abstract Cauchy problems

Given two operators A and B in X and o € R, we define new operators A + B, aA and
A~ as follows:

(A+ B)x := Az + Bz,
(aA)zx := a(Ax),

Alz:={ye X : ze€ Ay}.

The closure of the operator A, denoted by A, is defined to be the closure of the graph of A in
X x X, that is:

yeAr & Jy, € Azt Ty = T, Yn — Y.

Before proceeding we fiz some notation: By L'(a,b; X) we denote the vector space of
all Bochner integrable functions f : |a,b] — X with respect to the Lebesgue measure (i.e.,
the strong measurable functions f such that SZ [f(t)| dt < +). If I is an interval in R,
LZIOC(I;X) 1s the space of those functions f : I — X which are Bochner integrable on compact

subintervals of 1. As in the case of real functions, if f € L'(a,b; X), for almost all t € (a,b)
one has

t+h
1 —
im 1 |17 = fe)lds = o.
If (A.2) holds t is called a Lebesgue point of f.

The space Whl(a, b; X) consists of those functions f which have the form

t

£(t) = £(0) + f h(s) ds

0

for some h € L'(a,b; X). It is well known that W' (a,b; X) consists of exactly those abso-
lutely continuous functions f : [a,b] = X which are differentiable a.e. on |a,b] and if (A.2)
holds, then f'(t) = h(t) a.e.

In a general Banach space X, the absolute continuity of a function f : [a,b] = X does not
imply the existence of f'(t) almost everywhere. When this happens it is said that the Banach
space X has the Radon-Nikodym property. For instance, every reflexive Banach space has the
Radon-Nikodym property. However, there are important Banach spaces like L'(Q), L®(Q)
or C(Q) without the Radon-Nikodym property.

As we mentioned before, our aim is to study evolution problems of the form:

{ u'(t) + Au(t) o f(t), te(0,7),
u(0) =z,

where f:(0,T) —> X and A is an operator in X. A problem of the form (A.2) is called an
abstract Cauchy problem, and it will be denoted by (CP)y ;. In the homogeneous case, that
is, for f =0, we will write (CP), instead (CP)y.

DEFINITION A.2. A function u is called a strong solution of (CP), ¢ if
ue C([0,T); X) 0 Wil ((0,T); X),
u' + Au(t) 3 f(t) for a.e. t € (0,T),
u(0) = x.

However, the more adequate notion of solution for (CP)y s in general Banach spaces is
the concept of mild solution, introduced by M.G. Crandall and T.M. Liggett in [69] and Ph.
Bénilan in [28], which is studied in the next section.
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A. Nonlinear semigroups 237

A.3. Mild solutions
Let A be an operator in X and f € L'(a,b; X). Roughly speaking a mild solution of the

problem
u' + Aus f on [a,b]

is a continuous function u € C([a,b]; X) which is the uniform limit of solutions of time-
discretized problems, given by the implicit FEuler scheme of the form
t;) —v(ti—
u(ti) —vlti-1) + Av(t) 3 fi,
li —ti—1

where f; are approzimations of f when |t; — t;_1| — 0. Therefore, the underlying idea of
the notion of mild solution is simple and from the point of view of numerical analysis, even
classical. Formally, the definition is as follows.

DEFINITION A.3. Let ¢ > 0. An e-discretization of u' + Au 3 f on [a,b] consists of a
partition g < t; < --- < ty and a finite sequence fi, fo, ..., fn of elements of X such that,

CL<t0<t1<---<tN<b, with

ti—ti1<e,1=1,...,N, tp—a<e and b—ty <e.

and
N
S [ 1)~ fillds <
i=1Yti-1

We will denote this discretization by Da(to,...,tN; f1,---, [N)-
A solution of the discretization D A(tg, ..., tN; f1,..., fn) IS a piecewise constant function
v : [to, tn] — X whose values v(tg) = vo, v(t) = v; for t €]t;—1,t;], i = 1,..., N, satisfy

w—i—AviBfi, i=1,...,N.
t; —ti—1
A mild solution of u' + Au 3 f on [a,b] is a continuous function u € C([a,b]; X) such
that, for each € > 0 there is Da(to,...,tN; f1,---, fn) an e-discretization of v’ + Au 3 f on

[a,b] which has a solution v satisfying
lu(t) —v(t)| <e  for to <t <ty.

It is easy to see that if u is a mild solution of ' + Au 3 f on [a,b] and [¢,d] < [a,b],
then ul_[c,d] is a mild solution of v’ + Au 3 f on [c,d]. Therefore, the following definition
15 consistent.

DEFINITION A.4. Let I an interval of R, and f € L} (I; X). A mild solution of v’ +Au 3 f

loc
on [ is a function u € C(I; X)) whose restriction to each compact subinterval [a,b] of I is a

mild solution of v’ + Au 3 f on [a,b].

In the next result we will see that mild solutions generalize the concept of strong solutions.

THEOREM A.5. Let f € L} (I;X) and u be a strong solution of u' + Au > f on I. Then
u s a mild solution of ' + Au 3 f on I.

The heart of the proof of the above theorem is the following result concerning the approx-
imation of Bochner integrals by Riemann sums in a strong sense.

LEMMA A.6. LetY be a Banach space, g € L'(a,b;Y) and K be a subset of [a, b] such that
[a, b]\K has measure zero. Then, given § > 0, there is a partition a =ty <t; <--- <ty <b
satisfying:
t; € K and t; is a Lebesgue point of g for all i = 1,..., N,

b—ty<d and t; —t; 1 <6, i=1,...,N,
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238 A.3. Mild solutions

and
N t
[ la - gte de <
i=1vti—1

The converse of Theorem A.5 is false; mild solutions need not be strong solutions.
The next result collects some of the properties of mild solutions.

THEOREM A.7. Let A be an operator in X and f € L} (I; X). Then:

loc

(1) If u is a mild solution of u' + Au 3 f on I, then u(t) € D(A) for allte I.

(ii) Let Iy, Iy be subintervals of I with I < Iy v Iy. If ue C(I; X) is a mild solution of
u' 4+ Aus f on Iy and on I, then w is a mild solution of u' + Au > f on I.

(iii) Let A be the closure of the operator A. Then, u is a mild solution of u' +Au > f on
I if, and only if, u is a mild solution of u' + Au > f on I.

(i) Let {u,} < C(I; X), {fn} © L}, (I; X) and u, be a mild solution of ul, + Auy, 3 fy
on I. Assume ue C(I;X), f € Li,.(I; X) and for each compact subinterval [a,b] of
1

7 b
tin ([ 1= O @+ sup Jun(t) = uto)]) = 0.

then w is a mild solution of v + Au > f on I.

DEFINITION A.8. Let D be a subset of X. A family of mappings S(t) : D — D (¢t > 0)
satisfying:
S(t+ s)x = S(t)S(s)x  forall t,s=>0, x€ D,

%in%S(t)w =z for xeD,
is called a strongly continuous semigroup on D.

One may now associate to every operator A in X a strongly continuous semigroup (S*(t))i=o
by the following definition:

D ($4) := {z € X : 3 mild solution u, of u' + Au 30 on (0, +00) with u,(0) = z}.

Fort >0 and x € D(S4), we set
SA )z 1= ug(t).
It is an immediate consequence of the properties of mild solutions that, in fact, (SA(t))t>0 i
a strongly continuous semigroup on D(S4).
In the linear case, that is, if S(t) € L(X), the strongly continuous semigroups are called

Co-semigroups. In this situation, each Cy-semigroup (S(t)),~o has associated its infinitesimal
generator B defined by

Bz := lim M
t—0 t

and

In the linear case it is well known that:

“—A is the infinitesimal generator of a Cy-semigroup (S(t)),s, of bounded linear operators
on X if, and only if, A is linear, closed and D(S4) = X, and then SA(t) = S(t) for allt = 0.”

This motivates the development of a nonlinear semigroup theory analogous to the classical
linear one. We will see that in the nonlinear case the situation is very different to the linear
one, and has more difficulties.
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A. Nonlinear semigroups 239

A.4. Accretive operators

We are going to introduce now the class of operators for which we can obtain existence
and uniqueness results of mild solutions.

The existence of mild solutions requires, as we pointed out before, the existence of solutions
of discretized equations of the form

Ti — T
17214‘14331'3]%, izl,...,N
ti —ti 1
or equivalently
o+ (L —ti1)Az; 3 (i — ti1) fi + i1, i=1,...,N.

Then, to solve (A.4) we need the inverse of the operator (I+AA) to be a singlevalued operator.
Operators satisfying this property are the following:

DEFINITION A.9. An operator A in X is accretive if
|lx —z| < ||l — &+ My —9)|, whenever A\ >0 and (z,y),(z,9) € A.

Note that A is accretive if and only if for A > 0 and z € X, x + \y = z has at most one
solution (z,y) € A and the relations x + \y = z, (z,y) € A, T+ Ay = 2, (&,79) € A imply

|z — 2| = |(I +AA) T2 — (I + AA) "2

<z -2

Therefore, we have:

“A is accretive if, and only if, (I + NA)™! is a singlevalued nonexpansive map for X =07

If A is accretive, we denote Jf = (I +2A)! and we call J;’\q the resolvent of A. Note
that D(J{') = R(I + \A).

It is easy to see that if B is an operator in R, then B is accretive if, and only if, (y —
9)(x—2) =0 for all (x,y),(Z,9) € B. Thus, if B is univalued, then [ is accretive if, and only
if, B is nondecreasing. The following operators are examples of accretive operators in R:

-1 if r<0,
signg(r) =< 0 if r=0,
if r>0,
and
-1 ifr <O,
sign(r) =< [-1,1] if r =0,
1 if r > 0.

In order to verify the accretivity of a given operator, it is useful to take into account

alternative characterizations of this property. To do that we need to introduce the bracket

and the duality map.
For each A # 0 define [-,-]x: X x X - R by

=+ Ayl = =]
[CU,y])\ = \ .

For fized (z,y) € X x X, XA — [z,y]x is nondecreasing for A > 0. Indeed, if A = p > 0 then

(1-8) o+ L@+ ow)| < (1=5) lall + Kllz + 2ol

from where it follows that [z,y], < [x,y]x. Therefore, for every (x,y) € X x X we can define:

|z + py| =

=1 = inf .
[:E,y] ){?{}[x’y]A )1\1;0[:1:7y])\

The number [x,y] is the right-hand derivative of the norm of x in the direction y. In the next
proposition we collect some of the useful properties of the bracket [-,-].

ProposiTiON A.10. Ifx,y,z€ X and o, 5 € R, then
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240 A.4. Accretive operators

(i) |
(it) [ox, By] = |B|[z,y] ifa-B>0
(iti) [z, oz +y] = ofz| + [z,y]

() [z,y] =0 if and only if |z + \y|| = ||z| for A =0

(v) [z yll < ly| and [0,y] = |y]

(vi) [z, y] =2 —[z, —y]

(vii) [x,y + 2] < [z, y] + [z, 7]

(viii) Let u :]a,b]— R and ty €]a,b|, such that u is differentiable at toy, then t — |u(t)| is
differentiable at to if, and only if, [u(to),u'(to)] = —[u(to), —u'(to)]. In this case

]+ X x X — R is upper-semi-continuous

D u®lle1y = [ut0) 2 (1]
As a consequence of (iv) of the above proposition we obtain the following characterization
of accretive operators.
COROLLARY A.11. An operator A in X is accretive if, and only if,
[t —2Z,y—9] =0
whenever (x,y), (z,7) € A.

In some specific Banach spaces the bracket |-, -] can be computed explicitly. We give some
examples.

EXAMPLE A.12. Suppose (H, (| )) is a Hilbert space. Then, for z,y € H,
(lz + Xyl =z (= + Ayl + z]) = |+ Ayl* = [z]* = 2x(2ly) + A [y]*.
Dividing this equality by A yields
(2 + Ayl + |z ][z, y]x = 2(z]y) + Aly|?,
so we find

|z, y] = (x]y).
Then, by Corollary A.11, it follows that an operator A in H is accretive if, and only if,

($—£|y—g)>0 for all (.fU,y),(Ii’,g)EA

An operator in a Hilbert space satisfying (A.12) is called monotone and therefore in
Hilbert spaces monotone and accretive operators coincide.

EXAMPLE A.13. Let X = LP(2) where 1 < p < co. By the convexity of the map ¢ +— [¢|P,
and applying the Dominated Convergence Theorem, it is easy to see that

ma=w@ﬁymp%@Mﬁ

In the case p = 1, i.e., for X = L'(2), we have
Fol = | gsingo(h)+ | ol
Q {f=0}
The formulas for the bracket given in the above examples are very useful to prove that

some operators are accretive. Another useful tool to study the accretivity of some operators
is the duality map J : X — 2X°, defined as

T(x) :={z" e X" : |2¥] <1, (x,z%) = |z}
By Hanh-Banach’s Theorem, we have J(x) # & for every x € X.
Given x* € J(z), since |z*| < 1, we have

[<z™, 2z + Ayy| < [lz + Myl
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A. Nonlinear semigroups 241

and .
@®yp = 5 @t o+ Ay —[a]) < [,y
Hence
@y <lz,y] Va'eT().
On the other hand, if V.= LIN{x,y} and we define {* € V* by
& az + By) = afz| + Blz, yl,
then, by Hanh-Banach Theorem, there exists x* € X™* such that z*|y = £*, so
<IE*,$>: _HxH and <CC*,y>: [1',2/]

Moreover, it is not so difficult to see that ||z*|| < 1, thus z* € J(x). Consequently, we have
the following result.

PROPOSITION A.14. For xz,ye X

[z,y] = i g%c)@f Y-

As a consequence of the above proposition and Corollary A.11, we have the following
characterization of accretive operators.

COROLLARY A.15. An operator A in X is accretive if, and only if, whenever (z,y), (Z,9) €
A, there exists x* € J(x — &) such that

(z*,y —9) = 0.
EXAMPLE A.16. Let X = LP(Q)) where 1 < p < oo, then by Holder inequality we have
T (f) = signg(NHIFFHf1, 7P
In L'(€2), we have
J(f) =sign(f) ={ge L7(Q) : [g| <1, gf =|f] ae}.
Given w € R, we define:
Aw) ={Ac X x X : A+wl is accretive}.
PROPOSITION A.17. Let A be an operator in X. The following statements are equivalent:
(i) Ae A(w).
(i) (L= dw)|z — 2| <z =2+ Ay —9)| VA<0, (z,y),(2,7) € A.
(iii) (v — Z,y — y] + w|z — z| = 0.
(iv) Forlx\ >0, \w <1, Jf = (I +MA)~! is Lipschitz continuous with Lipschitz constant

1—w’
(v) For (x,y),(Z,9) € A, there exists x* € J(x — &) such that
@*y—9)+wlz— 2] > 0.

We have that accretivity implies uniqueness of the strong solutions. More precisely, we
have the following result.

THEOREM A.18. Let f, f € L*(0,T;X), A € A(w) and let u and @ be strong solutions of
u+ Au>s f and @ + Au 3 f, respectively, on [0,T]. Then,

futt) = ()] < e*u0) = a(O)] + | e [uts) — is), £(5) - )] ds

0

< e"'u(0) — a(0)] + JO " f(s) = f(9)] ds
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242 A.4. Accretive operators

forte|0,T].
In particular, the strong solutions of (CP)y s are unique.

We have seen that the accretivity of the operator A implies uniqueness of the solution x;
of the discretized equation

T — T
17“4-141'1'9]%, t1=1,...,N,
li —ti—1
which, if they exist, are given by
T = J(’;}‘Fti,l) ((ti = tic1) fi + xio1) i=1,...,N.

This formula indicates that apart from accretivity one should expect a range condition (i.e., a
condition on R(I + AA) = D(J{})) to hold in order to get existence of solution as well. This
motivates the following definition.

DEFINITION A.19. An operator A is called m-accretive in X if, and only if, A is accretive
and R(I + AA) = X for all A > 0.

Applying the Banach Fized Point Theorem it is not hard to see that if A is accretive then
A is m-accretive if there exists A > 0 such that R(I + NA) = X. Moreover, if A is accretive,
we have that

(A.2) R(I + A) c R(I + A).

Indeed, given f € R(I + A), there exists {fn}n=1 © R(I + A) such that f, = f. Then, if
gn = (I + A)71f,, by the accretivity of A, we get that g, - g. Now, (gn, fn — gn) € A s0
(9, f — g9) € A and, therefore, f € R(I + A).

It is easy to see that each m-accretive operator A in X is maximal accretive in the sense
that every accretive extension of A coincides with A. In general, the converse is not true, but
it is true in Hilbert spaces due to the following classical result of G. Minty [130]:

Minty’s Theorem. Let H be a Hilbert space and A an accretive operator in H. Then, A
is m~accretive if, and only if, A is maximal monotone.

One of the most important examples of maximal monotone operators in Hilbert spaces
comes from optimization theory, they are the subdifferentials of convex functions which we
introduce next.

Let (H,( | )) be a Hilbert space and ¢ : H — (—w0, +]. We denote

D(p) :={xe H : p(x) # 40} (effective domain).
We say that ¢ is proper if D(p) # & and that ¢ is convez if
ploax + (1 —a)y) < ap(z) + (1 —a)e(y)

for all € 0,1] and z,y € H.
Some of the properties of @ are reflected in its epigraph defined by

Epi(p) :=={(z,r) e H xR : r = ¢(z)}.

For instance, ¢ is convez if, and only if, Epi(y) is a conver subset of H x R; and ¢ is
lower-semi-continuous if, and only if, Epi(p) is closed.
The subdifferential ¢ of ¢ is the operator defined by

wedp(z) & ¢(x) = p(z)+ (wlr—2) VzeH.
Observe that 0 € 0p(z) & ¢(x) 2 p(z) VeeH <

p(z) = min o(z).

Therefore, we have that 0 € dp(z) is the Euler-Lagrange equation of the variational problem

Z) = min ).
o(2) xeD(@)tp( )
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If (z,w), (2,W) € Oy, then ¢(z) = @(2) + (W|z — 2) and p(2) = ¢(z) + (0|2 — z). Adding
this inequalities we get
(w—w|lz—2) = 0.
Thus, d¢ is a monotone operator. Now, if ¢ is convez, lower-semi-continuous and proper, it
can be proved that d¢ is mazximal monotone and D(0p) = D(yp) (see [23] and [43]).
Given K a closed conver subset of H, the indicator function of K is defined by

0 if ue K,
+o0 if u¢ K.
Then, it is easy to see that the subdifferential is characterized as follows:

vedlg(u) & ue K and (vyw—u)<0 VweK.

I (u) =

As we mentioned, in the linear case, the existence and uniqueness of mild solutions is
equivalent to the fact that —A is the infinitesimal generator of a Cy-semigroup. Now, there
are classical results connecting this fact with the m-accretivity of the operator A, for example:

THEOREM A.20. (Lumer-Phillips Theorem) —A is the infinitesimal generator of a
Co-semigroup (S(t))i=0 of linear contractions on X if, and only if, A is linear, m-accretive
and D(A) = X. Moreover, we have the Hille-Yosida exponential formula

n—aoo

S(t)xr = lim (I—i— tA) x.
n

A first extension to the nonlinear case of this type of results has been given by Y. Komura
in [108].
Komura Theorem L
(i) Let A be a maximal monotone operator in the Hilbert space H. Then D(A) is a closed
conver subset of H and D(S4) = D(A).

(i) Given some closed convex set C < H and an strongly continuous semigroup of contrac-
tions (S(t))i=0 on C, then there exists a unique mazimal monotone operator A in H such
that D(A) = C and S*(t) = S(t) for all t > 0.

This result has been extended to some Banach spaces with good geometrical properties, but
it turns out to be false in general Banach spaces. The good extension to nonlinear operators
in general Banach spaces was done by Crandall-Liggett ([69]) and Ph. Bénilan ([28]) at the
beginning of the 1970’s. In the next section we give the outline of this theory.

A.5. Existence and uniqueness theorem

Suppose A is an operator in X and f € L'(0,T; X). Consider the abstract Cauchy problem

(CP), s { Z'((Ot)) —:l- ju(t) 5f(t) on te(0,7),

DEFINITION A.21. An e-approzimate solution of (CP)y, 5 is a solution v of an e-discreti-
zation D4 (0 = tg,...,tN, f1,... fn) of &/ + Au > f on [0, T] with |v(0) — x| < €.

It follows from this definition that u is a mild solution of (CP)y, ¢ on [0,T] if, and only
if, we C([0,T]; X) and for each € > 0 there is an e-approzimate solution v of (CP)y, ¢ such
that |u(t) — v(t)|| < e on the domain of v.

DEFINITION A.22. Suppose that for each ¢ > 0 there are e-approximate solutions of
(CP)go,r on [0, T]. We say that the e-approzimate solutions converge on [0,T] as € | 0 to
u € C([0,T]; X) if there exists a function 1 : [0, +o0[— [0, +00[ with lim.|g%(e) = 0 such
that |u(t) —v(t)| < ¢(e) whenever € > 0, v is a e-approximate solution of (CP),, ¢ on [0, 7]
and t is in the domain of v.
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THEOREM A.23. Suppose that A€ A(w), f e L'(0,T;X) and zo € D(A). If the problem
(CP)go,f has an e-approximate solution on [0,T] for every e > 0, then it has a unique mild
solution on [0,T] to which the e-approximate solutions of (CP)y, s converge as e | 0.

This theorem was proved by Ph. Bénilan in his Thesis ([28]) as an extension of Crandall-
Liggett’s Theorem (which corresponds to f = 0). We also have the following result.

THEOREM A.24. Let A be an accretive operator in X and let u be a mild solution of
W + Au30 on [0,T]. Then:

(i) If v is an e-approzimate solution of v’ + Au 30 on [0,T] with [0,s] in its domain
and (x,y) € A, then

lu@) —v(s)| < 2[u0) —z| + [yt —s| O0<st<T.
(it) If @ is a mild solution of ' + At 30 on [0,T], then
lu(t) —a(®)] < |u(0) —a(0)]  0<t<T.
Theorem A.23 tells us that, for accretive operators, to have existence and uniqueness of
mild solutions it is enough to have existence of e-approximate solutions for each € > 0. Now,

we have seen this is the case for m-accretive operators, consequently, we have the following
result.

THEOREM A.25. Let A be an operator in X, f € L'(0,T; X) and xo € D(A). If A +wl
is m~accretive, then the problem

u'+Aus f on [0,T], u(0)=xg
has a unique mild solution w on [0,T].
Recall that
D(584) := {z € X : 3 mild solution u, of v’ + Au 30 on (0, 400) with u,(0) = z},
and for t = 0 and x € D(S?), SA(t)x := u.(t). From now on, we denote SA(t) by e 4, and
we call (e ') =¢ the semigroup generated by —A.

As a consequence of Theorem A.24, if A is accretive, then (e
semigroup, i.e.,

—t4),~0 is a contraction

le e —e 2| < |z — 2|  Va,ie D(S4), Vt=0.
Moreover, by the properties of mild solutions, it is easy to see that D(SA) is closed and, by
Theorem A.24, we have that the map
(t,z) — e~z is continuous in [0, +00) x D(S4).

As a consequence of Theorem A.25 we have that if A is m-accretive in X, then D(S4) =
D(A) and (e7%)=¢ is a contraction semigroup in D(A).

Let us see now that in the homogeneous case we can weaken the m-accretivity of the oper-
ator and get an explicit representation of the mild solution. Suppose for the moment that A is
m-accretive. Let XA > 0 and let v be a solution of the discretization D 4(0, \,2\,...,NX;0,...,0)

satisfying v(0) = xg. Due to the fact that the discretization has a constant step size \, the
difference equation for v is equivalent to

v(t)=x9 for —A<t<0
v(t) —v(t — )
A
Moreover, v(kX) = J{v((k — 1))\) or, iterating

v(kA) = (Ji)M0(0) = (S zo.

Then in order to solve (A.5) we only need that D(A) = D(J{!) for A > 0 and of course the

accretivity of the operator A.

+ Av(t) 20 for 0 <t< N
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DEFINITION A.26. An accretive operator A satisfies the range condition if D(A) ¢ R(I +
AA) for all A > 0.

THEOREM A.27. (Crandall-Liggett Theorem) If A is accretive and satisfies the range

condition, then —A generates a semigroup of contractions (e *4);=o on D(A) and:

(i) For zo € D(A) and 0 <t < 0,

lim (J{ kiL‘o = e_tAaco
)\‘Lo,k)\ﬁt( z)

holds uniformly for t on compact subintervals of [0, 0).
(ii) If vo € D(A), t >0 and n € N, then

t
|70 = e Ao < ol + 2w — 21
for every (x,y) € A.

From either (i) or (ii) of the last theorem we deduce

t o —_—
etz = lim (I + A) x for ze D(A).
n

n—oo

This representation of the semigroup (e *V)y=q is called the exponential formula by analogy

with the formula lim, (1 + La) ™ = e ' for a e C.

Observe the analogy of (A.5) with the exponential formula given by the Lumer-Phillips
Theorem for the linear case. Now, there are strong differences between the linear and non-
linear cases. For instance, in the linear case, —A is the infinitesimal generator of the Cp-
semigroup (e )0, and in the nonlinear case there are examples of operators A satisfying
the assumptions of Crandall-Liggett’s Theorem, such that the domain of the infinitesimal
generator of the semigroup (e ~*4)i=o is empty (see [69]).

A.6. Regularity of the mild solution

As we have already pointed out mild solutions may not satisfy any additional reqularity
properties, in general, they can not be interpreted as a solution of the Cauchy problem in a
pointwise sense, and they are not strong solutions.

Nevertheless, the question of whether under certain additional assumptions one may ob-
tain more reqularity of mild solutions arises naturally. This will be done now. We emphasize,
before this, that even in applications one does not want to be limited to strong solutions, since
there are important partial differential equations which simply do not have strong solutions.

A basic fact is the following consistence between the accretivity of A and the differentia-
bility of mild solutions of v’ + Au > f.

THEOREM A.28. Let A be an accretive operator in X, f € L'(0,T;X) and u be a mild
+

d
solution of u' + Au 3 f on [0,T]. Suppose that u has a right derivative d—tu(T) at 7 €]0,T[

and

1 T+h

imy [ 150 - s e =0,

that is, T is a right Lebesque point of f. Then, the operator A given by
Az = Az for x # u(r)

dTu

Au(r) = Au(r) U {f(T) - dt(T)}
18 accretive.

Since every m-accretive operator is maximal accretive, as a consequence of the above
theorem we have the following result.
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COROLLARY A.29. Suppose that A is an m-accretive operator in X, f € L*(0,T; X) and
u is a mild solution of ' + Au > f on [0,T]. Then,

(i) if u is differentiable at t € (0,T) and t is a right Lebesgue point of f,
u'(t) + Au(t) 3 f(t).
(ii) if w e WH1(0,T; X), u is a strong solution of v’ + Au 3 f on [0,T].
Then, the problem is:
Problem: When does a mild solution belongs to W(0,T; X)?

We denote by BV (0,T; X) the subspace of function in L*(0,T; X) which are of bounded
variation, i.e., f € BV(0,T;X) if f € L'(0,T; X) and

JT"L |f(7 + 1) — f(1)]
0 h

Var(f,T) := limsup
R0

dr < +o0.

The main conditions guaranteeing that a mild solution is in W11(0,T; X) are given by the
following result.

PROPOSITION A.30. Let A be an accretive operator in X, f € BV(0,T; X) and x € D(A).
If w is a mild solution of (CP)y s on [0,T], then u is locally Lipschitz continuous on [0,T).
Moreover, if X has the Radon-Nikodym property, then u € WH1(0,T; X) and, consequently,
u is a strong solution of (CP), s on [0,T].

In the case that the operator is the subdifferential of a convexr lower semi-continuous
function in a Hilbert space, we have good reqularity. More precisely, we have the following
result.

THEOREM A.31. Let H be a Hilbert space and ¢ : H — (—o0, 40| a proper, conver and
lower semi-continuous function such that Mingp = 0, and let K := {ve H : p(v) = 0}.

Assume that f € L*(0,T; H) and uy € D(0yp), then the mild solution u(t) of
u +dp(u)ys f on [0,T],
{ u(0) = o,
s a strong solution and we have the following estimates,

1 (0 1
"(t ) < . +J t)|| dt + ——=dist (ug, K
|l O |2,y < 1f 220,700 75 ). 1F (@) ot (uo, K)

for0<é<T, and

(] ' |u'<t>|2tdt); <(

Moreover, for almost all t € [0,T], we have

%w(u(t)) = (W' (t)  Vhedp(u(t)).

In the homogeneous case, i.e., f =0, we have

T , 3 1T , ii
[ If(t)ltdt> b [ U0l e+ st (o, 5.

1
o (Ol iy < 5luol - for 0<5<T.

A.7. Completely accretive operators

Many nonlinear semigroups that appear in the applications are also order-preserving and
contractions in every LP. Ph. Bénilan and M. Crandall introduced in [31] a class of opera-
tors, named completely accretive, for which the semigroup generated by the Crandall-Ligget’s
exponential formula enjoys these properties. In this section we outline some of the main
points given in [31].
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Let (Q,B, ) be a o-finite measure space and let M () denote the space of measurable
functions from  into R. We denote by L(Y) the space

L(Q) :=LYQ) + L*(Q)
= {ueM(Q) : f(|u|—k:)Jr < oo for somek:>0};
Q

L(Q) is exactly the subset of M(2) on which the functional

lullivoo := f{|fls + lglw : f,9€ M(Q), f+g=u}

is finite and L(SY) equipped with | |1+e is a Banach space.
Let
Lo(Q) :={ue L(Q) : pu({|u| > k}) < oo for any k > 0}

_ {u e M(Q) - L(|u| _ k) < oo for any k > 0}.

Lo(Q) is a closed subspace of L(Y); in fact, it is the closure in L(2) of the linear span of the
set of characteristic functions of sets of finite measure. Hereafter, Ly(Q2) carries the norm
| 1400; it is then a Banach space. With the natural paring {u,v) = §;, uv, the dual space of
Lo(QY) is isometrically isomorphic to

LYY°(Q) := LY(Q) n L®(Q),
when in L'"®(Q) we consider the norm
lullinoo := max{ul1, |ulleo}-

Given u,v € M (), we shall write

u < v if, and only if, J Jjlu)dr < J j(v)dx
Q Q

for all j € Jy, where
Jo={j:R—]0,00], convex, ls.c., j(0) = 0}
(L.s.c. is an abbreviation for lower semi-continuous function).

DEFINITION A.32. A functional N : M(2) — (—o0, +00] is called normal if N(u) < N(v)
whenever u < v.

A map S : D(S) ¢ M(Q) —» M(Q) is a complete contraction if it is an N-contraction for
every normal functional N, i.e., if

N(Su—Sv) < N(u—wv) for u,v e D(S).

A Banach space (X, || x), with X < M(Q) is a normal Banach space if it has the following
property:

ueX,ve M), v<u = veX and |v|x < |u|x.

Simple examples of normal Banach spaces are: LP(£2), 1 < p < oo, L(Q2), Lo(f2) and
Llr‘\@(Q)‘

PROPOSITION A.33. Let S: D(S) € M(Q2) — M(Q) and assume that
u,veD(S)and k=20 = unA (v+k)orvv (u—k)e D(5).

Then, S is a complete contraction if, and only if, it is order-preserving and a contraction for
2 and | -
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248 A.7. Completely accretive operators

DEFINITION A.34. Let A be an operator in M (). We shall say that A is completely
accretive if

u—t<u—1u+Av—20) forall A>0and all (u,v),(a,0) € A.
In other words, A is completely accretive if
Nu—1a) < N(u—1a+ Mv—1))
for all A > 0, all (u,v), (4,0) € A and every normal functional N in M (€2).

The definition of completely accretive operators does not refer explicitly to topologies or
norms. However, if A is completely accretive in M (2) and A ¢ X x X, where X is a subspace
of M(Q2) whose norm is given by a normal function, then A is accretive in X. Choices for
X might be LP(Q2), 1 < p < o0.

Let

Py = {q e C®(R): 0<q <1, supp(q’) is compact and 0 ¢ supp(q)}.

The following result, which is a generalization of one due to H. Brezis and W. Strauss ([45]),
provides a very useful characterization of the complete accretivity.

PROPOSITION A.35. Let u € Lo(R2), ve L(Y). Then,
uKu+iv YA>0 & J q(u)v =20 Vqge P.
Q

Observe that LP(Q) < Lo(Q) for any 1 < p < oo. If u(2) < o then Ly(Q) = L(N) =
LY(Q). Consequently, from the above proposition the following characterization follows.

COROLLARY A.36. If A< LP(Q) x LP(Q), 1 < p < 0, then A is completely accretive if,
and only if,

J qlu—au)(v—0)=0 forany q€ Py, (u,v),(0,0)€ A.
Q

PROPOSITION A.37. Let u € Lo(2). Then,
(i) {ve M(Q) :v < u} is a weakly sequentially compact subset of Lo(£2).

(i1) Let (X, |||x) be a normal Banach space satisfying X < Lo(Q2) and having the prop-
erty

up <ueX, n=12,..., and up, > u a.e. = |u, —ulx — 0.

If {un} is sequence satisfying u, < v € X forn =1,2,..., and u, — u weakly in
Ly(Q), then |un, — ul|lx — 0.

REMARK A.38. The assumption (A.37) is satisfied for X = LP(Q), 1 < p < +c0.

DEFINITION A.39. Let X a linear subspace of M(£2). An operator A in X is m-completely
accretive in X if A is completely accretive and R(I + AA) = X for A > 0.

REMARK A.40. The above definition does not require X to be a Banach space and so
does not require A to be m-accretive in any Banach space. However, if A is completely
accretive then it is accretive in L(€)) and if A is m-completely accretive in a subspace X of
L(), then the closure A of A in L(Q) is completely accretive and m-accretive in the closure
X of X in L(©2). We also note that if A is completely accretive in a subspace X of M ()
and R(I + MA) = X for some A > 0, the only completely accretive operator B in X which
extends A is A.

PROPOSITION A.41. Let X be a normal Banach space, X < Lo(2), and A be a completely
accretive operator in X . Then, if there exists A > 0 for which R(I + AA) is dense in Lo(2),

the operator AX := A n (X x X) is the unique m-completely accretive extension of A in X.
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DEFINITION A.42. Let A be an operator in Ly(€2). Then A° is the restriction of A defined
by

veA°u & ve Au and v < w, YV w e Au.

In the case that X is a normal Banach space and A is m-completely accretive in X, by
Crandall-Ligget’s Theorem, A generates a contraction semigroup in X given by the exponen-
tial formula

t - —_—
e ug = X — lim (I + A) ug  for any up € (A)X.
n

n—o0

Now, since A is m-completely accretive in X endowed with the norm of L(S), we may also

consider the semigroup et on (A). We have the following relation between these two
Semigroups.

PROPOSITION A.43. Let X be a normal Banach space and A an m-completely accretive
operator in X . Then, we have

(i) e=* is a complete contraction for t = 0.

_ < _
(ii) et is the restriction of e ' to D(A)" and et is the closure of e 4 in L(Q).

(iii) e *A(D(A) n X) = D(A) n X.
As a consequence of (iii) of the above proposition, if we denote by S4(t) the restriction

of et to (A) N X, we have SA(t) is given by the exponential formula

SA(tyu = L(Q) — lim (I + ;A) u for uwe D(A)n X.

n—o0

THEOREM A.44. Let X be a normal Banach space with X < Lo(2) and A an m-completely
accretive operator in X. Then, we have

()
A —
D(A) = {ue (A)n X :Jve X sdt. S(t)tuu«vforsmallt>0}.

(ii) SA(t)D(A) € D(A) for t>0.
(iii) If ue D(A), then

QA
uSt(t)u«v fort >0 and ve Au
and
A _
L(Q) — }il% Su—u = —A°u.

COROLLARY A.45. Assume that u(Q)) < oo. If A < LY () x LY(Q) is an m-completely
accretive operator in L'(Q), then, for every ug € D(A), the mild solution u(t) = e""4ug of
the problem

du
E + Au 3 0,
u(0) = uo,

s a strong solution.

The following result is a variant of the reqularizing effect of the homogeneous evolution
equation obtained in [31] in the m-completely accretive case.

Universitat de Valéncia Marcos Solera Diana



250 A.7. Completely accretive operators

THEOREM A.46. In addition to the assumptions of Theorem A.}4, assume that A is
positively homogeneous of degree 0 < m # 1, i.e, A(Au) = N Au for w € D(A). Then, for
ue D(A)n X and t > 0, we have SA(t)u € D(A) and

14284 (t)u| < 21"

~ .
|m — 1|t
To finish we summarize some results about T-accretive operators.

DEFINITION A.47. Let X be a Banach lattice and S : D(S) © X — X. We say that S is
a T'-contraction if
[(Su— Sv)*|| < [(u—v)"| for u,ve D(S).
Let A be an operator in X. We say that A is T-accretive if
[(u—a)T| <|(u—1a+Xv—20)"| for (u,v),(@,7) €A and X > 0.

It is clear that a T-contraction is order-preserving; moreover, if A is a T-accretive op-
erator then its resolvents (I + NA)™! are single-valued and order preserving. Indeed, A is
T-accretive if, and only if, its resolvents are T'-contractions. Contractions are not in general
T-contractions and conversely. Actually, T-contractions are contractions if the norm satisfies

Ju™| < o' and Ju”|| < o] implies |ull < [v]
for u,v € X. This is the case for the spaces X = LP(Q) for 1 < p < . Therefore, in
LP(QY) every T-accretive operator is an accretive operator and also every completely accretive
operator is a T-accretive operator. The mild solutions of the abstract Cauchy problems asso-

ciated with T-accretive operators satisfy a contraction principle. More precisely, we have the
following result.

THEOREM A.48. Let X be a Banach lattice and A a m-accretive operator in X. Then,
the following are equivalent:

(i) A is T-accretive.
(i) If f, f € L*(0,T; X), and u, @ are mild solutions of u' + Au > f and @' + Aa 3 f on
[0,T], then for 0 < s <t<T
t

[ (u(t) = a(®) "] < (uls) —a(s)" | + J [u(r) —a(7), f(7) = f(7)]+ dr,

s

where

[ (u A M)t =
=1 .
[u, v]+ lim 5\
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